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Getting the most from this book

Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many
other branches of learning. It is consequently fundamental to our national wellbeing.

This book covers the remaining content of A Level Mathematics and so provides a complete course for the
second of the two years of Advanced Level study. The requirements of the rst year are met in the rst book.

Between 2014 and 2016 A level Mathematics and Further Mathematics were very substantially revised, for
rst teaching in 2017. Major changes include increased emphasis on

@ Problem solving

o Proof

@ Modelling
@ Working with large data sets in statistics.

This book embraces these ideas.The rst section of Chapter 1 is on problem sanéthis theme is

continued throughout the book with several spreads based on the problem solving cycle. In addition a large
number of exercise questions involve elements of problem solving; these are identi e. iben

beside them.The ideas of mathematigadoof and rigorous logical argument are also introduced in

Chapter 1 and are then involved in suitable exercise questions throughout the book.The same is true of
modelling; the modelling cycle is introduced in the rst chapter and the ideas are reinforced through the
rest of the book.

The use of , including graphing software, spreadsheets and high speci cation calculators,

is encouraged wherever possible, for example in the Activities used to introduce some of the topics

in Pure mathematics, and particularly in the analysis and processing of large data sets in Statistics.
Places where ICT can be used are highlighted { haicon. A large data set is provided at the end

of the book but this is essentially only for reference. It is also available online as a spreadsheet
(www.hoddereducation.co.uk/AQAMathsYear?) and it is in this form that readers are expected to store

and work on this data set, including answering the exercise guestions that are based on it. These are found
at the end of each exercise in the Statistics chapters and identi ed with a purple bar.They illustrate, for
each topic, how a large data set can be used to provide the background information.

Throughout the book the emphasis is on understanding and interpretation rather than mere routine
calculations, but the various exercises do nonetheless provide plenty of scope for practising basic
technigues.The exercise questions are split into three bands. Band 1 questions (indicated by a green bar)
are designed to reinforce basic understanding. Band 2 questions (yellow bar) are broadly typical of what
might be expected in an examination: some of them cover routine techniques; others are designed to
provide some stretch and challenge for readers. Band 3 questions (red bar) explore round the topic and
some of them are rather more demanding. Questions in the Statistics chapters that are based on the large
data set are identi ed with a purple bar. In addition, extensive online support, including further questions,

is available by subscription to MEI's Integral website, http://integralmaths.org.

In addition to the exercise questions, there are ve sets of questions, called Practice questions, covering
groups of chapters. All of these sets include identi ed questions requiring problem s.g
mathematical proof @, and modelling @). There are some multiple choice
guestions preceding each of these sets of practice questions to re ect those in the AQA papers.

This book follows on from A Level Mathematics forYea)) arfd#ost readers will be familiar with

the material covered in it. However, there may be occasions when they want to check on topics in the
earlier book; the parts entitled Review allow them to do this without having to look elsewhere.The ve
short Review chapters provide a condensed summary of the work that was covered in the earlier book,



including one or more exercises; in addition there are nine chapters that begin with a Review section and
exercise, and then go on to new work based on it. Con dent readers may choose to miss out the Review
material, and just refer to these parts of the book when they are uncertain about particular topics. Others,
however, will nd it helpful to work through some or all of the Review material to consolidate their
understanding of the rst year work.

There are places where the work depends on knowledge from earlier in the book and this is agged up in
the margin in Prior knowledge boxes.This should be seen as an invitation to those who have problems with
the particular topic to revisit it earlier in the book. At the end of each chapter there is a summary of the new
knowledge that readers should have gained.

Two common features of the book are Activities and Discussion points. These serve rather di erent
purposes. The Activities are designed to help readers get into the thought processes of the new work that
they are about to meet; having done an Activity, what follows will seem much easier. The Discussion points
invite readers to talk about particular points with their fellow students and their teacher and so enhance
their understanding. Callout boxes and Note boxes are two other common features. Callout boxes provide
explanations for the current work. Note boxes set the work in a broader or deeper context. Another feature is
a Caution icon@l), highlighting points where it is easy to go wrong.

The authors have taken considerable care to ensure that the mathematical vocabulary and notation are used
correctly in this book, including those for variance and standard deviation, as de ned in the AQA speci cation for
A-level Mathematics. In the paragraph on notation for sample variance and sample standard deviation (page 327),
it explains that the meanings of ‘sample variance’, denofedrny‘sample standard deviation’, denotedldrg s

de ned to be calculated with divisor{nl). In early work in statistics it is common practice to introduce these
concepts with divisor rather than (r 1). However there is no recognised notation to denote the quantities so
derived. Students should be aware of the variations in notation used by manufacturers on calculators and know
what the symbols on their particular models represent.

When answering questions, students are expected to match the level of accuracy of the given information. However,
there are times when this can be ambiguous. For example ‘The mass of the block is 5 kg’ could be taken to be an
exact statement or to be true to just 1 signi cant gure. In many of the worked examples in this book such statements
are taken to be exact. A particular issue arises with the valine @fageleration due to gravity. This varies from

place to place around the world. Unless stated otherwise questions in this book are taken to be at a place where, to
3 signi cant gures, it is 9.80 18%. So, providing that other information in the question is either exact or given to

at least 3 signi cant gures, answers based on this value are usually given to 3 signi cant gures. However, in the
solutions to worked examples it is usually written as 9.8 rather than 9.80. Examination questions often include a
statement of the value ofagbe used and candidates should not give their answers to a greater number of signi cant
gures; typically this will be 3 gures for values af®.80 ns? and 9.81 ns?,and 2 gures for 9.8 r&¢ and 10 ns2.

Answers to all exercise questions and practice questions are provided at the back of the book, and also online
at www.hoddereducation.co.uk/AQAMathsYear2. Full step-by-step worked solutions to all of the practice
questions are available online at www.hoddereducation.co.uk/AQAMathsYear2. All answers are also available
on Hodder Education’s Dynamic Learning platform.

Finally a word of caution.This book covers the contenYexr 2 of A Level Mathematics and is designed

to provide readers with the skills and knowledge they will need for the examination. However, it is not the
same as the speci cation, which is where the detailed examination requirements are set out. So, for example,
the book uses the data set of cycling accidents to give readers experience of working with a large data set, bu
this is not the data set that will form the basis of any examination questions. Similarly, in the book cumulative
binomial tables are used in the explanation of the output from a calculator, but such tables will not be

available in examinations. Individual speci cations will also make it clear how standard deviation is expected

to be calculated. So, when preparing for the examination, it is essential to check the speci cation.

Catherine Berry and Roger Porkess

*Please note that the marks stated on the example questions are to be used as a guideline only, AQA have
not reviewed and approved the marks.




Prior knowledge

This book builds on work from AS/Year 1 A level Mathematics. AS work is reviewed either
in sections at the start of chapters, or in separate review chapters in this Year 2 A level
Mathematics book.

The order of the chapters has been designed to allow later ones to use and build on work in earlier
chapters.The list below identi es cases where the dependency is particularly strong.

The Statistics and Mechanics chapters are placed in separate sections of the book for easy reference, but it
is expected that these will be studied alongside the Pure mathematics work rather than after it.

o The work in Chapter 1: Proof pervades the whole book. It builds on the work on problem solving
and proof covered in Chapter 1 of AS/Year 1 Mathematics.

o Chapter 2:Trigonometry builds on the trigonometry work in Chapter 6 of AS/Year 1
Mathematics.

o Review:Algebra 1 reviews the work on surds, indices, exponentials and logarithms from
Chapters 2 and 13 of AS/Year 1 Mathematics.

o Chapter 3: Sequences and series requires some use of logarithms, covered in Review: Algebra 1.

o Review:Algebra 2 reviews the work on equations, inequalities and polynomials from Chapters 3,
4 and 7 of AS/Year 1 Mathematics.

o Chapter 4: Functions begins with a review of the work on transformations covered in Chapter 8
of AS/Year 1 Mathematics.

o Chapter 5: Di erentiation begins with a review of the work on di erentiation covered in
Chapter 10 of AS/Year 1 Mathematics.

o Review:The sine and cosine rules reviews the work on triangles covered in part of Chapter 6
of AS/Year 1 Mathematics.

o Chapter 6:Trigonometric functions builds on the work in Chapter 2, and uses ideas about
functions from Chapter 4.

o Chapter 7: Further algebra starts with a review of the work on the binomial expansion from
Chapter 9 of AS/Year 1 Mathematics. It also builds on work on the factor theorem and algebraic
division, covered in Review: Algebra 2.

o Chapter 8:Trigonometric identities builds on the work in Chapter 2 and Chapter 6.

o Chapter 9: Further di erentiation builds on the work in Chapter 5. It also requires the use of
radians, covered in Chapter 2.

o Chapter 10: Integration starts with a review of the work on integration covered in Chapter 11
of AS/Year 1 Mathematics. It follows on from the di erentiation work in Chapter 9, and also
requires the use of radians, covered in Chapter 2, and partial fractions, covered in Chapter 7.

o Review: Coordinate geometry reviews the work in Chapter 5 of AS/Year 1 Mathematics.

o Chapter 11: Parametric equations uses trigopnometric identities covered in Chapter 6 and
Chapter 8.You should also recall the equation of a circle, covered in Review: Coordinate
geometry, and be con dent in the di erentiation techniques covered in Chapter 5 and Chapter 9.

o Chapter 12:Vectors builds on the vectors work in Chapter 12 of AS/Year 1 Mathematics.
o Chapter 13: Di erential equations uses integration work covered in Chapter 10.

o Chapter 14: Numerical methods requires some simple di erentiation and knowledge of how
integration relates to the area under a graph.



o Review:Working with data reviews the work in Chapters 14 and 15 of AS/Year 1 Mathematics.

o Chapter 15: Probability starts with a review of the probability work in Chapter 16 of AS/Year 1
Mathematics.

o Chapter 16: Statistical distributions starts with a review of the work on the binomial distribution
covered in Chapter 17 of AS/Year 1 Mathematics. It involves use of probability covered in
Chapter 15.

o Chapter 17: Statistical hypothesis testing starts with a review of the work on hypothesis testing
covered in Chapter 18 of AS/Year 1 Mathematics. It requires use of the Normal distribution
covered in Chapter 16.

o Chapter 18: Kinematics starts with a review of the work on kinematics covered in Chapters 19 and
21 of AS/Year 1 Mathematics.You should be con dent in working with vectors in two dimensions
(reviewed in Chapter 12) and in working with parametric equations (Chapter 11).

o Chapter 19: Forces and motion starts with a review of the work on force covered in Chapter 20 of
AS/Year 1 Mathematics. It requires the use of vectors in two dimensions (reviewed in Chapter 12).

o Chapter 20: Moments of forces uses work on force covered in Chapter 19, and the use of vectors in
two dimensions (reviewed in Chapter 12).

o Chapter 21: Projectiles uses trigonometric identities from Chapter 6 and Chapter 8, and work on
parametric equations from Chapter 11. It also requires use of vectors in two dimensions (reviewed in
Chapter 12).

o Chapter 22: A model for friction uses work on force and moments covered in Chapters 19 and 20,
as well as vectors in two dimensions (reviewed in Chapter 12).

Photo credits

pl © Tatiana Popova — Shutterstock; p@2dam Majchrzak — Shutterstock; p35 © Dmitry Nikolaev —

Fotolia; p44 © Granger Historical Picture Archive/Alamy Stock Photo; p64 © Gianfranco Bella — Fotolia;

p96 © andreadonetti — 123RF; p11& focal point — Shutterstock; p137 © Design Pics Inc — Getty Images;
p150 © REUTERS/Alamy Stock Photo; p169 © EpicStockMedia — Fotolia; p184 © hanapon1002/Istock via
Thinkstock;p197 © Alberto Loyo — Shutterstock; p248 © Ken Hewitt/iStockphoto.com; p@8inibomb
Images/Alamy Stock Photo; p266 © Matt Tilghman/123RF; p278 © vol — Fotolia; p291 © Imagestate

Media (John Foxx)/Vol 08 Modern Lifestyles; p332 © www.hollandfoto.net — Shutterstock@33dphen

Finn — Shutterstock; p353 © Matt Cardy/Getty Images; p355 © sixpixx —Shutterstock; p362 © RTimages/
Alamy Stock Photo; p378 © Marc Darkin — Fotolia; p384 © wavebreakmedia — Shutterstock; p402 (upper) ©
Topham/Fotomag402 (lower) © Bibliothéque nationale de France via Wikipedia Commons (Public Domain);
p414 © NASA,; p441(left) © Georgios Kollidas/Shutterstock; p4dight) © Georgios Kollidas/Alamy Stock
Photo;p438 © Ambient Ideas — Shutterstock; p470 © almgren — Shutterstock; p478 © Simon Whaley/Alamy
Stock Photo; p478 (left) Public Domain; p482 © Lano Lan — Shutterstock; p504 © Nieuwland Photography —
Shutterstockp506 © Anucha Saorong — 123RF

Every e ort has been made to trace all copyright holders, but if any have been inadvertently overlooked, the
Publishers will be pleased to make the necessary arrangments at the rst opportunity.



Mathematics teaches
us to solve puzzles.
You can claim to be a
mathematician if, and
only if, you feel that you
will be able to solve a
puzzle that neither you,
nor anyone else, has
studied before. That is
the test of reasoning.

Proof




Mathematical problem solving sometimes involves solving purely mathematical
problems, and sometimes involves using mathematics to nd a solution to a ‘real-

life’ problem.

The problem solving cycle in Figure 1.2 shows the processes involved in

solving a problem.

4 Interpretation

A

1 Problem specification
and analysis

Y

2 Information collection

In purely mathematical problems, the same cycle can often be expressed using

3 Processing and
representation

di erent words, as in Figure 1.3.

4 Proving or disproving
the conjecture

A

1 Problem specification
and analysis

Y

2 Trying out some cases
to see what is happening

3 Forming a conjecture

Rob is investigating what happens when he adds the terms of the sequence

111
21 1:§721§1

He says:

o ‘However many terms | add, the answer is always less than 4.

o ‘Ifl add enough terms, | can get as close to 4 as | lik~

These statements are conjectures.They are Rob’s theogi




A conjecture may or may not be true, but once you have made a conjecture yi
obviously want to know whether it is true. If it is, you will want to convince
4 7\ other people, and that means you must prove it.

Rob draws the diagram in Figure 1.4.

NI
NI

Here is a well-known conjecture that no one has managed to prove yet.

(1] . 2

Most people believe it is true and many have tried to prove it, but so far without
success.

Rob’s conjectures can be shown geometrically, but many other conjectures need
algebra. Proving a conjecture always requires rigorous, logical argument.

Here are some symbols and words that are very useful in this:

@ The symbol means ‘leads to’ or ‘implies’ and is very helpful when you
want to present an argument logically, step by step.

€
n 5 nisaprime number. « .N 5

n

@ You can write the symbol the other way round, as . In that case, it
means ‘is implied by’ or ‘follows from’.

2nis even nis even.
This statement could also be written in the form

€
niseven 2niseven. €— 2n .

n .

o In situations where both the symbols and give true statements, the
two symbols are written together as .You can read this as ‘implies and is
implied by’ or ‘is equivalent to’.

€

n ©

nis an even number n2is an evea
number.




Is the statement ‘n is odd #is odd’ true or
false?

In each case, write one of the symbols ,
or between the two statements A and B.

A:PQRS is a rectangle.
B: PORS has two pairs of equal sides.

A:The point P is inside a circle centre O,

radius 3.
B:The distance OP is less than 3.

A:p is a prime number greater
than 2.

B: p is odd.
Ax 3)(x 4 0
B:x 4

Samir writes:

AB is parallel to CD ABCD is a
parallelogram.

Is Samir correct? Explain your answer.

Write down the converse of Samir’s
statement. Is the converse true?
Winnie lives in a village in rural Africa; it is

marked P on the diagram in Figure 1.5.

R river

Each day she goes to a river which ows
due east. She lIs a bucket with water at R
and takes it to her grandmother who lives ir
a nearby village, Q.Winnie wants to know
where to Il the bucket so that she has the
shortest distance to walk.

Referred to a coordinate system with axes
east and north, P is the point 8},

Q is (8,1) and the equation of the river is

y 5.

Draw the diagram accurately on graph
paper, using equal scales for both axes.

Winnie thinks that the best point for R is
(5, 5). Show that her conjecture is wrong.

Find the coordinates for the best position
of R. Explain carefully how you know
that this is indeed the case.

Place the numbers from 1 to 8 in a copy of the
grid in Figure 1.6 so that consecutive numbers
are not in adjacent cells (i.e. cells that have a
common edge or vertex).

If you can't do it, explain why not.

If you can do it, state in how many ways it
can be done, justifying your answer.

Figure 1.7 shows a square of sidednd four
circles.

The small red circle ts in the gap in the
middle.

4 B

N /

f

Show that the diameter of the red circle is
V2 i




A game is played using a standard In this game, the ‘doubles’ count as squares
dartboard.

and the ‘trebles’ count as cubes.

A player has three darts and must score on
‘single’, one ‘double’ and one ‘treble’ to
make a total of 501.

Find two ways in which a player can
nish (ignoring the order in which

the darts are thrown).

Prove that there are no other possible
ways.

You have probably found that Sarah’s challenge in the discussion point appears
to be impossible. You have formed the conjecture that the di erence between
the squares of two consecutive numbers is always odd.The next step is to prove
that your conjecture is true, and then you will know for certain that Sarah’s
challenge is impossible.

Two of Sarah’s classmates decide to prove that her challenge is impossible.

Jamie writes:

For two consecutive numbers, one must be even and one must be
odd.

An even number squared is even.
An odd number squared is odd.

The difference between an even number and an odd number is always
odd, so the difference between the square of an even number and the
square of an odd number must be odd.

So the difference between the squares of consecutive numbers must be
odd.




Zarah writes:

/HW WKH ¢ UVW QXPEHU EH Q

So the next number is n 1.
The difference between their squares (n 1)2 n? 2n . .
nzZ 2n 1 n? 2%
2n 1 .
2n 1is an odd number, so the difference between 2n 1
the squares of consecutive numbers is always odd. +—

Jamie and Zarah have both proved the conjecture, in di erent ways.

You have now reached the stage where it is no longer always satisfactory to
assume that a fact is true without proving it, since one fact is often used to
deduce another.

There are a number of di erent techniques that you can use.
[ J [ J [ ]

Both Jamie’s proof and Zarah's proof are examples of proof by direct argument,
or deductive proof. You start from known facts and deduce further facts, step by
step, until you reach the statement that you wanted to prove.

_ Prove that the opposite angles of a cyclic quadrilateral are supplementary (add

up to 180°).

You may assume the result that the angle subtended by an arc at the centre of
a circle is twice the angle subtended by the same arc at the circumference.

Solution

Figure 1.9 shows a circle centre O and a
cyclic quadrilateral ABCD.

ADC xand ABC .
The minor arc ACsubtends angleat the

/, circumference of the circle, and angk the
centre of the circle.

So p 2x

~

The major arc ACsubtends angle y at the
circumference of the circle, and angle q at the centre of the circle.

So q 2y.
Adding the two angles at O givesp g 360°
2x 2y 360°
X y 180°.

The sum of the four angles of any quadrilateral is 360°, so the sum of each
pair of opposite angles of a cyclic quadrilateral is 180°.



T. [ ]

For some conjectures it is possible to test all possible cases, as in Example 1.2.

_ Prove that when a two-digit number is divisible by 9, reversing its digits also
gives a number that is divisible by 9.

Solution
There are only 10 two-digit numbers divisible by 9:
18,27, 36, 45,54,63, 72,81, 90, 99.

Reversing each of these gives the following:
81, 72,63, 54,45, 36,27, 18,09, 99.

P_ These numbers are also divisible by 9, so the conjecture has been proved.
L] L] CE [ _ ° \
. %o . S .« . <
. é . . S o o <o
e o CEO ‘—|
%o
N ~/
e o o

In some cases it is possible to deduce a result by showing that the opposite is
impossible, as in the following examples.

_ Prove that the sum of the interior angles x and y for a pair of parallel lines, as

shown in Figure 1.10, is 180°.

P A/ B
y
X
Q /C D
Solution
o . ____, Assume thatx y 180° as shown in Figure 1.11.
Xy z b A
Xy zv y B
. e ~E o
[ Q /C D _____




In this case the lines AB and CD, when extended, will meet at a point E,
where

BED 180° x y. <4—" . .

This means that AB and CD are not parallel.

Similarly, assuming that x y 180°, as shown in Figure 1.12, will give
angles (180° x) and (180° y), with a sum of (360° (x Y)).

%0

360° (x y) 180° so nowAP and CQ when extended will meet at a
point R, showing that AP and CQ are not parallel.

—p Consequently,x y 180°.

Prove that«/2 is irrational.

Solution
Assume that/2 is rational, se/2 %1 ,where m and n have no common
factor.
Squaring 2 ﬁz
n
2n> nt

2n is a multiple of 2 2n is even

m is even

m is even.
Soletm 2p. < s m -3

Ept p

In equation this gives
2n*  @p° 4p°
n  2p
2p is a multiple of 2 2p is even
n is even

nis even.

You have now shown that both m and n are even numbers, which
contradicts the assumption that m and n have no common factor.

Consequently/2 is not rational, so it must be irrational.



Prove that there are an in nite number of prime numbers.

Solution

Suppose there are a nite number of prime numh2/3:5, |, p,.

Letg (2 3 5

Is g prime?

R)

1 ——

q

oo

1

q If gis prime, then it is a new prime number, not in the original list.

Q If gis not prime, then it has a prime factor.

2 cannot be a factor of g, because ¢ is one more than a multiple of 2.

3 cannot be a factor of g, because ¢ is one more than a multiple of 3.
Similarly, none of the primes in the list can be a factor of g.

So if gis not prime, then it must have a prime factor which is not in the list.
So there is another prime number that is not in the list.

So, whether g is prime or not, there is another prime number not in the
list. This contradicts the original assertion that there are a nite number of

prime numbers.

I T

Sometimes you may come across a conjecture that looks as if it might be true,
but is in fact false. Always start by checking the result for a few particular values,
to try to get a ‘feel’ for what is happening. Next, if you think that it is true, you
could try to prove it using any of the methods discussed earlier. If you seem to
be getting nowhere, then nding just one case, a counter-example, when it

fails is su cient to disprove it.

Hassan says that 1003 is a prime number.

Is Hassan correct? Either prove his conjecture, or nd a counter-example.

Solution

Checking for prime factors of 1003:

2 is not a factor of 1003
3 is not a factor of 1003
5 is not a factor of 1003.

However, it turns out that 17 is a factor of 1003:
17 x 59 1003

Hassan is wrong.



In questions 1 12 a conjecture is given. Decide w ether The tangent to a circle at a point P is

it is true or false. If it is true, prove it using a suita
method and name the method. If it is false, give &
counter-example.

e

Numbers raised to the power 4 only end in tt
digits 0,1,4,5 and 6.

2"+ 3is prime forn > 1.

(@ B* (a W 4ab,whereaandb are
real numbers.

The triangle with sides of Iengtlinn 1,n

and (n 1) is right-angled.

No square number ends in 8.

The number of diagonals of a regular polygo
with n sides is n.

The sum of the squares of any two consecut e
integers is an odd number.

J3 is irrational.

@
If T is a triangular number (given by Q
T 3n(n 1) where nis an integer),then ()
gr 1is atriangular number
8T 1is asquare number.
A four-digit number formed by writing
down two digits and then repeating then
is divisible by 101.
A four-digit number formed by writing
down two digits and then reversing then
is divisible by 11.
The value of (n n 11)is a prime number

for all positive integer values
of n.

perpendicular to the radius at P.
The sum of the squares of any ve
consecutive integers is divisible by 5.
The sum of the squares of any four
consecutive integers is divisible by 4.

For any pair of numbers x and y,

2(x y)isthe sum of two squares.
Prove than® ris a multiple of 6 for all
positive integers n.

Hence prove that® 11nis a multiple
of 6 for all positive integers n.

Prove that no number in the in nite sequence
10, 110, 210, 310, 410, ...
can be written in the fornd where a is an
integer and n is an integer2.
Prove that if 3, bc and A,B,C
are Pythagorean triples then so is
aA bB aB biC .
Which positive integers cannot be written as
the sum of two or more consecutive numbers?
Prove your conjecture.
An integer N is the sum of the squares of two
di erent integers.
Prove that N is also the sum of the
squares of two integers.

State the converse of this result and either
prove it is true or provide a counter-
example to disprove it.
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Trigonometry

Look at situations from
all angles, and you will
become more open.

Have you ever wondered why angles are measured in degrees, and why there are
360° in one revolution?

There are various legends to support the choice of 360, most of them based in
astronomy. One of these is that the shepherd-astronomers of Sumeria thought
that the solar year was 360 days long; this number was then used by the ancient
Babylonian mathematicians to divide one revolution into 360 equal parts.




Degrees are not the only way in which you can measure angles. Some
calculators have modes which are called ‘rad’ and ‘gra’ (or ‘grad’); if yours is
one of these, you have probably noticed that these give di erent answers when
you are using the sin, cos or tan keys.These answers are only wrong when the
calculator mode is di erent from the angular measure used in the calculation.

The gradian (mode ‘gra’ or ‘grad’) is a unit which was introduced to give a means
of angle measurement which was compatible with the metric system.There are
100 gradians in a right angle, so when you are in the gradian ma@s, sih just

as when you are in the degree mod&@in 1. Gradians are largely of historical
interest and are only mentioned here to remove any mystery surrounding this
calculator mode.

By contrast, radians are used extensively in mathematics because they simplify
many calculations. Thadian (mode ‘rad’) is sometimes referred to as the

natural unit of angular measure. If, as in Figure 2.1, the arc AB of a circle centre
O is drawn so that it is equal in length to the radius of the circle, then the angle

AOB is 1 radian, about 57.3°.

B

r | 1radian

You will sometimes see 1 radian written @fust as 1 degree is written 1°.

Since the circumference of a circle is given by 2 r, it follows that the angle of a
complete turn is 2 radians.

360° 2 radians
Consequently

180° radians

90° > radians
60° 3 radians
45 7 radians

30° @ radians
To convert degrees into radians you muItipIyilgf.

To convert radians into degrees you multiplyl@.



_ () Expressinradians  (a30° (b) 315° (c) 29°.

(i) Express in degrees (ai—2 (b) % (c) 1.2radians.
Solution
..._€ (|) (a) 30° 30 180 6
0 Y {
(b) 315° 315 180 4
* * ‘ (c) 29° 29 qgp 0.506 radians (to 3 s.f.).
6 . o
i@ 5 1 2915
8 8 180 0
(b) =5 3 — 480
(c) 1.2radians 1.2 180 gg ge (to 3 s.f).
.f-]-
oo+ 1 You can use radians when working with trigonometric functions.
6283 Remember that the x—y plane is divided into four quadrants and that angles are
360 2 1000 measured from the x-axis (see Figure 2.2).
. 6400 Anticlockwise angles are

positive.

>
/ 2 Clockwise angles are
A negative.
\an angle of% radians /
> L - >

> or +135°
X

>
> N v

X

an angle ofi E) radians

or -30°

N v
[v



You can extend the de nitions for sine, cosine and tangent by drawing a unit
circle drawn on the x-y plane, as in Figure 2.3.

The point P can be anywhere

on the unit circle.
YA

P(x,y)

O
x
><V

For any angle (in degrees or radians):

. shu
shu vy, cosu x, tau % and tanu cosy’ Y 0.

The graphs of the trigonometric functions can be drawn using radians.
The graph ofy shu is shown in Figure 2.4.

t 2 y
° 1“_ y = sing
. 2
%o —> 05
1 1
l<sinu<1 ' L L ! >
-2, 3 > 2 0 2 > 3> 2> 0
2 2 2 2
-0 -
—1W
The graph ofy  cosu is shown in Figure 2.5.
y
: 2 1
S y = cost
&, —>
Y 05
%o
1 1 | | | |
l<coswk1 2> 3 > > 0 > ; PN
2 2 2 2
_05 -
-1F




+ The graph oy tanu is shown in Figure 2.6.
2 ; S RS
i — | I I I
-2 | | | |
. 3_ | | | |
£ | | | |
| | | |
| | | | >
~2> 32> /L, 2 > > 3> 2> 0
2 2 2 2
° & . | | | |
. sinl.4 ! ! ! !
| | | |
12 | | | |
Z ‘ 1 1 1 1
The diagrams in Figure 2.7 can be used to help you remember the sigm of sin
0.9854. coau and tam in each of the four quadrants.
0.9659...
. A
. 2nd quadrant 1st quadrant
Only sin  positive All positive S A
18C;
— “
«E > g
Only tan positivg Only cos positive T c
* 3rd quadrant 4th quadrant
What other angle in the rangé Qu™ 2 has In Figure 2.8, ABC is an equilateral triangle.
the same cosine as- AB 2 cm.D is the midpoint of BC.
Express the following angles in radians, leaving A
your answers in terms of where appropriate.
..t 45° .. 1 90°
. 1120° .ot 75° 2em
..t 300° .1 23°
. 1450° .. 1209°
.+ 150° 720 B L] c

Express the following angles in degrees, using a
suitable approximation where necessatry.

... 1 Find the exact lengths of

3
' "4 . 1BD . tAD,
. t2radians ..t % . tWrite down each of these angles in
.13 Lt A radians.
3 .1 ABD ..tBAD
. t0.5radians .. T%
i 3



.. tHence nd the exact values of the Draw the gaph of y sinx for

following. 0™ x™ 2.
L Tsin ... 1COS—~ Use your graph to nd two values of x, in
3 3 radians, for which si1 0.6.
. ttan .. tsin_
Han SN
.t cosg ...-thanB
Draw the graphs of y sixand
By drawing a suitable right-angled triangle, y cosxon the same pair of axes for
prove that 0~ x— 2.
Use your graphs to solve the equation
t sh— 2 +COS7 2 sinx ycosf(]. i |
a 5 - Z >
() Write down the smallest positive value of
. Ttanz 1 O k, where K is in radians, to make each of the

following statements true.
..tsin(x k) sin x
. tcogx k) sin x
. ftan(x k) tan x
. tcogk x) cos (k x)

Match together the expressions with the san@
value.

Do not use your calculator.

3 -5 4
tnz- shi  tan—

cos g 7

w|<

cos
... + Given that six s'n57 where

. 9 5 .2 11 O<x<§,ndx.
({015 SnT tan 3 Sn? COST

.. tGiven that cog C0S % where

g % g 3 1 y 2 ,ndy.
. 1Given that tak tan %
where0 k3, nd k.
s
[ ] o o o o o o

From the de nition of a radian (see p. 13), an angle of 1 radian at the centre of a
circle corresponds to an arc of length r (the radius of the circle).

Similarly, an angle of 2 radians corresponds to an arc length of 2r and, in general,
an angle of wadians corresponds to an arc lengthr,afflich is usually written
ru (Figure 2.9).

arc lengthU




A sector of a circle is the shape enclosed by an arc of the circle and two radii
(Figure 2.10).

A major sector is larger

than a semicircle. than a semicircle.

A minor sector is smaller

minor major sector
sector

The area of a sector is a fraction of the area of
the whole circle. The fraction is found by writing
the angle was a fraction of one revolution, i.e. 2

(Figure 2.11). So the area of the shaded sector is

21 of the area of the whole circle

u 2 1.2

5 I Sru

f. L] L]
+

Radians Degrees

Angle ue y 180
Arc length
Area of sector

minor segment

N

4= major segment




(i) Calculate the exact arc length,

perimeter and area of a sector

of angle% and radius ém.

(i) Calculate the area of the segment bounded by the chord AB and the

arc AB.
Solution
(i) Arclergth ru y y y
2 _
65
4 cm
Perimeter 4 6 6 «— " °
(4 12) cm
Area ir’u

1 e % 12cm

(ii) °

Area of segment area of sector AOB area of triangle AOB

Area of a triangle % base height

Using OA as the base, the height of the trianglesiis% :

Area of triangle AOB § 6 6 sin2_«— o
€ 1 absinC
- G3 i a b
shz Shz 3 18 7 C
o .
93
12 cn? I

Area of segment12 9./3 22cn?to 3 s.f.



An arc, with angle7 ,of a circle, has length
2 cm.What is the radius of the circle?

For each sector in Figure 2.15 nd
.1 the arc length ... the perimeter
.1 the area.

T

3cm

O~
w\m

Each row ofTable 2.2 gives dimensions of
a sector of a circle of radiusr.

The angle subtended at the centre of the
circle is uradians, the arc length of the
sector isem and its area iSGRY.

Copy and complete the table.

1.
r(m) | u(rad) = s(cm) | A(cm?)

4 2
3 2

5 10
0.8 15
2
= 4

In a cricket match, a particular cricketer
generally hits the ball anywhere in a sector
of angle 100°. If the boundary (assumed
circular) is 80 yards away, nd

..t the length of boundary which the
elders should patrol

... t the area of the ground which the
elders need to cover.

The perimeter of the sector in
Figure 2.16ig5 12)cm.

6cm

Find the exact area of

...t the sector AOB
... t the triangle AOB

. tthe shaded segment.
A circle, centre O, has two radii OA and
OB.The line AB divides the circle into
two regions with areas in the ratiol3The
angle AOB iai (radians).

Show that
u shnu >
...+ Show that the perimeter of the shaded

segment in Figure 2.17risy Zén% .

... 1 Show that the area of the shaded
segment igr’(u  snu).



The silver brooch illustrated in Figure 2.18 is Grass paths of equal width are cut

in the shape of an ornamental cross. symmetrically across the circles.
The brown areas represent ower beds.
BQ and AP are arcs of the circles.
Q O Triangle OAB is the same triangle as
shown in Figure 2.19.
O @ Given that angle POA =£T , calculate the
area of
sector OPA
sector OQB
the ower bed PABQ.
The dark shaded areas represent where the Find the area of the shaded segment in
metal is cut away. Each is part of a sector of a Figure 2.21.

circle of angleZ and radius 1@n.

The overall diameter of the brooch is d,
and the diameter of the centre ism. The

brooch is Inm thick. A
Find the volume of silver in the brooch.
In the triangle OAB in Figure 2.19, % S o B
OA =3m, OB =8m and angle AOB >
A Figure 2.22 shows two circles, each
am not to scale of radius ¢m, with each one passing
e through the centre of the other.
o \ 12 B R

8m

Calculate, correct to 2 decimal places
the length of AB
the area of triangle OAB.

The plan of an ornamental garden in
Figure 2.20 shows two circles, centre O,
with radii 3m and 8n.

Calculate the shaded area.

Figure 2.23 shows the cross-section of
three pencils, each of radius 183, held
together by a stretched elastic band.

Find
the shaded area

Z) B
12 the stretched
length of the
band.

not to scale

Q
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Figure 2.24 shows the graphs of y,yu sinuand y tanu on the same axes,

forO u 5.
YA In this graph,  is measured
B in radians, and the same scale
2+ y =tan y= is used on both axes.
1+ y =sin
ICE >
© 2

From this, you can see that for small valueswshere uis measured in radians,
both siru and tarnu are approximately equal to u

To prove this result, look at Figure 2.25. PT is a tangent to the circle, radius
r units and centre O.

.
Q
r rtan
o . P
u 3
Area of sector OPQ ru — ’
. - 4 o l i
Area of triangle OPQ 1r’shu ¢ 7 absinC

™

Area of triangle OPT Iritany  ¢———

Nl

When uis very small, these three areas are very close in size.

‘ 1\

r

Solry Llr’snu 1 r rtarw

u snu tanu



€7 " %o

™

. y uy u
y u C <u< f 3
c — fff .
. u uu u u
o E .., [ J [ J u

The result for cos can be derived by considering a right-angled triangle drawn
on a unit circle (Figure 2.27).The angléestsmall and in radians.

The length of the arc
PQislx = as

Q/ the radius is 1 unit.

sin OPis the radius which
isl, soRP=1 cos .
(0] cos IiP

1 cos.

In the right-angled triangle PQR, PQ when uis small¢—
Using right-angled trigonometry *
coxu OTR OR cosu
R . .
and sin TQ RQ sinu PQOR.
Pythagoras’ theorem gives P®R? RQ ?2 Y, -

> (1 cosuy sn’u

v 1 2cosu ©FU Shiu

v 1 2cosu 1 — sirtu cogu 1
20y 2 U 2

2

cosul“74——-cowoe ‘

All of these approximations are very good for 8.11< 0.1 radians.




_ ()  Find an approximation for cos co2u whenu and 2uare both small.

(i)  Hence nd

z > IImCOSU ZCDSZU.
u . 0 u
Solution
(i) When uand 2uare both small

u2

cov 1 >
and

2
cosa 1 (2121
1 27

Using these approximations, wheissmall

2
cow o2u 1 L 1 27

2
3u2
2
(i) cosu o2u 34
2 2u2
3 ‘u
2 ot
. cou ou 34— |u 02
Hence !lmc]T 5 . 0.02

When uis small, nd approximate ...t Find an approximate expression for
expressions for the following. sin2u tan 3uwhen uis small enough
_+ utanu for 3uto be considered as small.
11 oW .. 1 Hence nd

. tcosay ngw
- Tshu tanu ..+ Find an approximate expression for
When uis small enough fortto be 1 cosuwhen uis small.
ignored, nd approximate expressions for ..t Hence nd
the following. liml oosu

. usnu u 0 Ayusnu

1 ook
.. T cosl @S2u

. _utanu
1 oosu

cosd cosa

-1 sndu sn2u



OO0

Find an approximate expression for
1 cos4uwhen uis small enough for
4uto be considered as small.

Find an approximate expression for

tarf2uwhen uis small enough for 2u
to be considered as small.

Hence nd
.1 oodu
!llrrg tan® 2u

Use a trial and improvement method to
nd the largest value of correct to 2
decimal places such that shu taru
where uis in radians.

Use small-angle approximations to nd the
smallest positive root of

coOX sinx tanx 1.2

Why can't you use small-angle
approximations to nd a second root to this
equation?

There are regulations in fencing to ensure
that the blades used are not too bent.

For épées, the rule states that the blade
must not depart by more tharcth from

the straight line joining the base to the
point (see Figure 2.28a). For sabres, the
corresponding rule states that the point
must not be more thanein out of line, i.e.
away from the tangent at the base of the
blade (see Figure 2.28b).

Suppose that a blade AB is bent to form
an arc of a circle of radius r, and that AB
subtends an angle atithe centre O of the
circle. Then with the notation of Figure
2.28c, the épée bend is measured by CD,
and the sabre bend by BE.

Show that CD r (1 cosu).
Explain why angle BAE u
Show that BE 2r sifu.

Deduce that if us small, BE 4CD
and hence that the rules for épée and
sabre amount to the same thing.

P u u

2
P u o
P u u
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2 360°
180
180
.I.
u° 0° 30° 45° 60° 90°
uradians 0 B 4 3 2
: 1 V2 3
e ° 2 2 | 2 1
3 J2 1
cosu 1 > > ) 0
tanu 0 @ 1 J3 unde ned
y=sin
Period is 2> radians. Rotational symmetry of
order 2 about the origin. Oscillates between
—landl,so—1 sin
| \ |
| - |
| |
| |
| |
l
\
-2 A
y = tan

Period is j) radians. Rotationall
symmetry of order 2 about the

origin. Asymptotes at if)' +

3>
2

y = COS

Period is 2 radians. Symmetrical
about y-axis. Oscillates between

—landl,so—1 co0sS

1

sinu
tanu
cosu

=ru

u
u

1

Nl

NS




Seeing that there

is nothing that is

so troublesome to
mathematical practice,
nor that doth more molest
and hinder calculations,
than the multiplications,
divisions, square and
cubical extractions of
great numbers ... | began
therefore to consider in
my mind by what certain
and ready art | might
remove these hindrances.

Review: Algebra 1

Sometimes you need to simplify expressions
containing surds. «

Remember
o (WX} x
o WXy

Addition, subtraction and multiplication follow the same rules as any other
algebraic manipulation.

o Addition: 2 V3) (3 4/3) 5 3J3

o Subtraction: (2 3) (3 4J/3) 1 53

o Multiplication: (2 /33 4J3) 6 3J3 8/3 4J/3/3
6 5/3 12¢
6 5/3

When dividing by a surd you need to rationalise the

denominator as shown in Example R.1 overleaf



_ Simplify the following by rationalising the denominator.

seee _ € Solution
: 5 5 43
5 C . 0] 2—\/§ 2—\/§ ﬁ “— J3
L. %4/ 2J3/3 2 3 6
5.3

e 1°

(i)  To rationalise this denominator you can make use of the result

(@ b(a b & b

2 J3 2 /3 1 J3,
1 J3 1 J3 1 J3° 1 J3)

(2 V31 J3)
@ 31 J3)
2 J3 2J3 3

1 3¢

5 3/3

3/3 5
2

The rules for manipulating indices are:

o Multiplication: anod ann

o Division: anod A" —
o Power of a power: @ am

o Power zero: & 1

o Negative indices: a™ a_%‘

o Fractional indices: a vz

_ Simplify the following.
N (2x?? (ii) J16xty®
Solution

i) (x?)7° 22 x?° (i) Jiexty® V16 x'y°
8x ° 4x2y?



Simplify the following.

Simplify the following, writing your answers in

4 243 (2 3J3) the formx".
4 3
2 3V2) 3 2J2) X
3 Zﬁ)z x* %3
(3 223 2/2) (x 3)?
Simplify the following by rationalising the NG
denominator. T
X
9 5 5
J3 V5 Simplify the following.
4 22 5 2 Ay
3 V2 3J/5 4
Evaluate the following. . N G AN YA
5 3
2 27 16y°  4x?y?
252 1_96% @ xP 2@ x)

Exponent is another name for power or index: for example, when you write
x ', eis the base andcan be referred to using any of the names power,

index or exponent.

A function of the formy &, where a is positive and x is the variable, is called
an exponential function.

YA
y = ax L] L]
Q Xeo o
1 Q (0,1)
/ _ Q
o "X




A logarithm is the inverse of an index:

n

x d n log, X for a (the base) Oand O.
yA
y = logx ’
— Q yee
ol /1 g 0 (1,0)
Q
Tf

When using the same scale on both axes, the graphs af andy log, x

are re ections of each other in the lipe x.This is becaudeg, x anda" are
— inverse functions.

YA
y=a -

] y = log,x

19/1 %

T¥

The rules of logarithms are derived from those for indices:

@ Multiplication: logxy logx logy
o Division: log % logx logy
o Powers: logx" nlogx

o Logarithm of 1: logl O

@ Reciprocals: log % logy

o Roots: log¥/x % logx

o Logarithm to its own base: log,a

Any positive number can be used as the base for a logarithm, but the two most
common bases are 10 and the irrational number 28.18which is denoted

by the letter e. Logarithms to base e are written as In and on your calculator you
will see that, just as log abd' are inverse functions and appear on the same
button, so are In ang.



Solve the equatio®* 2, giving your answer correct &signi cant gures.

Solution

Taking logarithms of both sides:
3 2 log3* log2 —
xlog3 log2

log 2
log 3

0.631 (3 s.f.)

The number of people infected with a disease varies according to the
formula

N 20Qe°)

whereN is the number of people infected and t is the time in weeks from
the rst detection of the disease.

0] How many people had the disease when it was rst detected?

(i)  How many months did it take until there were only 10 people
infected?

Solution
() Initially,t 0.
Substituting this intdl ~ 20Qe *°*) givesN  20C.
(i)  WhenN 1,
10 20Qe °%)

0.05 e°%
0.04 I{0.05)
t 74.893

So it took around 18 months for only 10 people to be infected.

T o
Logarithms are particularly useful when trying to nd an equation to t

experimental data, since this often involves an exponential relationship, such as
y k<" ory a b Equations of this form can be written in linear form,

which makes it easier to plot a graph and estimate its equation.



— In an experiment, Yuen obtains the data in Table R.1.

<t

t 1 2 3 4 5 6

y 13 3.4 6.2 9.8 13.3 17.5

Yuen thinks that the relationship between y and t is given by an equation of
the form y k"

0] Show that if Yuen is correct, then plotting kpggainst logwill give
an approximately straight line graph.

(i)  Plot this graph and use it to estimate the values of n and k.

Solution
() Taking logarithms of both sides:
logy logkt" «— f 10
logk logt"
logk nlogt
nlogt logk

This is of the formy mx + ¢, so plotting a graph ofyaggainst
logt should give a straight line with gradierdnd vertical axis

interceptlogk.
(i) o 1f
t 1 2 3 4 5 6
y 13 3.4 6.2 9.8 13.3 17.5
log t 0 0.301 0.478 0.602 0.699 0.778
logy 0.114 0.531 0.792 0.991 1.124 1.243

2
. 1.5 games
o

L4
05 HH =
iy uatl
0 01 02 03040506070809 1
log t
oo - €1 T %o

Gradient of graph 15son 15
Intercept 0.1

y 126 t-1 logk 01
k 10 1.26(3sf.)



If the relationship is of the forpn  a b, then taking logs of both sides gives

logla b‘)
loga logh

logy

loga xlogk <

¥ Yy mx+cC

In this case you would plot Iggagainst x to obtain a straight line with gradient

logb and intercept log

Write the following expressions in the form
logx wherex is a number.

log3 log6 log?2

3log9  2log4

logl log2 log:
Write the following expressions in terms of
logx.

logx*  2logx

3logx logx?®

log(v/x)’
Solve the following equations.

10 ° 5 100 6

e3x 2 E e4 2x J
Solve the following equations, giving exact
solutions.

logx 1) &

logx 2) logx 2) O

Inx 3) 4

Inx 2 Inx 2) O
Makex the subject of the following formulae.
a log.(x b)
e™ 1«
The numberN of bees in a hive is given
by N  200e”* wheret is the number of days
since observations began.
How many bees were in the hive initially?
Sketch the graph of against.
What is the population of the hive after
30 days?
How good do you think this model is?
Explain your answer.

During a chemical reaction, the concentration
C (kgm?) of a particular chemical at time t
minutes is believed to be given by an equation
ofthe formC p d.The datanTable R.3
are obtained.

ot

t 0 1 2 3 4 5 6

C (1.32| 1.23 0.95 0.76 0.62 0.51 0.38

Explain why, if this relationship is correct,
plotting a graph of oG against t will
give an approximate straight line.
Plot the graph and use it to estimate the
values of p and g.
The data in Table R.4 are obtained in an
experiment.

" T %o
r 12 | 23| 28| 32| 39
S 54| 76| 83| 9.0 938

The relationship between r and s is believed to
be of the forms k"

Explain why, if this relationship is correct,
plotting a graph of log against lagwill

give an approximate straight line.

Plot the graph and use it to estimate the
values of k and n.
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A sequence is an ordered set of objects with an underlying rule. Each of the
numbers or letters is called a term of the sequence. It can be nite or in nite.

Examples of sequences are:

o 1,3,5,7,..

1111
24816

ALl O O

Monday, Tuesday, Wednesday,

o



Ux

a€

For the sequence 1, 3,5,7, ,
the 3rdtermis5 (2x3) 1

the dthtermis7 (2x4) 1.
Continuing this pattern, the general terpsawritten as 2k 1.

When the terms of a sequence are added together, like
1357

the resulting sum is called a series.The process of adding the terms together is
called summation and is indicated by the symbolthe Greek letter sigma),
with the position of the rst and last terms involved given as limits.

k 5 5 5

Youcanwritta g a @ aas g orjustas goreven g.
k 1 k 1 1

If all the terms of a sequence are to be added, the sum may be writtep.as

A sequence may have an in nite number of terms, in which case it is called an
in nite sequence and the corresponding series is called an in nite series.

For example )
1 5 10x* 1x* 5x* x° (1 xPe——" €‘
1 1 1 .
41 3 5 7 7 z - %o
5 - e £
and x % % sinx\

X €

De nitions which give the value of a@irectly are called deductive de nitions
(position to term). Alternatively, there is an inductive de nition (term to
term), where each term is de ned by relating it to the previous one. Look
at the sequence 5, 8, 11, 14,.This sequence, and many others, can be

written algebraically in more than one way. Try out the following formulae for
yourself.

Qe g 2 3kfork‘ 1,2,3,

< o %0 -

5

o a 5 3k Yfork 1,2,3, 3 -

Q & 5;@1 a 3 €
+

S k 1-% & a4 3 5 3 ¢

-k2%oasaz383]_’l€




A sequence is de ned deductivelydy 3k I1fork 12,3,

()  Write down the rst six terms of the sequence, and describe the

sequence.
k 6

(i)  Find the value of the series a.
k 1

Solution
0] Substitutink 1,2,3, 6in a3k 1gives

a 31 1 2
a 32) 1 5
a 33 1 8
a 34 1 1
a 36) 1 14
a 36) 1 17

So the sequence is 2,5, 8, 11, 14, 17, which starts with 2 and then
adds 3 each time.

k 6
@ & a a a a a 3
2 58 11 14 17
57

A sequence in which consecutive terms di er by the addition of a xed (positive
or negative) number is described as arithmetic. This number is called the
common di erence.

The general form of an arithmetic sequenc® 8 d,a 2d a 3d, ,where
the rstterm is a and the common di erence is d.

Thus the sequenceé 8 11 14 s arithmetic witha 5 andd 3.
3 3 3
You will look at arithmetic sequences in more detail later in the chapter.

€

A sequence in which you nd each term by multiplying the previous one
by a xed number is described as geometric; the xed number is called the
common ratio.

The general form of a geometric sequeneeds a® a5 ,where the rst
term is a and the common ratio is r.

Thus the sequenc&0 20 40 80 is a geometric sequence wih 10
andr 2. 2 2 2



It may be written algebraically as

q 5 2Zfork 1,23, (deductive de nition)
oras a 10 a , 28 fork 1,2,3, (inductive de nition).

Find the common ratio for the geometric sequedce, 2, 2,

Solution
The rstterm,a 2 and the second terar %.Hence

,oar

B N‘N\H 2

common ratio

Geometric sequences are also dealt with in more detail later in the chapter.

A sequence which repeats itself at regular intervals is called periodic. In the case
of the pizza take-away in Figure 3.2, the number of hours it is open each day
forms the sequence

a 8 a 0, a 10, a 10, a 10, & 10, a 12,
(Sun)  (Mon)  (Tues) (Wed) (Thurs) (Fri) (Sat)
a 8, a 0,
(Sun)  (Mon)
There is no neat algebraic formula for the terms of this sequence but you can
seethag, g, @ ¢gandsoon.

In general, this sequence can be written as

a ., & fork 1,2,3,
This sequence is periodic with period 7 since each term is repeated after seven terms.
A sequence for which

38, & fork 1,2,3, (fora xed integer p)
is periodic. The period is the smallest positive value of p for which this is true.

f

A sequence is increasing if each term of the sequence is greater than the term
immediately preceding it.

For example

o 2,5,8,11, isanincreasing arithmetic sequence with a common di erence of 3.
Q 2,6,18,54, isan increasing geometric sequence with a common ratio of 3.



@ 1,4,9,16, isthe increasing sequence of the squares of positive integers.
o 0.9,0.909,0.90909, 0.9090909,is an increasing sequence which converges

to 10,
11

Similarly a sequence is decreasing if each term of the sequence is less than the
term immediately preceding it.

For example

o 9,51, 3, is adecreasing arithmetic sequence with a common di erence
of 4.This sequenceéliverges. - - %o

~

%0 - €

<
o 3.% 31 Isadecreasing geometric sequence with a common ratio of
%o - - € _
% — This sequence converges to zero.
o 1234  jsanincreasing sequence with general @rmL
. 5 53 T
> This sequence converges to 1.

_ Asequenceisdenedty ( 1Iffork 1,2,3,

()  Write down the rst six terms of the sequence and describe its
pattern in as many ways as you can.
5

(i)  Find the value of the series g,.
2

(iiy Describe the sequence denedtpy 5 ( 1f 2fork 1,2,3,

Solution
M a () 1
. a (D 1
o o 3 a (1 1
1)y a (D' 1
%o - %€S % ( 1)5 !
% o %o € a (1° 1

The sequenceis 1, 1, 1, 1, 1, 1,
It is periodic with period 2.

It is also geometric with rstterm 1 and common ratio 1.

M a a aa a
(1) () (D) (1
0



.o(f)<\
J

o /

(@ B 5 (1) 2 3
b 5 (1 2 7
bb 5 (1 2 3
bb 5 (1 2 7

and so on, giving the sequence 3,7, 3,7, which is periodic with
period 2.

There are many other possible
patterns in sequences. Figure 3.3
shows a well-known children’s toy

in which blocks with a square
cross-section are stacked to make a
tower. The smallest square shape h
sides tm long, and the length of the
sides increase in steps offinl

The areas of these squares, i cm
form the sequence
12,22, 3, 4, 5
orl,4,9,16,25,
This is the sequence of square numbers and it does not t any of the patterns

described so far. If you subtract each term from the next, however, you will nd
that the di erences form a pattern.

Sequence 1 4 9 16 25
Di erence 3 5 7 9

These di erences form an arithmetic sequence with common di erence 2.
The next di erence in the sequence willbe 9 2 11, and so the next term in
the areas sequence will be 25 11 36, which is indeed 6

Looking at the di erences between the terms often helps you to spot the pattern
within a sequence. Sometimes you may need to look at the di erences between
the di erences, or go even further.

Write down two things that these sequences 8,7,6,5,

have in common: 41,3.9,3.7,3.5,
a=1g, =-aanda=143,=3-3a % 3,6,12,24,

For each of the following sequences, write % 64,32,16,8,
down the next four terms (assuming the same % 1 2.4 8

pattern continues) an
fully as you can.

7,10,13, 16,

d describe its pattern as % 2225222522025

% 1,3,5,3,1,3,5,3,...



Write down the rst four terms of each of the
sequences de ned deductively below. In each
case, k takes the values 1, 2, 3, .

a 2k 1
a 3 Z
a 2k 2
1
%0 a< R
% a 5 (1f

Write down the rst four terms of each of the
sequences de ned inductively below.

&, a 3a 12
a 1 4,4 S
a, z3a 712

% 8, § 2 La 1

% &, &a 4,a 6
4
Find the value of the seriesak in each of the
following cases. 1
a 2 5k
3 3 2
12
& K
% g 2 (1f

% &1 3§, 1
Expreﬁs each of the following series in the
form g, where nis an integer andisan

algebrlaic expression for the kth term of the
series.

12 3 10

21 22 23 30

210 220 230 300
% 211 222 233 310
% 190 180 170 100

Find the value of each of the following.
5

K

1

®

20 19
'S 'S

1 1

i K> 5K)

0

@

10

w (K (k1))

1

% (1Y (kD)

The Fibonacci sequence is given by 1,1, 2, 3,
5,8, .
Write down the sequence of di erences
between the terms of this sequence, and
comment on what you nd.

Write down the next three terms of the
Fibonacci sequence.

Write down the sequence formed by the

ratio of one term to the next?iT1 , using

decimals.What do you notice about it?
The terms of a sequence are de ned by
a 4 (1f 2
Write down the rst six terms of this
sequence.
Describe the sequence.

What would be the e ect of changing the
sequence to

@ a 4 (2f
0 a 4 (3
A sequence of numbetst,,t;, is formed

by taking a starting value gfand using the
result

t., t 2 fork 1,2,3,
Ift, 2,calculateft, and .

Show thatt; 2, and write down the
value of { .

If t, 2,show that all the terms of the
sequence are the same.

Find the other value of tor which all the
terms of the sequence are the same.

Determine whether the sequence
converges, diverges or is periodic in the
cases where

t 3 t, 1

t, */52 ! [MEI]




Throughout time there have been many attempts
to nd a series that will calculatetwo of which
are the following:

1+ 1

_ 1 (James Gregory 1671
4 3 5

and Gottfried Liebnitz
1674)

~—

1 1 1 1
7z 7 2’

(Leonhard Euler 1748)

o
=
N

Which of these would you expect to
converge more quickly? Why?

Use a spreadsheet to nd out how many
terms of each are needed to give an
approximation to which is correct to

one d.p.
two d.p.
three d.p.
four d.p.

When the terms of an arithmetic sequence, or arithmetic progression, are added
together, the result is called an arithmetic series.

(1) d

- 3 €€

kth €

For the arithmetic sequence 5, 8,11, 14,17, 20,
a 5n 6,1 20andd 3.

To nd an expression for the general term, look at how the terms are formed:

a @
a ad
a a 2

<

—>g, a 3
“ ..£ a a 4

g o1 o1 o1 O

3

2(3)
3(3)
4(3)

In each case, the number of di erences that are added is one less than the

position number of the term you are nding.This gives rise to the formula

a a (k nd.

For the last term this becomes

I a (n I

These are both general formulae which apply to any arithmetic sequence.




How many terms are there in the arithmetic sequence 14,18,22, ,162?

Solution

This is an arithmetic sequence with rstterma 14, lastterm| 162 and
common di erenced 4.

Usingtheresult a (n 1)dgives
162 14 4(n 1)
148 4(n 1)
37 n 1

n 38
There are 38 terms.

Find the 25th term in the arithmetic sequence 7,4,1, .

Solution

Inthiscasea 7andd 3 (negative since the terms are decreasing).

Using theresulg, a (k 1)d gives

a [ (25 1) (3
65
The 25th term is 65.
Q Historical note \
1 M :t °
[ ] €. -0 [ ]
L] L] L ] L] 1
10CE - 10— —
505&
. €S
- %o
S 1 2 3 ... 98 99 100
S 100 99 98 ... 3 2 1
2S 101 101 101 101 101 101
E 100
2S 100 10
S 505C
< 1,2,3,...,100 .
oo le« - - %o .
\ [ ] [ ] €
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It is common to use the letter S to denote the sum of the terms of a sequenc
When there is any doubt about the number of terms that are being summed,
this is indicated by a subscriptirSlicates 4 terms and iBdicates n terms.

™

€35 o

© - %o

Find the sum of the arithmetic series 10 7 3 (20).

Solution
This arithmetic series has a rst term of 10 and a common di erence of 3.
Using the formuld a (n 1),
20 10 (n 1)(3)
30 (n I( 3
10 n 1
so there are 11 terms.

Writing down the series both forwards and backwards gives

S 10 7 ... (17) (20)
and S (20 (17) ... 7 10
Adding gives 2S (10) (10) ... (10) (10)
Since there are 11 terms this gives

2S (10) 11

S b5t

Obviously it would be rather tedious to have to do this each time, so this
method is generalised to give a formula for the sum of n terms of the arithmetic
sequence that has a rst term a and a common di erence d:

l=a+ (n 1)d

S [@ [a d .. [a (M 2d [a (h 1)d
S [a (n 1)d] [@a (n 2d ... [a d] [a]
2S [2a (n 1)d [2a (n 1) .. [28 n 1)d [2a (n 1)d

Since there are n terms it follows that

S 3rd2a (n Id].

This result may also be written as

—s lra .



The arithmetic sequen@ 12, 1%, 1, ... has 60 terms. Find the sum of the
sequence.

Solution

This is an arithmetic series of 60 terms with rst term 2 and common

di erence % :

UsingS Zri2za (n 1d]gives

56—20459

Wl

470.

Catherine has just completed her degree and her starting salary with her
rst employer is £21000 per annum. She has been promised an increase of
£1200 each year for the rst ve years and then a salary review at that point.

® What is her salary in her fth year?
(i)  What will her total earnings be after ve years?

Solution

(i) Usinga, g (K Dd,
g 21000 4(1200)
25 800.
Catherine’s salary is £880.

(i) Using S Jra I,

total salary 3(21000 2580)

£117 000.
Her total earnings are £1000.

Are the following sequences arithmetic? If so, The rst term of an arithmetic sequence is 3,
state the common di erence and the tenth term. the common di erence is 2 and the last term
5 8,11, 14, is 71.How many terms are there?
1,4,8,12, The rst term of an arithmetic sequence is 5
52 1 4, and the sixth termis 10.
% 3,7.11,15, Find the common di erence.
w 1,234, Find the sum of the rst 20 terms.

% 2,3.5,5,6.5,

The rst term of an arithmetic sequence is 10
and the common di erence is 4.

Find the twelfth term.

The kth term of an arithmetic sequence is
givenbya 7 A4k
Find the common di erence.
Write down the rst four terms of the
sequence.

The last term is 102. How many terms are Find the sum of the rst 15 terms.

there?



The sixth term of an arithmetic sequence is
twice the third term and the rstterm is 3.
Find the common di erence.
Find the sum of the rst 100 terms.
In an arithmetic sequence, the third term
is 7 and the common di erence is 2.
Find the sum of the rst ten terms.
After how many terms does the sum equal
5287
Find the sum of all the odd numbers from
49 to 149 inclusive.
Find the sum of all the even numbers O
from 50 to 150 inclusive.
Explain how you could deduce the anst
to from the answer to.
A ball rolls down a slope. The distances it
travels in successive seconds are 4cm, 12cm,
20cm, 28cm, .

How many seconds elapse before it has
travelled a total of 36 metres?

In an arithmetic sequence the 8th term is
twice the 4th term and the 20th term is 40.
Find the rstterm and the common
di erence.
Find the sum of the terms from the 10th
to the 20th inclusive.
50m of adhesive tape is wound onto a reel of
circumference 12 cm. Owing to the thickness
of the tape, each turn takes 0.5mm more tape
than the previous one.

How many complete turns are needed?

€

A piece of string 10m long is to be cut into
pieces, so that the lengths of the pieces form
an arithmetic sequence.The lengths of the
longest and shortest pieces are 1m and 25cm
respectively.

How many pieces are there?

If the same string had been cut into

20 pieces with lengths that formed an
arithmetic sequence, and if the length of
the second longest had been 92.5cm, how
long would the shortest piece have been?

The sum of the rst n terms of a
sequence is WhereS, 21 n.
Prove that the sequence is arithmetic,
stating the rst term and the common
di erence.

Find the sum of the terms from the 3rd to
the 12th inclusive.

() Rewrite the formula
S %r{Za (n  2d] in the form
S, ™ o, wherepand qare
constants, stating the values of p and q in
terms of a and d.
Explain why the nth term of the sequence

is given b35n S and hence nd a
formula for the nth term in terms of p and

g.
Show that any sequence wherasSof

the formpr?  qgr is arithmetic and nd
the rst term and common di erence in
terms of p and q.

When the terms of a geometric sequence, or geometric progression, are added
together, the result is called a geometric series.

< %o

e % " —-

kth €



For the geometric sequence 3, 6,12, 24, 48,
a 3,r 2andn 5.

To nd an expression for the general term, look at how the terms are formed:

a @ 3
a 4a 3 2 6
a a’ 3 2 12
a a° 3 2 24
a a' 3 2 48

In each case, the power of r is one less than the position number of the term, for
examplea, a®.This can be written deductively as

aq a“’ (the general term).
The last term is

a a
These are both general formulae which apply to any geometric sequence.

_ Find the eighth term in the geometric sequence 5, 15, 45,135, .

Solution

In the sequence the rstterm a 5 and the common ratior 3.
The kth term is given by,  a“ ™.
a 5 3
10 935

n 1l

_ How many terms are there in the geometric sequence

0.2,1,5,25 ,3906257?

Solution
The last (nth) term of a geometric sequence is givep bya " *.

In this case,a 0.2andr 5,so
02 5*' 390625

390 625
n 1
5% —3— 1953125
log5' ' log1953125—— > % *
(n Dlog5 logl953125 e w
log1953 125 %0
n 1 — % - €
n 10

There are 10 terms.



The next example shows you how to derive a formula for the sum of a
geometric sequence.

_ Find the valueof2 6 18 54 1062882.

Solution
This is a geometric series with rst term 2 and a common ratio of 3.
Let S 2 6 18 54 ... 1062882
Multiplying by the common ratio 3 gives
3S 6 18 54 ... 1062882 3188646

Subtracting from

3S 6 18 54 ... 1062882 3188646
S 2 6 18 54 ... 1062882
2S 2 0 0 O 0 3188646
2S 3188644
S 1594322

Applying this to the general geometric series to give a formula for the sum:
S a ar af ..+ dr'
Multiplying by the common ratio r gives
rS ar af ar .. A
Subtracting from as before gives
r s a a"
ar' a
ar 1

ar 9
S r 1

The sum of terms is usually written asa®d that for an in nite sum asdS .

For values of r between 1 and 1,the sum of n terms is usually written as:

al )
ST

%0 €

T1"0%0S%0€<

™ ° .




A geometric sequence has terms 4, 8,16, 1024.
()  How many terms are there in the sequence?

(i)  Find the sum of the terms in this sequence.

Solution
0] nthterm ar‘*
4 22' 1024¢— a 4r 2 n 1024
2"t 256
log2 * log256
(n Dlog2 log256
log256
0 & log 2
n 1 8
There are 9 terms in the sequence.
[ (i) s Lll)
1z ex: r
.o r 42° )
%o 2 1
. e 2044
. v 2 b
v 1y 1 .
Z?Z 5 2z € f
E- - In the general geometric seres a a” , the terms become
progressively smaller in size if the common ratio, r, is between 1 and 1.
%o - € For 1<r<1,r" 0 asn and so the formula for the sum of a
geometric series,
al )
. S 1 r
may be rewritten for an in nite series as
a a
. ro1 S T 7 or S T 1
r 1.

For an in nite series to have a nite sum, the valuerafist be such thatl< r <1.

Find the sum of the in nite serigs 1

ol

> 4

1 -« Solution

This series is geometric with a 2 and % so the sum is given by

a 1
S 1 rwherea 2 andr >

I

S

NI

Pk P




N

[

[N

Bl

The rst term of a geometric progression is 20 and the sum to in n'n;;a%zs
Find the common ratio.

Solution
a
S 1 r
1 20
13§ 1 r
4_30(1 r 20
1 r 20 Z%
3
2
r

T1"0%0S%0€<

™

1 - %o
%0

The rst three terms of an in nite geometric sequence are 2,1.6 and 1.28.
(i)  State the common ratio of the sequence.
(i)  Which is the rst term of the sequence with a value less than 0.5?

(i)  After how many terms will the sum be greater than 9?

Solution

() a 2andar 16

16
2

r 08

r

(i) Thenthterm 2 08" °'.
2 08*' 05
08"' 025
log0.8" ' log0.25
(n 1log0.8 log0.25

%0 - - %o

+ log0.25
w8 log 0.8

n 1 621
n 7.21 n .
Soitis thegth term. €




(i) S, % 101 048")
101 08") 9
1 08 09
01 o8
.. % log01 log08"
log01 nlog08
logo1 - 0.8 - %
%o log 0.8 ne %o . £
%0' n 10.31
2 The sum will be greater than 9 after 11 terms.
4 N\
> %o . - e £
S 12 48 16 32 64
S1212 48 16 32
S 1 2S
3 1
S 3
S 1 (2 4) (8 16) (32 64)
S 1 2 8 16
ES %o - €
S (12 (4 8 (16 32
S 1 4 16
ES %o - €
. ~ 1 - .
- v J
Compound interest is an example of geometric growth: investing £100 at a rate
of interest of 4% p.a. compounded annually will yield £100 x 1.04 after one
year, £100 x 1.04 after two years and so on. In this example it is the geometric
e N sequence that is important; the series has no practical relevance.

Although population growth may be thought to follow a similar pattern, the
. 7 annual percentage rate is unlikely to be constant, since it is a ected by many
external factors.

Radioactive decay can also be modelled by a geometric sequence, as shown in
\_ _ the next example.




A sample of radioactive material is decaying. Initially, the sample contains N

nuclei. The probability that any nucleus will decay in the course of one year
is p. What is the expected number of nuclei remaining after y years?

Solution

At the end of the rst year N p nuclei will have decayed.
Number remaining,N, N, N p

N,@ p).

Similarly, after the second yedr, N (1 p)

=N(L p)2

Continuing this, the expected number of nuclei remaining afteass is

N1 p.

Are the following sequences geometric? If sg,
state the common ratio and the sixth term.
5,10, 20, 40,
1,1,1, 1,1,
2,4,6,8,
% 1,1.1,1.11,1.111,
% 6,3,13, 3,
% 2, 4,8, 16,
Write down the fth term, the common ratio
and the nth term of the following geometric
progressions.

3, 6,12,

2, 1,%,

a ab K,
Which of the following geometric series
converge? For each one that converges, nd

the sum to in nity.
First term 8 and common ratio%

First term 4 and second term 2
First term 0.1 and second term 1
% First term 3 and sixth terpd
% Firstterm 4 and common ratio 1

Explain why the geometric series witk d
and r= -1 does not converge.

() Find how many terms there are in the
geometric sequence 2,4,8, 2048.

Find the eighth term of this sequence.

Find the sum of all the terms of this
sequence.

For each of the geometric sequences below,

nd the common ratio and the
number of terms

nd the sum of the sequence.
5,10,20, 10 240
2,6,18, 118 0198
842 596

The value of a car when new is £000 and
each year its value depreciates by 15%. Use
logarithms to nd how many complete years it
will be before the car is worth less than £500.

The fth term of a geometric sequence of
positive numbers is 48 and the ninth term is 768.

Find the common ratio.
Find the rstterm.
Find the sum of the rst ten terms.

% How many terms are needed if the sum is
greater than a million?

The rst three terms of an in nite geometric
sequence are 9, 6 and 4.

Find the common ratio.

Find the position of the rst term in the
sequence that is less than 1.

After how many terms is the sum greater
than 257

S% Find the sum to in nity of the terms of
the sequence.
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A geometric series has rst term 20 and O
common ratio r. Find how many terms of thb
series are required for the sum to be within

1 10°¢ of the sum to in nity in each of the
following cases.

r 0.8
r 0.8

Find the sum to n terms of each of the
following series.

x x* x3
1y ¥y y
1 2a 48 8

The rst three terms of an arithmetic
sequence,a,a danda 2d,are the same

as the rst three terms a, ar, anédlara
geometric sequences. ( 0).

Show that this is only possible if r 1 and
d o.

Atank is lled with 20 litres of water. Half the
water is removed and replaced with antifreeze
and thoroughly mixed. Half this mixture is
then removed and replaced with antifreeze.
The process continues.

Find the rst ve terms in the sequence of
amounts of water in the tank at each stage.

After how many operations is there less
than 5% of water remaining in the tank?

Find the rst ve terms of the sequence 0f
amounts of antifreeze in the tank at each
stage.

% Is either of these sequences geometric?
Explain your answer.

A pendulum is set swinging. Its rst oscillation

is through an angle of 30° and each succeeding
oscillation is through 95% of the angle of the
one before it.

After how many swings is the angle through
which it swings less than 1°?

What is the total angle it has swung
through at the end of its tenth oscillation?

What is the total angle it has swung
through before it stops?

The rst two terms of a geometric sequence
are siu and tau where0 u 5.

State the common ratio.

When u 3 nd the sum of the rst
ve terms, leaving your answer in surd
form.

A second series has rst term tamd second

term siru whereO u 5

Find the sum to in nity of this series

whenu 3 leaving your answer in surd

form.
A third series has rst term saeand second
term cost where0 u 5
% Find the sum to in nity of this series.
% Is it possible for this sum to equal 1?

Figure 3.5 shows the steps involved in
constructing a snow ake pattern.

This shows an equilateral triangle

with each side of lengthcn.

Here each side is trisected and the

centre section replaced with an

equilateral triangle.

The procedure is repeated for each of

the six small triangles around

This construction is repeated until

you have an in nite sequence.
Calculate the length of the perimeter of the
gure for the rst ve steps, starting with the
original equilateral triangle.

What happens to the length of the

perimeter as the number of steps increases?
Does the area of the gure increase

without limit? Justify your answer.
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Review: Algebra 2

A quadratic equation is any equation which can be

written in the formaxX.  bx ¢ Owith a 0. * o€
There are a number of ways of solving these:
o Factorising: 3x> 8 4 0
3X* 6x 2x 4 0
XXX 2) 2x 2) C
(X 2)x 2 0 34 12
2 12
X 3 or x 2 8 6 2

@ The quadratic formula: The roots of the general quadrati

b v 8 4ac “
2a '

In the quadratic formula, the expressidn 4 a is referred to
as the discriminant, since it discriminates between the typ

equationax’ bx ¢ 0 are given by

of solutions:
p If ¥ 4a& Cthen the square root can be found and
Algebra is generous; she there are two distinct roots.
often gives more than is » Ifb® 4a QOthen both roots of the equation are equal.
asked from her. p If b 4a& QOthereis no real value of the square root, so there are no
real roots.

o Drawing a graph:The roots ofthe equatiSn 2x 5 0
can be found by drawing the graphyof x> 2x Eand «—
nding the x coordinates of the points where it crosses the
X-axis.

@ Using your calculator: Some calculators have the facility to solve quadratic
equations. If you have such a calculator, make sure you know how to use it. It
will be helpful for checking your answers. However, the three methods given
above are all important and you must be able to carry them out without a
calculator.

Example R.1 shows how the method of completing the square can be used to nd
the line of symmetry of a quadratic curve and the coordinates of its turning point.




_ Find the coordinates of the turning point and the equation of the line of

symmetry for the curvg 2x* 4x 7 and hence sketch the curve.

Solution
y 2x* 4 7 'y 2[x¥* 2x] 7
y 2[x* 2x 1 1] 7 1
° o X 1 * 2
y 2Ax 1 1 7 | ¥ X

y 9 5
\ y 2(x 1 9 1

So there is a minimum turning point(@t 9).

e . The line of symmetry passes through the turning point, and so it is the line
x 1
) When x 0,y 7,so the graph passes YA

through (O, 7).

<Y

Xe

-7

° oo-€1

Sometimes an equation needs to be re-written to form a quadratic equation
before you can solve it.

_ Solve the equatio® 5 6 =0

Solution
This is a quadratic equation in disguise 5> (52
Lety 5% ¢ 592 5% 6 v 2 5
y )y )=0 y 3 5 3
y ory <
y 5 X 5
Solog5 log
x log5 log
ez 0.431(3 s.f.)

log5
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The elimination method is suitable for solving two linear simultaneous equations.

(i)  Solve the simultaneous equations3x 2y 17

7x 3y 28
(i)  Check your answer.
Solution
—(@ 9 6y Ble——° ) 3
14 6y HB¢e— y
5x 51\
X 1 :

Substitutingc  1into either of the original equations giyes 7.
The solutionis x 1,y 7.

(i) _Substitutex 1,y 7into7x 3y 28.

. / LHS=(7 1) (3 7) 7 (21)
28

RHS as required

The substitution method is used to solve simultaneous equations for which
one is linear and the other is quadratic, although it may be used to solve two
linear simultaneous equations.

To nd the point(s) of intersection of two curves or lines you need to solve their
equations simultaneously, using one of these two methods.

_ Find the points of intersection of the lire y 1and the curve

x? 2y 17
Solution X
Make x the subject of the rst equatiox y 1 y L
Substitute into the second equation: (y 1° 2y* 17
Expand and simplify: y> 2y 1 2y* 17
3y’ 2y 16 O
3y 6y 8 16 O
3yly 2) 8y 2) O
By 8y 2 O

y % ory 2
Substituting each value in turn into the original linear equation gives the

points of intersection 48, 2)and 3, § .



¥

The rules for solving inequalities are similar to those for solving equatidins, bu
you multiply both sides of an inequality by a negative number, then you need t
change the direction of the inequality.

When dealing with quadratic inequalities, the easiest method is to sketch the
associated graph.

B . . ..,

Solution

x> 6x 2> X ‘8/ -
x> Bx 6> 0
X 6)(x J)>ok////

YA This curve cuts the
. X-axis when X = —6
y x 8x 1 [T and whenx = +1

[¢) y
You need the region
N wherey O.

oo of

{xx< 6} {xx>1}. The solutionisx < 6orx > 1.

Notice that the points where x 1 and x 6 are marked with a solid circle

in Figure R.2, to show that these values are included in the solution set. If you
were askedto solw€ 6x 2 x 8 then the values6 and 1 would not be
included in the solution set and you would show those points using an open circle.

Inequalities may also be used to de ne regions, as in Example R.6.

_ Sketch the curvg x*> 5x 6and indicate by shading the region where

y> x> Bx €
Solution
y xX¥ 5 6 (x 6)(x 1
YA
The curve cuts the X-axis at X = —6and
X = 1, and cuts the y-axis at y = —6.
-6 T X For all the points on the graph

;\ itself, the Yy coordinate is equal
a to the value of X2+ 5X — @

\ For all the points in the shaded region,

the Y coordinate is greater than the
value of X2+ 5X — @




The region wherey > x°

€ includes the shaded region and the

curve itself, so the curve is drawn with a solid line in Figure R.3. If the
inequality had been > and not then the curve would have been drawn

with a broken line.

Solve the following equations by factorising.
e, x* 8& 12 0

e, & 1la 30 O

e, 16 x> 0

e 2P 5p 2 O

€, 4 3¢ 7 O

e, 3x* 14x 8
Solve the following equations by using the

quadratic formula, giving your answers corre |

to 2 d.p.

e, x> x 8 0

e, 2x* 8& 5 0

e, x> x 10
Write in the form a(x + ) c.
€, 3x 12x 7

€, 2x 6x 5

e, 5 8x x?2

Find the equation of the line of symmetry
and the coordinates of the turning point for
the following curves and sketch their graphs,
including the line of symmetry.

e, y x* 4x 8

e,y 2x* 8& 3

e,y 4 2x x°

Solve the following pairs of simultaneous
equations using the elimination method.

e, 33X 2 6

5« 6y 38
e, X 2 12
4x y 1
€, 4x 3y 2
5 7y 9

Solve the following pairs of simultaneous
eguations using the substitution method.

€, X 2
x> y* xy 20
€, X y b5
x? y* 17
€., 2x y 3 0
y> 5x* 20

Express the following inequalities using set
notation and illustrate them on number lines.

€, 2 x 4

€, 1> x> 1

e, x>0o0rx< 4

In each case draw a sketch of the associated
curve and identify the interval(s) on the x-axis
where the inequality is true. lllustrate the
interval(s) on number lines.

€, x> 2x 8 0

€. 2 x x*>0

€, 6x> 13X 6 0

e, Sketchthecurvy 2x* x 1land
the liney 2x 9 on the same axes
and nd their points of intersection.

€, On your graph, shade the region for
whichy 2x* x 1landy 2x ¢

Solve the following equations.

€, X 5x 4 0

€, 4x 13x 3 0

e, 2x 13/x 15 0

Solve the following equations.

e, 3 4 3*30

e, 325 2x20

e, 6 77 730



f E %o

[ ] [ 2N ] %0
(3x®* 2x* x 4 (x* 5x 6) 3&x* x® 2x* x 5 4 6
y  4x® 2x* 4x 2

(3x* 2x* x 4) (x* 5 6) 3 x* 2> x 5 4 6
2x® 2x* 6x 10

T e %0 ¢ %o
— (x 2(X* 3x 4 x(x* 3x 4 2Ax* 3x 4)
x® 3x* 4x 2x* 6x 8
x> 5x* 2x 8

é< * ¢ %o

You can divide one polynomial by another to give a lower order polynomial.
B o ¢ x o 3

Solution
X 2X¢ 2%

Method 1: By inspection
o
¢ 5% Tx 12 (x 3)x* & 4) 3 4 12

x 3J2x* x 4

(2x* 5x* 7x 12 (x 3) 2x* X .
Method 2: Long division
X x4 5@
x 3% 5x* 7x 12
2x® ex®
x?  7x
x? 3
4x 12
4x 12
O— |

(2x* B5x* 7x 12 (x 3) 2x* x 4

(X ] [ ]
The factor theorem is given by:
f@ 0 (x ais afactor of (x).

The factor theorem is useful in solving polynomial equations.



_ () Showthatx  1isarootof the equatior® 4x*> x 6 O

and hence solve the equation.
(i) Sketchthe graphof x* 4x*> x 6.

Solution
0] fx) x* 4x* x 6

f() (D 49 (1) 6
1 4 1 6
0

Sox  lisarootoff(x) @ andhence (x 1)is a factor ¢{x).

x> 4x* x 6 0
(x D> Bx 6 04—
x Dx 2x 3 O

The roots of the equationare 1x 2,x 3.

(i) The graph crosses the x-axixat 1,x 2,x 3.
The graph crosses the y-axiy at 6.

YA

6

]A G N_A X
e, Add(3x* 2x 4 to(x* x 3. Sketch the following polynomial curves.
e, Add (5x* 2x* x Dto ey (x Dx 2)x 3
x* 2x° x 3 y X(x 3

e . Subtract(2x> 3x  4)from y X2 x)(x 3)
x® 3x* 2) Show thatx 2 is a root of the

¢ Subtrac(3d® 7x  2)from equation2x® 7x> 4x 4 Oand
6 7x* 10x 3. hence solve the equation.

. ) €, Sketch the graph of
€, Multiply (2x° 3x 4)by (x 3. y 2¢ ™ 4x A4

e, Multiply (x* 2x Lby(x* 2x 1)
¢ . Divide (x* 2x* x 2)by(x 1.
¢, Divide(2x® 5x* 1Ix 4)by(2x 1.

. dn dh



Find the equation of the curve shown in Solve the following cubic equations.
Figure R.5. Give your answer in the form e, 4 8% x 3 0

3 2
y a b oo«od e 3 %% 1x 6 0
YA

Leanne is dividing x* 16 by x 2.
She draws this table.

x4

16

) -1\0 3 g
\ Copy and complete the table and hence write
24 down the result of dividing*x 16 by x 2.




Functions

Still glides the stream
and shall forever glide;
The form remains, the
function never dies.

The order of any polynomial function is the highest power of the variable, so
f(x) 3x* 4isoforder2and(x) 5x x®is of order 3, etc.

The graph of a polynomial function of ordecan have up ta 1 turning
points, although often not all of these materialise. The general shape of a
polynomial curve is as in Figure 4.1.




00000 - €

coefficient of . - /
n i N
X" positive - .
/7 \/ \

n even n odd

- N
coefficient of -~ ~
. /
X" negative 7~ \

If a polynomial functiorf (x) can be factorised, then each factor will give a root
of the associated polynomial equafip) 0. If there is a repeated factor then
this will correspond to a repeated root.

() (a) Solvex(x 2)(x 4) O. .
(b) Sketcly x(x 2)(x 4). ¢—
(i) (@) Solvéx 1°(5 x) O. "
(b) Sketcly (x 2*G x). .
Solution
N @xx 2x 4) 0 x O02or 4.
(b) YA

Cubic with +ve x3 term.
Crosses X-axis at —4, 0
and 2.

y=x(x 1i2)(x+4)

<Y

/—4 o) 2

f T

() @(x 2’6 x) 0 «x

b y
(b) 1 Cubic with —vex3 term.
Crosses X-axis at
y=x+1) 205 (x) 5and touches at—1

Crosses Y-axis at 5
(whenXx = 0).

1(repeated) ox 5.

i
o
()]
—_—]
<Y




Reciprocal functions have the forfrtx) %,f(x) X—az,etc.

For both these functions, the
lines X=0andy= Oare
asymptotes for the curve.
The curve approaches an
asymptote ever more closely,
but never actually reaches it.

YA

<Y

%o f

Two variablex and y are said to be (directly) proportional if  kx where k

Asymptotes are usually shown
on a sketch using a dotted line
but in this case the asymptotes
are already there as the
coordinate axes.

YA

<Y

is a constant. They are inversely proportional i X

The relationshiy  kx" can be described by saying thi groportional to x".
In the same way, the statemeris'ynversely proportional to X", is represented

by the equatiory X—kn

S f o o

An exponential function is a function of the form &, wherea 0, which
has the variable as the power. (An alternative name for ‘power’ is ‘exponent’.)
All exponential functiong@ 0) have graphs that have a similar shape.

o They all cross thg-axis at the point (Q).

o They all have the-axis as an asymptote.

YA y=¢
y=3 y=2
y=158
Notice that the function
. 1\X
y=F=1 y= 0.5X,I.e.y: (2) ,
can also be written as
y=0.5 :/ y= 27
(@] X



Although there are many exponential functions, the fungtione”, where

e is an irrational number approximately equal to 2.718, is referred to as the
exponential function; the curye €* has the special property that for any
value of x the value of y is the same as the gradient of the curve.

A relationship of the forrg e, wherek C, is described as exponential
growth.If k Cthe relationship is described as exponential decay.

Just as exponential graphs for a positive index are all very similar, so are the
graphs of the logarithm function for di erent bases.

The logarithm function is the inverse of the exponential function.

YA
y log,x

y € y log,x /

y Inx . y=Inx

y 10 ///
y  log, X / - /
€ y logx ol
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A transformation is a relationship that is used in curve sketching. You can use
stretches, translations and re ections to transform the graph of any function.

‘E ,
secee - € Function Transformation
. ) fx 1 s TranslationtS
f(x) a(x) One-way stretch, parallel to y-axis, scale factor
f(x) f(ax) One-way stretch, parallel to x-axis, scale fa%tor
f(x) f(x) Re ection in x-axis
f(x)  f( x) Re ection in y-axis

— Starting with the curve y cos X, show how transformations can be used to
sketch the curves

@)y cos3x (i)y cos% (i) y cosx 5 (v)y cosx =

Solution

(i)  The curve with equationy cos3x is obtained from the curve with
equation y co« by a stretch of scale fac%aparallel to the x-axis.

Yy = C0S 3Xhas a period
of % instead of2 ».

YA
0 > 2> ;X
2
-1

(i)  Thecurve ofy cos % is obtained from that of y cosby a

stretch of scale factor 2 in the x direction.

y= COS X has a period
of4d> mstead of 2>,

YA _ X
y = cos
0 3> 3> > 4> :x
2 2
-1 y = COS X

f a2



(i)  The curve ofy

by a translation of3 .

Cos X o is obtained from that of ycosx

A

y:W

N

-1

2

(iv)  The curve ofy

translation of g .

3> 2> 5> 3> 7> 4> X
2 2 2

. is obtained from that of cusx by a

y = Cos Xx—2

Sketch the following curves.

f.ooy (x D@ Dx 3)

oy (2 )2 xX3 x)

Foy (x Dx 3y

Sketch the following pairs of curves on the

same axes, taking care to clearly label each
graph of the pair.

f.oy %andy X

AR

1
f.Y 7andy

Sketch, using the same scale on both axes, the
following sets of curves.

£,y Xy € andy Inx
f.,y Iy 2¢andy 3

Sketch, on the same axes, the following sets of
curves.

2

.oy X2y X 3andy (x 3Y
f.y shxy shx 2and

y shx >



Each part of Figure 4.12 shows the curve
y (x 2Px 1)(inred)and one

other curve which has been obtained from
y (x 2?x 1) by one of the following
transformations: translation, stretch or

re ection. In each case write down the
equation of the blue curve and state the
relationship between the two curves.

f YA

|
—
_
o
8

f YA
12
7 O X
f YA

>
>

A new moisturiser is being marketed in cubical
jars which have di erent sizes: 30ml, 50 ml and
100ml.The price £C is directly proportional

to the height of the jar and the price of the
50ml jar is £36.

Find the height of the 3@l jar.
Find the price of the 3l jar.
, Find the price of the 108l jar.

Sketch a graph to show the relationship
between price and volume.

The cost £C of my electricity bill varies
inversely with the average temperatur€
over the period of the bill. One winter, when
the average temperature \@a€, my bill was
£365 for the 3-month period.

f, How much would | expect to pay in the
summer, when the average temperature is
20C?

f . Sketch a graph to show the relationship
between temperature and electricity cost.

f , How realistic is this model?

~ h —h

A curve has the equatidiix) 1 Inx.
f., Sketch the curve.

f . Find the exact coordinates of the point
where the curve crosses the x-axis.

f . Verify that the curve meets the lige x
at the point (1, 1).

f. On a single set of axes, sketch the curves
y € landy 2e”,indicating any
asymptotes.

f . Find the exact coordinates of the point of
intersection of these two curves.

Starting with the curvg  sh x, show how

transformations can be used to sketch the

following curves.

f. Yy sh2x
f.y shx 5
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A mapping is any rule which associates
two sets of items, which are referred to

as the object and image or the input
and output.

mapping image

(output)

For a mapping to make sense or to have
any practical application, the inputs and
outputs must each form a natural collection or set.

The set of possible inputs is called the domain of the mapping and the set of
possible outputs is called the range of the mapping.

In mathematics, many (but not all) mappings can be expressed using algebra. A

mapping can be one-to-one, one-to-many,many-to-one or many-to-many.

Here are some examples of mathematical mappings.

(@) Domain: integers Range: integers
| Objects I3mages
0 > 5
1 > 7
2 > 9
3 > 11
General rule: x > 2X 5

(b) Domain: integers Range: real numbers

Objects Images

1.9
o 5

T 233
252
2.99

/\

General rule: Rounded whole numbers— Unrounded numbers

(©) Domain: real numbers Range: real numbers
y:1 "y 1
—— Objects Images

45 »0

90 0.707
135 1
180

General rule: x > SinX




%o * a

(d) Domain: quadratic Range: real numbers
equations with real roots
—— Objects Images

xX W

b VB 4ac
2a

b JbB 4ac
2a

General rule: a¥ bx c 0

x2 4x 3 0 0
x2 x 0 1
x2 3x 2 0 2

X

Mappings which are one-to-one or many-to-one are of particular importance,
since in these cases there is only one possible image for any object. Mappings
of these types are called functions. For example,x x and x cos x are

both functions, because in each case for any value of x there is only one possible
output.

The mapping of rounded whole numbers on to unrounded numbers is not a
function since, for example, the rounded number 5 could map to any unrounded
number between 4.5 and 5.5.

f(x) = x?

fix X 2 4| rf X X*

A functiony  f(x) may be de ned for all values of x or only for a restricted
set of values.

Strictly, when a function is written it should always be accompanied by its

domain.When you write this, it is often helpful to use one of the following

symbols to denote di erent types of numbers:

Q is the set of counting numbers: 1,2, 3, ... .

Q is the set of natural numbers:0,1,2,3, ... .

Q is the set of integers: ... 3, 2, 1,0,1,2,3,....

Q is the set of rational numbers, i.e. fractions suc& asdz—g”, together
with everything in .

Q is the set of real numbers, i.e. irrational numbers such as/2and
together with everything in .

If a function is written without its domain, the domain is usually taken to be the

real numbers.

It is often helpful to represent a function graphically, as in the following example,
which illustrates the importance of knowing the domain.



Sketch the graph of y 3x 2 when the domain of x is given by

@ x — X )
(i) x “— X .
(i) x
Solution y4
(i) When x , all values of y are possible.The

range is therefore, also.

y=3x+2,x DR

(i)  Whenx , S0 that X is restricted
to positive values, all the values of y
are greater than 2, so the range is
y > 2.

> o

y=3x+2,x DR*

The open circle
shows that (0, 2)is
not part of the line.

_—

O X

(i)  Whenx , the range is the set of pointg °
{2,5, 8, ...}.These are all of the form
3x 2 where x is a natural number .
(0,1,2,...).This set can be written YESERz B
neatly as {3x 2 x 1.




When you draw the graph of a mapping

@ the x coordinate of each point is an input value
@ they coordinate is the corresponding output value.

Table 4.2 shows this for the mapping x x,ory x,and Figure 4.17 shows
the resulting points on a graph.

«E ,...T
YA
Input ( x) Output (y)  Point plotted

-2 4 (-2, 4) 4

-1 1 (-1,1) 3

0 0 (0,0) 2

1 1 (1,1) :

2 4 (2,4) 210 1 2 X

If the mapping is a function, there is a unique value of y for every value of x
in the domain. Consequently the graph of a function is a simple curve or line
going from left to right, with no doubling back.

Figure 4.18 illustrates some di erent types of mapping.

(a) One-to-one (b) Many-to-one
— YA YA y= 3 — X
y=2x+1
-1 ‘
N N1 X
o "X
(c) One-to-many (d) Many-to-many
— yA YA
5 y=+¥5-%
/ y ) iz
(@) ;x -5 O 5 f(
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In the review section you used translations and one-way stretches to relate the
equation of a function to that of a standard function of the same form.This then
allowed you to sketch the curve of your function.

It is possible to combine translations and stretches, but you must be careful over
the order in which these are applied, as you will see in Activity 4.1.

LEf.fE...
S . (E - f. y
f oo ’
3 o] 2 >
0 . .
2 X o
& 2 X e
3
0
3
0
2 y .
E 2 y e
3
0
0
3
2 X e
E 2 X o
.« . O
o Activity 4.1 3
should have
emphasised to 0
you the importance 3
of performing the 2 y .
transformations in the E 2 y .
correct order. Itis a 0
good idea to check 3
your results using a 5 X o
graphical calculator 3 y .
or graphing software & 3 y .
whenever possible 2 X o




Starting with the curve y cos, show how transformations can be used to
sketch the following curves.

(i) y 2cos3x (i) y cos X

3
Solution
0]
YA The curve with equation
y = cos 3x y = cos x y = COS 3Xs obtained
from the curve with
equation y = COS Xby
a stretch of scale factor
2> X parallel to the X-axis.
There will therefore be
one complete oscillation
of the curve in 22
(instead of 2 »).
YA
2 y = 2cos 3x
The curve ofy = 2C0S 3X
1 is obtained from that of
y = COS 3y a stretch of
scale factor 2 parallel to
> the Yy-axis. The curve
0 7 > 32—’ f’ X | therefore oscillates
JSERES between y = 2 and
1 y = —2 (instead of
betweeny = 1andy=-1).
-2
(i)
>
y = Cos <x - —) . .
}“ v 3 The curve with equation
y = cos X y = cos(x—%)
/ = is obtained from the curve
0 2_> > 3_2> 2> x| with equation Y = COS X
>
by a transation of | 3 |
-1

The curve of
y= cos(2x— §>)
is obtained from that of

— >
= |y= cos(x - §)
by a stretch of scale factor %
parallel to the X-axis.




_ ()  Write the equatiory 1 4x x*intheformy d(x p’ dl.

(i)  Show how the graphof 1 4x x*can be obtained from
the graph of y X by a succession of transformations, and list the
transformations in the order in which they are applied.

(iif)  Sketch the graph.

Solution

(i 11 4 x* d(x p? d
then x> 4x 1 axX’ 2ap ap® 9.
Comparing coe cients of X a 1
Comparing coe cients of x: 2ap 4,givingp 2.
Comparing constantterms :  a(@ q) 1,givingq 5.
The equationisy [(x 2)? 5].

(i)  The curvey x2becomes y )
thecurvey (x 2)?> 5by
applying the translation

2 as shown in Figure 4.22.
5 y=(x2) 25

(@]
<Y

(21'5)

Thecurvey (x 2)2 5 y A 2.5)

becomes the curve y=(x2) 25
y 1 4x x? y [(x 2) * 5]by
applying a re ection in

y 5 @ xy the x-axis (see Figure 4.23).

- /

y=[(x-2) 2-5]
=1+4x-x 2

(i)  The blue curve in Figure 4.23 shows the graph.
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Describe each of the mappings in Figure 4.2 f, Afunctionis dened by f(k 2x 5.Write
as either one-to-one, many-to-one, one-to- down the values of
many or many-to-many, and say whether it r, 1) . f(7) f. f(3).

represents a function. ¢ . Afunction is de ned by

g:(polygons) (number of sides).
What are the following:

f, 9o(triangle) ., g(pentagon)
f. g(decagon)

" fo f . The function t maps Celsius temperatures
on to Fahrenheit temperatures.lt is
denedbyt:C % 32. Find
f. %0) r. %(28) r. t(10)

f, the value of C when t(f C.

Find the range of each of the following
functions.

(You may nd it helpful to draw the graph
rst.)

For each of the following mappings: fix) 2 3x x>0

f
f. write down a few examples of input: f.y X 2 x {0,1,2,3,4}
and corresponding outputs fofix x4 X
f
f

f, state the type of mapping Cy tan 0°< <9Q°
(one-to-one, many-to-one, etc.).
y COSX 7 X< 3z

f. Words number of letters they

contain Find the range of each of the following
f . Side of a square in cm its perimeter functions.

incm (You may nd it helpful to draw the graph
f . Natural numbers the number of rst.)

factors (including 1 and the number i fixoox x {1,0,1,2}

itself) ) - 1 _ X
f. X 2x 5 X
fooX JX f.f) Wx 3 3 x>3

For each of the following mappings:
f. state the type of mapping (one-to-

The mapping f is de ned by

one, many-to-one, etc.) £(x) x2 0< x< 3
f. suggest suitable domains and rangt ;. 3X 3< x< 10
f. The volume of a sphere in cm its The mapping g is de ned by
radius in cm 2 0< x< 2
f . The volume of a cylinder incm its 9(x) 3x 2< x< 10
height in cm

. The length of a side of a regular hexagon Explain why f is a function and g is not.

incm its area in cm
X X

~

~~



Starting with the graph of y %state the
transformations which can be used to sketc
each of the following curves. Specify the
transformations in the order in which they ai
used and, where there is more than one sta
in the sketching of the curve, state each sta¢ .

In each case state the equation of the line o
symmetry.

foy (x 2)°2
f.y 3x2 6x 2

Figure 4.25 shows a sketch of the graph of
y f(x), where f(x) x2 4x.
YA

W

f.y 3(x 2)?

y =f(x)

X

(_27 _4)

Draw separate sketches of the following
functions.

In each case describe the transformations frc n
y f(x).

f.y fx) 2 f.y fix 2)

f.y 2fx) 3 f,y f(2x) 3

f.y 3f(x 2)

Figure 4.26 shows a sketch of the graph of

y f(x),where f(xX) 6x x2

)

@9

Use this graph to sketch the following curve
on separate diagrams.

In each case indicate clearly where the gray |
crosses the x-axis and the coordinates of its
highest point.

f.oy fix 2 f.y 2f(x 2)
X

faoy 2 oy 35

The circle with equation® y? 1 s stretched
with scale factor 3 parallel to thexis and with
scale factor 2 parallel to thaxs.

Sketch both curves on the same graph, and
write down the equation of the new curve. (It
is an ellipse.)

Figure 4.27 shows the graph of y f(x).

YA
(1,1
1

y =f(x)

Y

0 T

Sketch the graph of each of these functions.

f.y f(2x) f.y fix 1)
f.y 2f(x 1) 1,y 3f(x)
£,y f(3x) .y f(3x 1)

Starting with the curve y cos state how
transformations can be used to sketch these
curves.

f, Yy 3cosx f.,y cos3x 1

f .y cos(3x 30°

For each of the following curves:
f. sketch the curve

f. identify the curve as being the same
as one of the following:
y #sin X,y zcosx or

y ttanx.
f, y cos(x) f.y tan(x)
f.,y sinC x) .,y tan( x)
f. Yy sin(x)

f. Write the expressiorx 6x 14 in
the form (x af b where aand b are
numbers which you are to nd.

f ., Sketch the curvesy 2and
y X2 6x 14 and state the
transformation which maps y 2»n to
y x2 6x 14.

f, Thecurvey x 6x 14isreectedin
the x-axis.Write down the equation of
the image.



OO0

Starting with the graph of y %state the
transformations which can be used to sketc
y 2x 1 x 2

Specify the transformations in the order in
which they are used.

State the equation of the line of symmetry.

In Figure 4.28,y f(x) is a translation of the

curvey xix 2)and curve

y 9g(x) is the re ection of y f(x) in the

X-axis.

Write down the equations of the two curves:
YA

y =g(x)

xY

1.4

y =1(x)

T. o

In Figure 4.29,y f(x) is the curve
y In(2x 1)andy g(x) is its re ection in

the line x 2.

YA

y =1(x)

<Y

y =09

Write down the equation of y g(x).

It is possible to combine functions in several di erent ways, and you have already
met some of these. For example, if f(xf and g(X) 2x, then you could write

fx) g(x) x?2 2x.

f(x).g(xX) xsinx.

‘— .
Similarly if f(x) x and g(x) sirx,then

‘_

Sometimes you need to apply one function and then apply another, so that the
output of the rst function is the input for the second one.

You are then creating a composite function or a function of a function.

New parents are bathing their baby for the rst time.They take the

temperature of the bath water with a thermometer which reads in Celsius,
but then have to convert the temperature to degrees Fahrenheit to apply the
rule for correct bath water temperature taught to them by their own parents.

Atone o ve
He’'ll cook alive
But ninety four
Is rather raw.

Write down the two functions that are involved, and apply them to readings of
(i) 30°C (i) 38°C

(i) 45°C.



Solution

The rst function converts the Celsius temperature C into a Fahrenheit
temperature, F.

o >
F ? 3£
The second function maps Fahrenheit temperatures on to the state of the

bath.

F< 94 too cold

94 <F <105 all right

F> 105 too hot
This gives

0] 30°C 86°F too cold
(i) 38°C 100.4°F all right
(i) 45°C 113°C too hot.

In this case the composite function would be (to the nearest degree)

C < 34°C too cold
35°C< C < 40°C all right
C > 41°C too hot.

In algebraic terms, a composite function is constructed as
f

input x —— output f(x) ’ X'
input f(x) — 3 » output g[fJx)] (or gf(x))

Thus the composite function gf(x) should be performed from right to left: start
with x then apply f and then g.

f . f(x)
f2(x) g*(x) g

In order to apply a function repeatedly its range must be completely contained
within its domain.

It is often the case that the order of the individual functions in a composite
function matters.
For example, if f(x) x and g(x) x 1,then

f(3) 9 g(9) 10 so gf(3) 10
ag@3) 4 f(4) 16 so fg(3) 16.



More generally,
f 2 g 2
square X add 1 x* 1.
So gf(x) x2 1.
To nd an expression for fg(x) you must apply g rst. In the example above, this
would give:

9 f 2
X aar D gar D
andso fg(x) (x 1)z
Clearly this is not the same result.

Figure 4.30 illustrates the relationship between the domains and ranges of the
functions f and g, and the range of the composite function gf.

g
f domain of g > range of g
of

Notice that the range of f must be completely contained within the domain of g.

— Given that f(x) 2x,gk) x?2 and h(x) % nd the following.

(i) fa(3) (i) gh(2) (iii) gf(x) (iv) hfg(x)

Solution

@0 f9(d fla(3)] () gh(2) dh(2)]
f(9) g}
18 1

4

i) 9f(x) glf(x)] (iv) fg(x) f[g(x)]
9(2x) f(x?)
(2x)° 2x2
4x2

So hfgx) h(@x?)
A
2x?



Look at the mapping x x 2 with domain and range the set of integers.

Domain Range

The mapping is clearly a function, since for every input there is one and only
one output, the number that is two greater than that input.

This mapping can also be seen in reverse. In that case, each number maps on
to the number two less than itself: x x 2.The reverse mapping is also a
function because for any input there is one and only one output. The reverse
mapping is called the inverse function,.

Function: f:ix x 2 X
Inverse function: fl:x x 2 X

For a mapping to be a function that also has an inverse function, every object in
the domain must have one and only one image in the range, and vice versa.This
can only be the case if the mapping is one-to-one.

So the condition for a function f to have an inverse function is that, over the
given domain and range, f represents a one-to-one mapping.This is a common
situation, and many inverse functions are self-evident as in the following
examples, for all of which the domain and range are the real numbers.

fix x 1; fl:x x+1
g:X 2x gl:x %x
h:x x ht:x  3x
(~ . )
f .
fa S .
f"T *
f [ ]
f,.,"
N




You can decide whether an algebraic mapping is a function, and whether it has an
inverse function, by looking at its graph.The curve or line representing a one-to-one
mapping does not double back on itself, has no turning points and covers the full
domain. Figure 4.31 illustrates the functions f, g and h given on the previous page.

YA YA YA
y =1(x) y =9(x) y =h(x)
— e e
O X (@) X O X
Now look at f(x) x2for x (Figure 4.32).You can see that there are two

distinct input values giving the same output: for example f(2) f(2) 4.When
you want to reverse the e ect of the function, you have a mapping which for a
single input of 4 gives two outputs, 2 and 2. Such a mapping is not a function.

f0) A f(x) = ®

<Y

-2 (0] 2

. -

If the domain of f(x) X is restricted to (the set of positive real numbers),

you have the situation shown in Figure 4.33.This shows that the function which
is now de ned is one-to-one. The inverse function is given bxj /X, since

the sign means ‘the positive square root of .

f=1(x)= %

y has a single
A ;

input value.

/ f(x) = %, x DR*
f-1(x)= %
has a single
output value.

=

X




eooee - £

It is often helpful to restrict the domain of a function so that its inverse is

also a function.When you use the inverse sin (i.e.@imrcsin) key on your
calculator the answer is restricted to the range 90° to 90°, and is described a:
the principal value. Although there are in nitely many roots of the equation
sinx 0.5(..., 330°, 210°, 30°,150°, ...), only one of these, 30°, lies in the
restricted range of 90° to 90° and this is the value your calculator will give you.

f(X) x2x f(x) 2x fx) x 2 fx) x® 2

You have probably realised by now that the graph of the inverse function is the
same shape as that of the function, but re ected in the line y x.To see why this
is so, think of a function f(x) mapping a on toah) is clearly a point on the

graph of f(x).The inverse functiort, (x), maps b on to a, and so (b, a) is a point
on the graph of f(x).

The point (b, a) is the re ection of the point (a, b) in the liney x.
This is shown for a number of points in Figure 4.34.

YA
A0, 4) Y= X
C(#4,2
B(-1, 1

A(4,0)

"X

B (1, -1)
C(2,-4)

This result can be used to obtain a sketch of the inverse function without having
to nd its equation, provided that the sketch of the original function uses the
same scale on both axes.

. fTE - g

To nd the algebraic form of the inverse of a function f(x), you should start by
changing notation and writing it in the form y



Since the graph of the inverse function is the re ection of the graph of the
original function in the line y X, it follows that you may nd its equation by
interchanging y and x in the equation of the original function.You will then
need to make y the subject of your new equation. This procedure is illustrated in

Example 4.8.
B o whenfo 2x 1.
Solution

The function f(x) is given by y 2x 1

Interchanging x and y gives X 2y 1
1

Rearranging to make y the subject: y X >

So fr X5t

Sometimes the domain of the function f will not include the whole of
When any real numbers are excluded from the domain of f, it follows that they
will be excluded from the range of fand vice versa.

f
domain of f and T range of f

range of f1 ~ and domain of X

f—l

— Find f1(x) when f(x) 2x 3 and the domain of fis x 4.

Solution
Domain Range

Function:y 2x 3 x> 4 y>5

Inverse function:x 2y 3 x> 5 y> 4
Rearranging the inverse function to mak@A

y the subject: y = () ’

y 5 2 /,'y":x

The full de nition of the inverse function (4,5)

is therefore

f1(x) X23 forx > 5.
You can see in Figure 4.36 that the inverse -~
function is the re ection of a restricted -
part of the liney 2x 3.

o

.



0] Sketch the graph of y f(x) where f(x) 2x 2,x > 0.
Sketch the graph of the inverse function on the same axes.
(i)  Find f1(x) algebraically.
(i)  Find f(7) and #f(7).What do you notice?
Solution
(R |
Sy =x
y=f ()
) , /;
X
(i) Domain Range
Functionzy x2 2 x>0 y> 2
Inverse function:x ¥y 2 x> 2 y> 0
Rearranging the inverse function to make y its subject:
Y X 2.
This givesy Jx 2,but since you know the range of the inverse
function to be y> 0 you can write:
y Jx 2orjusty x 2.
The full de nition of the inverse function is therefore:
fi(x) Vx 2forx> 2.
@iy f(r) 7 2 51
fif(7) f *(51) 51 2 7
Applying the function followed by its inverse brings you back to the
original input value.
J— f Zo * %o

" (%) F100pF (X)X ff1(x) x



_ Find the inverse of the function f(x) 1Gand sketch f(x) and {x) on the

same diagram.

Solution

The function f(x) is given by y 20 YA

Interchanging x and y, the inverse function

is given b 1
g y y=log X
x 10v.

This can be written as Igg y, so 9 E
the inverse function is
f1(x) log,x.
The function and its inverse function are. -
shown in Figure 4.38.
(- . N\
™ T . .
log 10«  x%sin arcsifln €
f” o o X2 \/—o
N f . 2Ze ~ sin199° ~ arcsin
S S \_ J
Simplify In e* Express\/_the gollt?wing irzl‘rterms of the functions
The functions f and g are de ned by X x andg-x x4
f(x) x andg(x) 2x 1. f.o X WX 4 f,.x x 8
Find each of the following. FoX  JX 8 f.x X 4
7.f2) 7.9@) r .9f(2) 1.f9(2) The functions f and g are de ned by
The functions f, g and h are de ned by f(x) sinx and g(x) cox where x is
f(x) x3%gKx) 2xandh(x) x 2. measured in radians.
Find each of the following, in terms af x f. Find the smallest positive value afo
r.fg r.of f.fh f L hf that f(x) g(x ).
N I f . Find the smallest positive value afo

Find the inverses of the following functions. N ;[hatg(x) ff(x ci.h g db
The functions f, g and h are de ned by

7109 2)_( 7_ FA) 4 x f(x) x3g) 2xand h(x) x 2.Find each

]:I'he funct2|or21 f|3$fde ned l23y of the following, in terms of x

0 & 2)° storx > 2 ffgh oot (0

f. Sketch the graph of f(x).

f . Onthe same axes, sketch the graph

of f }(x) without nding its equation.



Find the inverses of the following functions. ©)
4

f.o 10 > (0

f. f(x) x2 3for x>0 O

The functions f, g and h are de ned by

) 2, g0 x?
hx) V2 x.

f, Foreach function, state any real values of
for which it is not de ned.

f ., Find the inverse functions f
and ht.

f . Explain why ¢ does not exist when the
domain of g is.

f . Suggest a suitable domain for g so that
does exist.

f. Isthe domain for the composite functior
fg the same as for the composite functic |
gf?

Give reasons for your answer.

A function f is de ned by:

fix 1 X x O

Find X
. fAx) f.F3(x)
f.frx) ., F94X).

Two functions are de ned as f(x) »and
g(x) x2 4x 1.

f, Find a and b so that
g(x) f(x a) b.

f . Show how the graph of y g(x) is relatec
to the graph of y f(x) and sketch the
graph ofy g(x).

f , State the range of the function g(x).

f, State the least value of ¢ so that g(x) is
one-to-one for x> c.

f. With this restriction, sketch yg(X) and
y g%x) on the same axes.

Write 2x?  4x  1inthe form
ax 1 b whereaandb are to be
determined.

. Sketch the graph of

y 2x* 4x 1,giving the equation of
its line of symmetry and the coordinates
of its vertex.

The function f is de ned by

fix

2x*>  4x 1and has as its domain

the set of real numbers.

f.
f.

Find the range of f.

Explain, with reference to your sketch,
why f has no inverse with its given

domain and suggest the largest domain of
positive values of x for which f(x) has an
inverse.

For this domain, sketch f(x) an#é(k) on
the same axes together with their line of
symmetry.

Find the exact value of the coordinates of
the point where
fx) f 1(x).

The functions f(xand g(x are de ned by
f(x) x?2andg(x 2x 1 for all real values of x

fo

State the ranges of f(x) and g(x) and
explain why f(x) has no inverse.

Find an expression fot (k) in terms of x
and sketch the graphs of y g(x) and
y g !(x) on the same axes.

, Find expressions for gf(x) and fg(x) and

solve the equation gf(x) fg(x).
Sketch the graphs of y gf(x) and

y fg(x) on the same axes to illustrate
your answer.

Find the range of values @8uch that the
equation f(x a) g?4Xx) has no solution.



0 a3
B 3-B 3
B A

:t. [ ]

Look at the graph of y (x), where {X) x (Figure 4.39).

YA
y=f(x) =x

The function f(x) is positive when x is positive and negative when x is negative.
Now look at Figure 4.40, the graph of y g(x), where g(x)§.|

YA
y=9(x) = K|

<Y

The function g(x) is called the modulus of x>g(always takes the positive
numerical value of x. For example, when x  2,g(x) 2,so g(x) is always
positive. The modulus is also called the magnitude of the quantity.

Another way of writing the modulus function g(x) is
gx) x forx> 0
gx) x forx <O.

The graph of y g(x) can be obtained from the graph of y f(x) by replacing
values where f(x) is negative by the equivalent positive values.This is the
equivalent of re ecting that part of the line in the x-axis.



M y1x
@iy [ x
Gi)y 2 L x|

Solution

(i)

(ii)

(iii)

y 1 xis the straight line through (@)

and (10).

y [1 x |is obtained by re ecting
the part of the line for x > 1 in the
x-axis, because that part is below the
x-axis and so is negative.

Sketch the graphs of the following on separate axes.

YA

y 2 [1 x|is obtained from
Figure 4.41 by applying the

translationg .

f f

1 y=1-x
o 1 x
YA
1 y=1[1-x|
o 1 "X
v
3
y=2+1-x
1,2
L >
O 1 X

2<x<2
ﬂ 1} °
You will often meet inequalities involving the modulus sign.

Solve the following.
@ Ix 3l <4
(i) |2x 1] >9

(i) 5

[x 2] >1



Solution

yA
@ Ix 3 <4 4<x 3<4 \ 4/
7 <x<1 /'y =4
y =[x +3]
— 3 0 X
@) 2x 1>9 2x 1<9 or 2x 1>9

D 2Xx< 8 or 2x>10

X< 4o0rx>5

YA
N/
y=9
y=[2x -1
ol3 g
@ 5 |x 2/>1 4>|x 2|
Ix 2|<4
4<x 2<4
2<Xx<6

N

y=Ix =2

<Y




Express the inequality 2 < x < 6 in the fornx| a| < b, where a and b are
to be found.
Solution

|x al<b b<x a<b
a b<x<a b

Comparing this with 2 < x < 6 gives
ab 2
a b 6.

Solving these simultaneously givesa 2,b 4s03| < 4.

YA

_ (i)  Sketchthe graphs ofy x| 2|andy 2x 1 onthe same axes.

(i)  Hence solve the inequalitx| 2| <2x 1.

Solution
0}

y=Ix+2|

—2/0 “x

(i)  From the graph, the critical point is where the liney 2x 1 meets
the liney x 2.Solving these equations simultaneously:

2x 1 x 2
X 1

From the graph, the region required is given by x > 1.



Express 3 < x < 3 using modulus notation.

Sketch each of the following graphs on a
separate set of axes.

f.oy Ix 2|
f.oy 12x 3]
f.y 141
Solve the following inequalities.
f. Ix 3I<5
f.Ix 2/<2
f.Ix 5/>6
f.Ix 1>2

Express each of the following inequalities in
the form |[x a|< b,where aand b are to be
found.

f, 1<x<3

f., 2<X<8

f. 2<x<4

Solve the following inequalities.

f. ]12x 3|<7 @
f.|3x 2|<4 O
f.|2x 3|>5 O
f.|3x 2|>8

Express each of the following inequalities in the
form |x g <b,where aand bare to be found.

f, 1<x<6
f. 99<x<10.1
f,05<x<75

Sketch each of the following graphs on a
separate set of axes.

f.o0y Ix 2] 2
f. Y |2x 5] 4
f.y 3 Ix 2
f. Sketch the graphs ofy [x 3|and

y 3x 1 onthe same axes.
f, Hence solve [x 3| <3x 1.

f., Sketch the graphs ofy |x 3|and
y 3x 1onthe same axes.

f . Hence solve [x 3| <3x 1.

Insert one of the symbols , ,or ,if
appropriate, between these pairs of statements.

f. & b? lal bl
f.Ix 3>4 (x 3)2>16
f,2x<|x 1 (2xP<(x 1)2

Solve { > 2x 1.

Solve [2x 1| > |x 2| by rst sketching
appropriate graphs.
Solve [3x 1| <|2x 3|.

” 1 3
-0— 0 O o o0

P X,

> efxza
> efxza,
> cefax,




~.:€ %0 ”.._
t .
Q Y fe.
f
Q Y
Q
f X,
Q
[ ) y (X
& .1
Function Transformation
f(x) f(x t) s Translationt
f(x) a(x) One-way stretch, parallel to y-axis, scale fagtor
f(x) f(ax) One-way stretch, parallel to x-axis, scale fa%:tor
f(x) f(x) Re ection in x-axis
f(x) f( x) Re ection in y-axis
a
i f o
fof glfe)]  gf(x)
f
Q * f(x) f1(x)
Q i
y X
€
Q Xe X Ce X
Q o
¢X¢ Xe x>0
¢X¢ X x<0
Q .
X e i X e
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Almost everything

that distinguishes the
modern world from
earlier centuries is
attributable to science,
which achieved its most
spectacular triumphs in

the seventeenth century.

Differentiation

dh

dt
dv

dh

dv

dt



For example, vy

The gradient of a curve at a point is
given by the gradient of the tangent
at the point.

The gradient of the tangent at a point
A on a curve is given by the limit

of the gradient of chord AP as P
approaches A along the curve.

The gradient function of a curve is
the rate of change of y with respect

tangent

e o

to x and can be written a%

This is also called the derived function or derivative.
In function notation, the derivative &f x is written ag x .

y kx" % nkx" *

dy
y fx gx &fx g X

4 % 4X3
dy
y X ax

x

Nl
Nl
X
Nl

You can use di erentiation to nd the equation of a tangent or a normal to a
curve at any point.

A curve has equation x* 20x 1.

(i)  Find the gradient of the curve at the point whgre 2.
(i)  Find the equation of the tangent to the curve at this point.

(i)  Find the equation of the normal to the curve at this point.

Solution
0] y x* 2x 1
% 4° 20 4—
Atx 2 40% o0
ld_X X 2

12

Therefore the gradient of the curve at the point where 2 is 12.




(i) Whenx 2y 2* 202 1 ¢—— y
23 X 2
Equation of tangent is
y 23 12x 2 44— y i mx X
12x y 47 0.

(i)  Gradient of normal is 4. ¢———

Equation of normal is
y 23 &5 X 2
12y x 274 Q.

-€

——» Afunction is increasing fora x biff x Ofora x [,
and itis decreasingfom x biff x Ofora x L

At a stationary pointd—z 0.

d Maximum Minimum
One method for determining the Y
nature of a stationary point is to look \\/
at the sign of the gradient on either
side of it. 0

Another method for determining the nature of the stationary point is to
2
consider the sign of the second derivativg),(—g, which is the rate of change of

dy with tt
&W| respectio X.

2
i 9Y
dX . . . . . - - . -
the turning point then it means that the gradient function is increasing — it
goes from being negative to zero and then positive.
2
Q If % 0, the point is a maximum. If the second derivative is negative at

Q 0, the point is a minimum. If the second derivative is positive at

the turning point then it means that the gradient function is decreasing — it
goes from being positive to zero and then negative.
2
Q |If % 0, it is not possible to use this method to determine the nature of
the stationary point.



A functionf x isgiven byf x  x*® 3x®

(i)

9x 2.

Find the turning points of the curye f x ,and determine their

nature.
(i)  Sketch the curve.
(iii)

State the range of values of x for which the function is increasing.

Solution

— (i) g—i 3> 6ex 9

3x? 6x90‘/
3x 3x 1 O . X

X 3,X 1 y

Whenx 3,y 3 3 3 9
Whenx 1y 1° 3 1°2

The turning points are3, 7 and 1,25.
d’y .
dx?

3 20
9 1

Atx 3,—

Therefore 3, 7 is a minimum.

dy
" dx?

Therefore 1,25 is a maximum.

At X 1 12 0

(ii)

Y

Maximum

A

Y-intercept

(-1, 25)

20\ | (0, 20)

<Y

\/

Minimum

(3’ _7)

(i)  From the sketcH, x is increasing fax 1x 3



f(x +h) 1f(x)

P(x, f(x))

><"

h f x

h .

The derivative off f x is de ned as the limit of the gradient of the chord as
h tends to 0.

The gradient of the chord PQ in Figure 5.3 is givenf h§

This can be written formally a&sx  lim W
h 0
This can also be expressegs(yas J|mo g—z , Where dy is a small change in y and

dx is a small change in x.

Di erentiatey x*> 5x from rst principles.

Solution
day x h? 5x h x* 5
dx hlrrc} h
im x? 2xh K B¢ 5h x® B5x
h o h
i 2xh h?> 5h
h o h
LirrgZX 5 h



Find the gradient of each of the following
curves at the point given.

y x> 2x 1 34

.y 5¢ 6x 7, 16

cy 2% s, 11
After t seconds, the number of thousands
of bacteria, N, is modelled by the equation
N 2a® 8” 50t 3
Find the rate of change of the number of
bacteria with respect to time after
10 seconds.

Find the equations of the tangent and normal
tothecurvey x 2 x atthe point on the
curve where the gradient of the curve i

dy _ d% .
Flndd anddx in the following

cases.
4 X2

y 3x v
y 2x' % 7

-y 2/x X2 %
Dierentiatey x> 3x 2from rst
principles.

Sketch the gradient function of the curve in
Figure 5.4.

YA

Y

i6 5 4 i3 2 10

i#0 D

i20

ee o
”

In each case, nd the set of values of x for
which y is increasing.

y 2 4x Xx°
-y X 48
y x> x°

Find gy andg 32/ in the following
cases.

y Jx 2x* 4
10x®  3x°
° y 2X2
Given thaty 3x x°
d d?

nd d—){ andd—Xé/
nd the coordinates of any stationary points
and identify their nature

. sketch the curve.

Find the equation of the normal to the curve
2 :
—= 4Jx at the point wherex 4.
Y K Jx p

Find the coordinates of the turning point of
the curvey 2xJ/x 9 6,x > 0,and
determine its nature.

Giventhaty a&® Ix®> 15x 2and that
whenx 1,y 17andg—z 24

nd aandb
- show that the curve has no stationary points.

Given thaty 3x* 2x°

dy _d’
nd ax andCI

nd the coordinates of any stationary points
and identify their nature

. sketch the curve.

Find the values of ¢ for which the line
y 5x cisatangent to the curve

x®  x?

y 3 2
A rectangular sheet of cardboard measures
24cm by 15cm. Equal squares of sideare
removed from each corner of the rectangle.
The edges are then turned up to make an open
box of volume Vcri

Find the maximum possible volume of the box
and the corresponding value of x.

X 4.



..T T€ .
t - € "
Figure 5.5 shows the curye x* 3x?> 3x 1.

YA
10

XY

/]
i1 /o 1 2 3
2

To understand the behaviour of the curve better, look at the rst and second
derivatives.

dy 3x* 6x 3

3 A2
yx3x3x1dx

At the point 1,2 , dy 3 6 3

dx
0
So the gradient is zero at this poipt—
d’y
W 6Xx 6

2

: dy
At the point 1,2, Ve 6 6

So the second derivative is also zero at this point.

You can see from the graph that the gradient is positive on both sides of (1, 2).
You can verify this by working out the gradient of the curve at a point just to
the left of (1, 2) and a point just to the right &f2 .

At x 09, % 309% 609 3 C

At x 11, g_y 311 611 3 C
X

The point (1, 2) is neither a maximum point nor a minimum point. It is a

stationary point of in ection.

Having located stationary points, you can use the method of nding the gradient
of the curve close to, and on either side of, the stationary point to identify
whether a stationary point is a point of in ection.



If a stationary point is a point of in ection then the gradient will be either

Q positive just before and positive just afte*
the stationary point, as in Figure 5.6 ﬂ/>o

dx

Stationary point g—y> 0
of inflectionz:y =
dy_, dy_

E(— 0, W - O

oo .%0

Q or negative just before and negative just q
after the stationary point, as in Figure 5.7. —3('< 0

L

ﬂ <0 Stationary point

dx of inflectionz:y
dy_. dy_
ax= 0 e 0

You are given thay 3x> 5x° 2.
(i)  Find the stationary points on the curve.
(i)  Identify the nature of the stationary points.

(iif)  Sketch the curve.

Solution
i vy 3x 5 2 g—)): 15¢* 157 :
At stationary pointd5x* 15x®> 0 ¢——— g—){ 0
15> x2 1 0
15> x 1 x 1 04— "* °
x 01 1

Whenx 0, y 30° 50° 2 2
Whenx 1, y 31° 51° 2 4
Whenx 1, y 3 1° 5 1° 2

Stationary pointsar®, 2,1, 4 and 1,0.



(ii)

(iii)

d’y

dx ax 2
d’y
At x 1, el

SO 1, 4 isaminimum.

d’y
At X 1, pvel

so 1,0 is a maximum.

d’y
Atx 0. e
Atx 01 dy
dx
dy
Atx 01, ax

Yoy g5 Y

60x° 3
30 0 « &y
dx?
30 0
o./ .
€

15 01* 15 01°
0.1485 0. .
1501* 1501°2

¥
0.1485 0.

The gradient is negative just before and just
after the point, so0, 2 is a point of in ection.

il

Point of

inflection at
Maximum Y41 (0,-2)
(_11 O)

>

iz10/12'x

(1,-4)

Minimum
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When the gradient is increasing, the rate of change of the gradient is positive:

dy
d Gx d’y 0
dx  dx®?
When the gradient is decreasing, the rate of change of the gradient is negative:
dy
d o d’y 0
dx  dx?

2
A section of curve withg|—32' 0 is concave upwards (or convex downwards).
X

If you join the points at the two ends of the curve with a straight line then the
curve is under the line, as in Figure 5.10.

. c \&/

« ¥
d_zy 0 d2
dx? A section of curve Withob(—g 0 is concave downwards (or convex upwards).

If you join the points at the two ends of the curve with a straight line then the

%o curve is above the line, as in Figure 5.11.
\< é \ ) /




Find the set of values af for which the curvey x® 6x®> 6x 5is
concave upwards.

Solution
y x* 6x* 6x 5
&) 3x* 12x 6 —— 2
dx . dy
dx?
d? — |
d—;z’ 6x 12
d2
The curve is concave upwards Whg)% 0 c
d’y
6x 12 0+ | - el
6x 12¢—_
X 2 L) .

The curve is concave upwards when 2.

You have already met stationary points of in ection. However, a point of

in ection does not have to be a stationary point. More generally, a point of

in ection is a point at which a curve goes from being concave upwards to
concave downwards, or vice versa. So a point of in ection is a point at which

2
% goes from being positive to being negative, or from being negative to being
2
positive. At the point of in ection itselr:% 0. \
. € i
‘5 A € ay 5 A
& dx
‘d—;z’ 0 A A
€ 1
dy _
a0
oy oy
a0 a0

In Figure 5.12, on the left the gradient is decreasing; the curve is concave

downwards. On the right the gradient is increasing; the curve is concave
d? : " : . .
upwards% goes from negative to positive, and in between there is a point
where it is zero.This is a point of in ection. However, it is clear from the

diagram that the gradient of the curve is not zero at this point, and therefore it is

a non-stationary point of in ection.



(i)

(i)
(iii)
(iv)
v)

You are given thay x® 6x° 15x 10.

Find the coordinates of the point at which the second derivative is
zero, and show that it is a point of in ection.

Find the gradient of the curve at the point of in ection.

Show that the curve has no turning points.

Find the coordinates of the point where the curve crosses the x-axis.
Sketch the curve.

Solution

. Zénuml._

* (il

(iii)

At the point of in ection,
d’y
e

6x 12 0 y y

X 2 /

Whenx 2,y 2° 62% 152 10 4

d’y
The point Wheredx—2 Ois 24 .

2

ax 19 6 19 12 0 d’y
dX dXZ
d’y &

At x 217, 6 21 12 O. - (2,4)

dx?
Therefore the curve goes from being concave downwards to concave
upwards at (2, 4), and so it is a point of in ection.

When x 2,% 322 122 15 2

The gradient of the curve is 3 at the point of in ection.

dy 2
o 3x 12x 15

3x212x1504—\¢ ﬂo
x> 4x 5 0

dx
v 4da 4% 4 1 5
4

Since the discriminant of the quadratic is negative, it has no real
solutions. So the curve has no turning points.




(iv) x* 6x* 15x 10 O« XE » y 0
f x x* 6x* 15 10—

fo 10— x O .

fl1 00— x 1

Because the curve has no turning points it only crosses the x-axis in
one place. So the curve crosses the axistat

(v)  You know that the curve has a non-stationary point of in ection at
(2,4) and that it has no turning points.

You also know that the curve crosses the y-axi3; at0, and the
x-axis at1,0 .

y .
A Curve is concave

upwards for X > 2

10

Curve is concave
downwards for X < 2

Point of inflection
at (2, 4)

o ,,ﬂ'\ 2 3
Curve crosses

X-axis at (1, 0)

<Y

i10

»

Curve crosses

y-axis at (0, —10)

You are given thay  x* 2x°

(i)  Find the coordinates of the stationary points of the curve and
determine their nature.

(i)  Find the coordinates of the point at which the second derivative is
zero, and show that it is a point of in ection.

(iif)  Sketch the curve.

Solution

B vy x 2x° % 4x°  6x?

V' N

N

X

N

w
Nw O o

o

X



(ii)

™~

Whenx 0, y O.

. X
3 27> .
When x 50 Y 76 -
The curve has stationary points at (0,0) %nd %Z.) :
dy 3 2 d’y ¢
d’y
3
When x 2 W 9 0
2
therefore % % is @ minimum point. | « 3732/ 0
d’y
Whenx O, o O.¢—— | _ _
dy 8
When x 0.1, T 158 0.
Whenx 0.1 7 .0
Ly dX ﬁs .

The gradient is negative before and after the stationary point, so (0, 0)

is a stationary point of in ection.
d%y

—2 11X
dx?
12> 1% 0
12% x *1’/‘0'/ € x 0
x 0Ox 1 .
, € X 1
When x 09, d—{ 2w dy
dx 25 dx?
d’y 33 )
When x 1.1, o 5 0. - x 1
Sox 1is a non-stationary point of in ection.
Whenx 1, y 1

so the coordinates of the non-stationary point of in ection grel .

YA

Stationary point of
inflection at (0, 0)

3
2
ia/

-1 O 1
i1

i2

Non-stationary point
of inflection at (1, —1)

Minimum
point at

5 1)

¥



Explain the di erence between a stationary
point of in ection and a non-stationary point
of in ection.
Find the set of values of x for which the
following curves are concave downwards.

y x* 9x* 6x 1

y x} 2Ix* 2& 9

-y 22X X* x 2

Find the set of values of x for which the
following curves are concave upwards.

y X x* 1x 41

y x¥ 1x* 1k 5

y x* 2x* ™x 17
For each of the following, nd the coordinate
and nature of any stationary points and sket

the curve.
y x* 3x* x 3 ®
y 8x* 12x* 6x 2
y x* 6x* 12x
Find the set of values ®ffor which the °
following curves are concave upwards.
y x' 4x® 18x* 1x 1
y x* 2x* 12x* 5 7
Giventhaty x* x°
Y ang &Y

y and—2

nd I "

LT oo

nd the coordinates of the stationary
points and determine their nature

- show that there is a point of in ection
and nd its coordinates

nd the gradient of the curve at the point
of in ection

.+ sketch the curve.
Giventhaty 4x* x’

nd the stationary points on the curve
and determine their nature

sketch the curve
nd the coordinates of the non-stationary
point of in ection.

Given thaty 3x* 8*® 6x* 3
nd the stationary points on the curve
and determine their nature
sketch the curve
nd the coordinates of the non-stationary
point of in ection.

Find the coordinates of all the turning
points and points of in ection of the curve
y 3x> 2x® 60x,and sketch the curve.

- e
« .
ey X 1°
ey 2 112
cey WX 1
X2 17

\o-y

J

You can di erentiate the rst two expressions by expanding the brackets,
although in the case of part this would be very tedious! However, you
cannot use this approach in partsand- .. Instead you need to think of the
expression as a composite function, that is, a ‘function of a function’.

You can separate out the two functions, and use the notation u for the rst

function to be applied.

In the case of past -,u X

1

landy W2



(O

- o€ Eof
z f
y f(x u y f(u)
1 1
- y tanF u gy tanu

0y x 3°

bl y shx* 4
(i) y e*°
(iv) y Inx* 2x

You can di erentiate composite functions such as these using the chain rule.

In the review section you saw that

dy

, dy dx
dx’ =2
X dx

&

dx a o dx '

y

X

where dy is a small change in y and dx is a small change in x.

Think about the hourglass shown at the beginning of the chapter. A small
change in time, dt, leads to a small change in the height of sand in the bottom
bulb, dh, and to the volume of sand in the bottom bulb, dV.

You can see that

%0

& dv dn
dt dh dt

Taking the limit as t tends to zero gives us the relationship
& dv dn
dt dh dt

This is usually written using the variables x,y and u:
dy dy du
dx du dx

3 2

® Di erentiatey x° 3
(@) by expanding the brackets
(b) by using the chain rule.

(i)  Show that the two methods give the same result.




Solution
o (@

(b)

(i) 6x* x® 3
Therefore the two methods do give the same result.

y x> 3
x} 3 x} 3 ¢—
x® 6x> 9
% 6x5  18x2 ¢ ’
Letu x* 3,theny .¢— .. 3
dy
—— 2u
du
:,\' y
2 X 3 u
du 2
& 3X — | u
By the chain rule X
dy dy du
dx du dx
% 2x> 3 3x?
6x> x® 3
6X5 18X2‘— o XX

Di erentiatey x> 1

Nl

Solution X
1 4 oo X2 2
Letu x° 1,theny w2
1,3
du 2 — y u
L
2\/a 3 . y
1 X u
2U0x% 1 X
du 2X
dX \ ° u
By the chain rule
&y Ay du
dx du dx
ﬂ ; 2X
O N
X




In the following example you need to nd the gradient at a point, so you must
rst nd the gradient function.You could do this by expanding 2 *, but it
is much quicker to use the chain rule.

_ Find the gradient of the curye  x* 2 " at the point wherex 1.

Solution
Letu x* 2,theny U ¢——
dy 3
m 4u
4x° 20— _ X
du 2
d_X 3X
By the chain rule
dy dy du
dx du dx
S—y 4x3 2° 3K x 1
X /
1232 x3 2°
. x 1
. ¥ oLy 1 Yop12 1% 27 1 12
dx dx
Therefore the gradient of the curye x* 2 * at the point where
x lis 12

With practice, you may nd that you can do the necessary substitution mentally,
and just write down the answer, leading to the result below. If you have any
doubt, however, you should write down the full method.

(. € )

y gfx S—ngxfx

dy dy du
dx du dx
\ J




Which of these two functions would you - - Figure 5.16 shows the curye /6x 8.
di erentiate using the chain rule? Explain your yA
answer. 10

fX)52x(11%)°  f(x)52(L1x)° 8

. . . 6
To di erentiate each of the following
. . 4
functions, decide whether you ,
+ must use the chain rule _
o 2 4 6 8 10 X

— could use the chain rule
7 would not use the chain rule.
If you choose-or 7, describe an alternative

oo o%o

Find the gradient of the curve at the point

method for di erentiating the function. wherex 2.
y 2x 5° - - Figure 5.17 shows the curye e 1 >
y x¥ 3 2
, 1 YA
x> 3
Use the chain rule to di erentiate the
following functions. _
y 3x 2" B © 2 X
y 2 6’
y J6x 2 -2
y X2 2 3 o0 .
By rst expanding the brackets, Find the gradient of the curve at the point
nd g_y wherex 1.
X . 3
. Figure 5.18 shows the cur 3x 5°
Now use the chain rule to neg%. g ¥
- Show that your answers-toand- -are 1)6“
equal.
Figure 5.15 sgows the curve 5
y 4x* 3.
YA o 1 2 3
40 "
-10
20
Use the chain rule to n%.
o 1 > -« Find the equation of the tangent

to the curve at the point wheve 2.
- - Show that the equation of the normal to
Find the gradient of the curve at the pOint the curve at the point where 1can be
wherex 1. written in the form36y x 287 0.



oo

Giventhatx Jf 1, nd ((jzl_)t(
Given thatz 1 , hd d_z_
VY dy
: 1 dp
- Given thatp —Zrﬁ & nd a °

Giventhaty 2x 1°

dy
nd x

nd the coordinates of any turning points
and determine their nature

. sketch the curve.
Giventhaty x> x 2

dy
nd ax

4

nd the coordinates of any turning points
and determine their nature

. sketch the curve.

Thegraphofy x> x2 2 isshownin
Figure 5.19.
y
[-1 O a X
. . . dy
Find the gradient functlo%?

Verify, showing your working clearly, that
when x 1 the curve has a stationary
point of in ection and that wherx 0O
the curve has a maximum.

. The curve has a minimum when &.
Find a and verify that this corresponds to
a minimum.

Find the gradient atl,8 and the equation
of the tangent to the curve at this point.

Some students on an expedition reach the
corner of a large rectangular area of heathland,
which is &m long and Zm wide.They need

to reach the opposite corner as quickly as
possible as they are behind schedule.

4km

<

start—

>
>

2km

A

finish

They estimate that they could walk along the
edges of the heath ak®mh?! and across the
heath at &mh?.

Giving your answers to the nearest minute,
how long will it take the students to cross the
heath if

they walk along the edges of the heath

they cross the heath diagonally from start
to nish?
The students decide to walk some of the
way along the longer edge, and then cross
diagonally to the nish point, in such a way as
to make their time as small as possible.

. To the nearest metre, how far along the
edge should they walk and, to the nearest
minute, how long does it take them to
reach the nish point?



™

f S ° oT °
d
ot tEE ay- dx
dx dy
- .:€1€of
° y X3 g
dx d
- X - X y
dy
- y X X
@y dx ;
dx ay Y ,
— y X7,
y 2X i o o
The general rule connecti% andd—x is
dy
1
dy dy
\ &
dy dx
dx y Xy
X y f- y 2X
R dx 1
¢ dy dy
K dx
VAA XAA
-4 -2 3 X 4 2 C 2 2y
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The chain rule makes it possible to di erentiate with respect to a variable that
does not feature in the original expression. For example, the volume V of a

spherical balloon of radius r is givewby % r. Di erentiating this with
respect to r gives the rate of change of volume with re%?.ls, 4 r2

However, you might be more interested in nding the rate of change of volume
with time, t.

To nd this, you would use the chain rule:

v dv
dt dr dt
2 dr

4r ot

You have now di erentiated V with respect to t.

The radius ¢m of a circular ripple
made by dropping a stone into

a pond is increasing at a rate of
8cmst.

At what rate is the areachy
enclosed by the ripple increasing
when the radius is 25n?

Solution
When r 25,% 8. — c
A rPe—
dA
ar 2r
You want to know%—'?, the rate of change of area with respect to time.
dA dA dr
You know that G & @
dA dr
SO E 2r a
dr dA
B = 't
Whenr 25 anddt 8, at 2 25 8 126Q

The area is increasing at a rate of t268! (3 s.f.).



Given thatﬂl 5 g,write down 9X. o
dx 3 dy
: dy dx
Given that& 6 anda 2, nd
the following.
oo d L dy
dy dx dt S
H dy 1 dZ dy 1
Given that& 30X 1 anda 3

nd the following.

dy dx dz -

Given thatA  5x? andcé_X % nd the
following. t
.. dA
dx
-« An expression fo%_'i‘ in terms of x. °

. «The value of%—'? whenx 6.
The lengths of the sides of a square are
increasing at a rate ofs!.

Find the rate at which the area of the squareg
is increasing when the square has sides of
length Zcm.

The radius of a circular fungus is increasing at
a uniform rate of 0.8m per day. At what rate
is the area increasing when the radiugni 1

y T € ®
TE

The force, F newtons, between two magnetic
1

ROO”

poles is given by the formufa
where r m is their distance apa

Find the rate of change of the force when the
poles are 012 apart and the distance between
them is increasing at a rate of 103 .

The area of a circular oil slick is increasing at a
constant rate of #?st.

Find the rate of increase of the radius when
the area i400 m 2

The volume, VIm3, of water in a container is
given by the expression  8h? where hm

is the depth of water in the container.The
volume of water in the container is increasing
at a rate of &h® per hour.

Find the rate of increase of the depth of water
in the container whemm 6.

The lengths of the sides of a cube are
increasing at the rate of @rhs!.

Find the rate of increase of the volume of the
cube when the outer surface area isr#4

The volume of a sphere is decreasing at a rate
of 60mm?st. Find the rate of decrease of the
surface area when the volume is 80,

Figure 5.23 shows the curye 20x(x  1)°.

Y/

\_J



If you wanted to nd the gradient functiorgi, for the curve, you could
X
expand the right-hand side then di erentiate it term by term, but this is long
and tedious.
There are other functions like this, made up of the product of two or more
simpler functions, which you cannot expand. One such function is
1
y x 12 x 3%
Clearly you need a technique for di erentiating functions that are products of
simpler ones, and a suitable notation with which to express it.

When di erentiating products, the most commonly used notation involves
writing y  w, where u and v are functions of x.

1
In the example aboye x 12 andv  2x 3

- o€1:€of
0 dy du dv
%o ... y w & & &
y x* x° %o ...
L ] dy
dx
du dv
Vi dy du dv
dx dx dx

To nd the rule to di erentiate products, you can look at the change in area of a
rectangle with increasing sides (see Figure 5.24).

dv

A
Y

oo .
”

The original (blue) rectangle has an arey ofw,

When you make a small increase to u and to v, the increase in the area of the
rectangle is given by the sum of the areas of the red, green and yellow rectangles:

dA = udv + vdu + dudv.
Because both du and dv are small, the yellow rectangle has a very small area. So

dA dv du dv
—> d_X ud_X Vd_X dud—x




-o ...00 :l:o o o

Taking the limit as dx, du and dv tend to zero leads to

dA dv du
ax Yax Vaxe

by ow Yoy du
y dx dx dx

Yy oy
du
dy  dx
dx dv
dx
X?
X3
\l

Dierentiatey 20x x 1°.

Solution
V —— 3 (u 20x \V; x 1°
\% du dv 5
»| Ox 20 X 6x 1

Using the product rule

dy dv du
dx  Yax Vix

dy 5 6
d—XZOXGXl X 1 20

To simplify the answer, look for common factors. In this case both terms
contain2Cand x 1°.

i 20x 1°6x Xx 1 +—
dx

Ll 20x 1° 7x 1

dx

L=

Suppose you want to di erentiate a function that is the quotient of two simpler

u

functions, for examplg %.You can write this in the forny v

where u and v are functions of x. In this example,3x 1 and

2
v Xt 2°.

To nd the rule to di erentiate quotients, you can rewrite % asy w?h
and use the product rule.
Because v is a function of x, to di erentiaté, you must use the chain rule.

dv’ 2 dv

/dX v dx



u v?!
du 2 dv
ax | v dx
u dy | adu 2V t
So y v dx v dx v dx u
/
© € ) lda udv
vdx 2 dx
yau v
dx “dx ——— S
u \Y NG
«s du , dv
u dy  Vax Yax
. v dx V2
du dv
< uoody Yax fdx ¢ .
y v dx V2
Given that —X2 1 nd dy using the quotient rule
Y 1 dx 9 q '
Solution
u x* 1 v 3x 1
du dv
ax 2X ax 3 .

Using the quotient rule

dy
dx

Vix

du

V2

u

dv
dx

3x 1 2x x* 1

3

X 1°
6x> 2x 3x®> 3
X 1°
3x* 2 3
X 12 —




c €€ f

S e 5
() Copy and complete Table 5.2 to show how you would di erentiate the following functions.
. E . O
Function Product rule, quotient u Vv
rule or neither?
x 1° Y
y 1 Quotient u x 1° v ¥x 1
2 3 2
y x> 1 X 3
y 23 3°
Jx o1
Y 2
X
y xXJUx 2
Use the product rule to di erentiate the -« Figure 5.25 shows the curve
following functions.
y x 1
y x*2x 1° x 2
y x 1Jx 1 Find the gradient at the poir, 5 .
y Jxx 3° v\
Use the quotient rule to di erentiate the
following functions. 2
x2 | —
y ] >
X 1 , -6 —4 2 (0] 2 7x
1
Yo -2




3X

-« Fi .26 sh h .
'gure 5.26 shows the curve Figure 5.28 shows the curye o 3

y x 1°Ux 2,x>0C.

[00]

Find the gradient at the poirt,

YA
30

20
10

o 2 6 X i4 2 O 2 4
110
i 2

i20
i30

/
Y

oo ’%O o0 .

- Figure 5.27 shows the curve Find dy
&.
y 7);21 x> 1 -« Find the equation of the tangent to the
curve at the point where x 1.
Find the gradient at the poir, g . - - Find the equation of the normal to the
YA curve at the origin.

Find the coordinates of the point where
the normal to the curve at the origin cuts
the curve again.

6

Figure 5.29 shows the curve

x2 2x 5
y 2x 3 -

<Y

YA
LN ] L ] 4

Giventhaty x 1 x 2°?

nd g i2

dx .
nd the coordinates of the turning points /W {4
ofthecurvey x 1 x 2%and
determine their nature

. sketch the curve.
2

. dy . dy
Flndd—x. .. Flndd7.
- Find the coordinates of the

turning points of the curve

x2 2x 5
y X 3



-o ...00 :l:o o o

Find the coordinates and nature of the turning
points of the curvg x* x 3 * and sketch

the curve. °

The graph of the functioy \/sz

is
1

unde ned forx Qandx 1.
P is a stationary point.

YA

:

Y

oo -f

., dy
Find d_X

Find the gradient of the curve at the point
A with coordinates (9, 9),

and show that the equation of the normal
atAisy 4x 45

- Find the coordinates of P and verify that

it is a minimum point.

The point Q is the intersection of the
normal at Aand the tangent at P. The
point R is the intersection of the normal
at A and the normal at P.

Find the area of triangfeQR.

A function is given by

f X

%9 2, 0< x< ¥

Find the coordinates of the maximum
point on the curvey f x.

What is the gradient of the curve at the
origin?

- What is the value of y when  3+2?

What is the gradient of the curve at this
point?

Sketch the curve.

7 owe LS NZE
? T
=
= .
P €
3 T
=
P e







Which, of the following, is not implied by the statement ‘n is an integer’:
A 2n 1lisodd

B 10nis even

C 4n 6is a multiple of 4

D 6nis a multiple of 3

Which of the following is not true for an arithmetic sequence?
A ltincreases/decreases in equal steps

B Its sum converges to a limit

C Its sum tends to in nity (positive or negative)

D Itis alinear sequence

Which of the following is equivalentto J1 ~x  3?
A x]1],2
B |x11| 4
C |x11] 72
D |x]1] 2

Which of the following would be used when di erentiating y 5 (J%(] )8
using the chain rule?

1
6 —
A y5u,u5X

B y51] U6,U5%

C y5ubub51] %
D y5%,u5x6



Figure 1 shows a sector of a circle with radius. The angle subtended at
the centre of the circle isradians.

The perimeter of the sector i€

Show that the area of the secto%is r’ cre. [3 marks]
.« Find the value ofiwhen the area of the sector is a maximum,
justifying your answer. [4 marks]

«» Find the value of the y coordinate on each of the curves
y cosxandy cOs X 5 0.5 whenx 3 and

when x 5 [2 marks]
-« Give the coordinates of one point with positive x coordinate
where the curvey  cosx andy  cos X B 0.5 cross. [2 marks]
- Describe a transformation that maps the cyrvecosx on

to the curvey cos x B 0.5. [2 marks]

You are gventhaty x> 1.
d’y 2 272

Show thatW 8(x* 1Y(7x* 1) [4 marks]
.. State the set of values of x for whigh x*> 1 is concave

downwards. [2 marks]
You are given thaf(x) ))(( i

Find ffi(x). Hence write dowri * x . [4 marks]
. « Deduce the equation of a line of symmetry of the

graphy  f(x). [1 mark]

- Write f(x) in the forma x—bc where a, b and c are integers.
[2 marks]

.« Starting with the curvg 1, write down a sequence of

transformations that would result in the cuge f(Xx). [3 marks]

[ ] ..:t...
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Figure 2 shows a spreadsheet with the information about day length on

di erent dates in a town in northern England.The day length is the time
between sunrise and sunset. It is given in hours and minutes in column

C and in hours in decimal form in column D. Some of the rows in the
spreadsheet are missing and some of the cells have not been completed.
The graph in Figure 3 was drawn by the spreadsheet; it shows the number
of hours of daylight plotted against day number for the whole year.

A B C D
1 Day number Date Actual day length Actual day length
) (hours:mins) (y hours)
2 0 31 Dec 07:40 7.666667
3 1 1 Jan 07:41 7.683333
4 2 2 Jan 07:42 7.7
5 3 3 Jan 07:43 7.716667
154 152 1 June 16:24 16.4
155 153 2 June 16:26 16.43333
21 June 16:45
21 Dec 07:35

—~ YA

v 20

3

£ 15

2 —

K

g

© 90720 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360

Day number
LN ] f

A model of the formy a bcosx is suggested for the length
y hours of day x.

o The shortest day is 21st December.
o The longest day is 21st June.
Find values of a and b consistent with this information. [5 marks]

Compare he length of day which the model predicts for
21st June with the actual day length. [3 marks]

. « Explain why each of the two following transformations of

the graph ofy a bcosx would make it a better model
for day length.

Stretch parallel to x-axis.
Translation parallel to x-axis. [2 marks]



A three term arithmetic sequence has a non-zero common

di erence. Prove by contradiction that the three terms, in the same
order as for the arithmetic sequence, cannot form a geometric
sequence. [5 marks]

A geometric sequence has rstterm 1.The product of the rst
9 terms is 26244.

Find the possible values for the sum of the rst 9 terms. [6 marks]

Figure 4 shows the curye  x* 15x* 2

Y

The curve has points of in ection at A and B.The tangents and normals
to the curve at points A and B are shown.The tangents intersect at C.
The normals intersect at D.

-+ Find the coordinates of A and B. [5 marks]
-« Show that ACBD is a square. [5 marks]

[ ] ..:t...



Review: The sine and

In a right-angled triangle,for 0 u 90, the trigonometric functions are

sihu opposite 90° —

hypotenus NG

@ .
di t «f® opposite

cos adjacen

hypotenus

opposite adjacent
AL adjacent .

Also siu cos (90 u)

and cos sin (90 u).

Here is a reminder of the general formula for
the area of a triangle, and the sine and cosine
rules, which can be used for drigngle ABC.

o

When people thought the | PP A
Earth was at, they were lamsihC

wrong. When people
thought the Earth was
spherical, they were |
wrong. But if you think & I & 2kosA
that thinking the Earth is B e &
spherical is just as wrong COSA  ———p

as thinking the Earth is

at, then your view is

wronger than both of [

them put together. a b ©
snA snB snC
u 180 u

shnA snB snC
a b c




_ Two hikers set o from point A.

Some time later Ben has walkekh8on a bearing of 065 to point B.
Carla has walkedkén on a bearing of 135 to point C.

The points A, B and C are on level ground.
Find

(i) the distance between Ben and Carla

(i) the bearing of Carla from Ben at that time.

Solution

180° 65° 1159 N

135° 65° 707

(i)  You know two sides and the angle between them and you want to
nd the third side, so use the cosine rule.

BC>* AB* AC* 2 AB BC cosA
8 6 2 8 6 ®S/0
67.16...
BC 8.195... ¢«—
8.20km (to 3 s.f.)
Ben and Carla are 8.Rfh (to 3 s.f.) apart.
(i)  Youneedto ndu rst before you can work out the bearing.

You know three sides and need to nd an angle — so you could use
the cosine rule again. Or you could use the sine rule.

« shu sn70
6 8.195...¢ ()
g 6sn70
shu 8195 0.687...

u 435 (to 3sf.)
So the bearingis 360 115 43.5 201.5.



_ Find the area of triangle ABC. c

a
30°
3.6cm 28em
A B
Solution
Area of a triangle %abshc |
1 36 28 sn30
2.52cnt
For each triangle in Figure R.5 nd v 12¢cm «
the angle u the area. 39°
X
11m X
8m 92°
z
Y b 12m
z
C
Zem 9gcm
108°
) A
A B
A tower 60m high stands on the top of a hill.
Find the length sin each triangle in Figure R.6. From a point on the ground at sea level, the
7 1em angles of elevation of the top and bottom of
P e Q the tower are 49 and 37 respectively.
X 4.20m Find the height of the hill.
R Find the angle u in Figure R.7.
z L 7X
X M
3X
5.3cm 5x
| 29° 108°
Y /“ N



In triangle ABCAB 8 cm,BC 7cm and
angle CAB 56.
Find the possible sizes for the angle BCA.

Three points A, B and C lie in a straight line
on level ground with B between A and C.
A vertical mast BD stands at B and is

supported by wires, two of which are along tt |

lines AD and CD.

Given that DAB 55, DCB 42 and

AC 85 m, nd the lengths of the wires AD
and CD and the height of the mast.

A yacht sets o from A and sailkr8 on a
bearing of 045to a point B. It then sailskin on
a bearing of 3220 a point C.

Find the distance AC.

The lengths of the hands of a clock acen7
and 1@m.

Find the distance between the tips of the hai /is

at 8 p.m.

X,Y, and Z are three points on level ground.
PointY is Zkm from X on a bearing of 117,
and Z is &m from X on a bearing of 204 .

Find
YXZ
the distance YZ.

A triangle has sides of lengttn3, 8cm and
7cm.

Find the exact area of the triangle.

The area of triangle ABC is 43cn?
AB 6 cmand AC 8 cm.Angle BAC
is acute.

€
Find the exact perimeter of the triangle.




Problem ¢

Look at the triangle in Figure 1.
You can use Pythagoras’ theorem to

show that it is right angled. 17
8
8 152 172
Alternatively you can use the cosine rule | c
on angle B. 15
8 15> 17°

The sides of the triangle are all integers and so the set {8, 15, 17} is called a
Pythagorean triple. There are formulae for generating them, for example
{2n,r? 1,n?+ 1} where n is an integer greater than 1.

Your rst question is:

How can you be certain that this
generator works?

Now look at the triangle in Figure 2.

In this case the angle B is given by

¢ & b®> 25 64 49 40
2ca 2 5 8 80

The set {8, 7, 5} forms a di erent sort of triple, giving an angle 6fr&ther

than a right angle. This set of integers is a 60° triple.

Equilateral triangles obviously give rise to these triples, for example

{5, 5, 5} but there are others too.

Your second question is:
How can you nd these other 60° triples?

cosB

%andsoBzGO.

Problem speci cation and analysis

At the moment the problem is somewhat open-ended. Some preliminary
ideas will help to tie it down.

If {a, b, c} is a 60 triple with angle B 60 the cosine rule gives

¢ & b 1

cosB Sca >

After a few lines of algebra this can be rearranged as the equation
b ¢cabc a ac

So multiplyingb ¢ a by b c¢ a givesac.

There are three options for analysing this.The rst two are

a Setb c¢c a aansob c a (orvice versa.

b Setb ¢ a mandsob c a %where n is an integer greater
than 1.

These two will provide the basis for your investigation and information
collection.



Information collection

The rst question Start by setting up a spreadsheet for the rst 100
Pythagorean triples generated by {2n,lhn2+ 1} for n > 2. Use an extra
column to check that the generator works for all these values of n.

You should nd that it does work for these 100 Pythagorean triples but to be
certain you should also prove it algebraically.

The second question Show that option a for the analysis of 60° triples
always gives you equilateral triangles.

Now prove that eliminating ¢ between the equations in option b leads to the

n n 1

equationb a T

Use this to nd the 60 triple generator with 2n 1.
Set this up on a spreadsheet.
Processing and representation

For the rst question, the essential processing and representation have bee
done on the spreadsheet.You may choose to copy the listing of Pythagoree
triples from the spreadsheet into another document. However, this task is n
complete without an algebraic proof that the generator works.

For the second question, the rst task is essentially algebra.

The next task begins with algebra and then goes into a spreadsheet. Again
you may wish to copy the spreadsheet listing into another document. This li
is of 60° triples and you will want to check if you have listed them all.

A way of checking is to notice
that, apart from the equilateral
triangles, each triple has a partner
triangle.

You can see this in Figure 3
for the blue {8, 7, 5} triangle.

Fitting it into the equilateral

triangle of side 8 reveals its red
partner triangle with a triple of
{8,7,3}.

So you now have a possible checkB
of whether your generator has .
caught all the 60° triples.

Interpretation

At this stage you will want to tie up any loose ends, particularly if you have
found that your generator missed some of the 60° triples.
In the Problem speci cation and analysis section, you were told there are

three options but were only given two of them to work on, a and b.
Now it is time to investigate option c.

c Setbh c a %aand sob ¢ a %cwhere m and n are both
integers greater than 1.



Any angle

¥ é

COsA 2be

2 sides + included angle

3rd side

a ¥ ¢ 2kosA

Cosine rule

2 angles + 1 side

Any side
a b

ShA snB

2 sides + 1 angle

Any angle
snA dnB

a b

Sine rule




Trigonometric function

One must divide one’s
time between politics
and equations. But our
equations are much
more important to me,
because politics is

for the present, while

eiEf eguatlons are for As well as the three main trigopnometric functionsysiosis and tam, there
eternity. are three more which are commonly used. These are their reciprocals — cosecant
(cosec), secant (sec) and cotangent (cot), de ned by

1 1 cosy

coseda s&Eu @; cotu tanu shy -

anu’

Each of these is unde ned for certain values of u. For
example, cosecis unde ned foru 0,180,360, ...
since sim is zero for these values of u.

Figure 6.1 overleaf shows the graphs of these functions. Notice how all three of the
functions have asymptotes at intervals of 180 .
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YA

AX

y sinx

cosex

tanx
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Using the de nitions of the reciprocal functions two alternative trigonometric
forms of Pythagoras’ theorem can be obtained.

(i) Start with sirfu cos’u 1.

2
. Divi h si snu  cosu 1
ivide both sides bychsC 20 co2u  ooZl

) tan 2u 1 sec?u.

(iiy Start with sirfu cosu 1.

i 2
1 cosy Divide both sides by <ia: s_nzu cos’ u 1

COU @y shu snu  sh’u  sh’u
\/gotzu cosecu.
These three trigonometric identities are called the Pythagorean identities, as
they are all derived from Pythagoras’ theorem.

sirfu cos?u 1; tanu 1 sec?u; 1 cot?u cosedu.

T 1

%0

Questions involving reciprocal functions are usually most easily solved by
considering the related function, as in the following example.

_ Find cosec120 leaving your answer in surd form.

Solution

1
cosec120 S 759 ¢ sin120 sin(180 120) sin60

1 B T
2
t %
2 23
J3 3

_ Given that seg :—53 and u is re wt value of

(i) sinu (i)  cotu.
€ [ .
Solution
i 5 3 1
(i) sew 3 cosu s & seu oSl




Use the identitysh’u  cos'u 1.
sn’u 1 cosu

-2 32

sn‘u 1 5

a2 9 16
So snu 1 o 52

P 16 4
SO shu % 5

Use the CAST diagram to work out the correct sign fousin

Cos

is negative so must

lie in either the 2nd or the

90°
A

S A

4R

3rd quadrant. 180 >0
But isreflex, so isinthe T c
3rd quadrant.
270°
_ 1 shu
coty tanu 2w cosu
Hencesnu . /
(i)  Use the identitycotu S0
4
5 4
cotu — = 4 S 4 5 4
33975 5 5 3 93

q []

Write down, in terms of u, the lengths of the
two shorter sides of this triangle.

q []
1

Find the length of the hypotenuse of this

triangle in terms of u.

Without using a calculator, write the following

in exact form.
sin135
cot135
sin( 150)
tan150
tan420
sind20
co$210
cot?(210)

cosl35
sed35
sed50
cosed50
coq 420)
cot(420)
sirr210
seé210

In triangle ABC, angle A 90 and

seB 2.

Find the angles B and C.

Find tarB.

. Showthatl taiB secB.



In triangle LMN, angle M 90 and coN 1. Starting with the graph of y segcstate the
Find the angles L and N. transformations which can be used to sketch
each of the following curves.

2sec x
sec2x

Find set, coset. and tarl.
. Showthat1l tadlL sec?L. vy
Malini is 1.5m tall. o

y
At 8 p.m. one evening her shadow is 6m long. y 2 sec(x)
y ZSEC%
y sec(x 30)
s <+ Yy 2 secX
Sketch the graphs of the following functions
d] @ for0< x< 360.
£ «« f(X) 2 sex
Given that the angle of elevation of the sun at f(x) ootx
that moment is a -+ f(x) ocowc2x
show that coa 4 «o f(x) =dx 30)
nd a. O Figure 6.5 shows f(x) skand
Find the domain and range of O g(x) a bcosecexfor0 x— 360.
f(x) secx O é“ — —
f(x) cosex
. f(x) cotx. 2
f(9)
1
Given that cos g and u is acute, nd the T ™
exact value of © 45°Y, 90° | 135° 1 2257 270° 315 360§
. N LI e
Given that cot 3 and u is re ex, nd the 2 , \ , \
exact value of | | [ |
-3
cou
coseal.
Given that cosae k and u is acute, show that Find th | ¢ a b and
-« Find the values of a,b and c.
VK1 ’
co —— -+ Use the graph to solve f(x) g(x).
- 1 - « How many roots does the equation
aru o f(2x) g(x) have?
For each of the following functions Explain your reasoning.
nd the range, expressing each answer as
an inequality

state the period

sketch the graph f@ < x< 360.
f(x) sec3x
f(x) 3cotx

. f(x) cosecxx 3

X
f(x) 3 sec 3



tan 90
%o

T3

The functions sine, cosine and tangent are all many-to-one mappings, so their
inverse mappings are one-to-many. So the problem ‘ nd sin30 "has only one

solution, 0.5, but ‘solve sin 0.5’ has in nitely many roots.You can see this
from the graph of y sim (Figure 6.6).

\

In order to de ne inverse functions for sine, cosine and tangent, a restriction
has to be placed on the domain of each so that it becomes a one-to-one

—-180° 0/] 30°

y =sin

mapping. The restricted domains are listed in Table 6.1.

Function Restricted domain (degrees) Restricted domain(radians)
y shu 90 < u< 90 < U< 5

y cosu 0 < u< 180 O0< u<

y tanu 90 wuv 90 5 U >
Function Inverse

sinx arcsirx or sint x or invsinx

COX arccos or cos X or inveox

tanx arctarx or tan* x or invtanx

When you use your calculator to nd arcsin 0.5 it will return just one answer —
this value is called the principal value and it lies in the restricted domain.
To solve a trigonometric equation, you need to nd all the roots in a given

range.




Figure 6.7 shows the graph of each trigonometric function over its restricted
domain, and that of its corresponding inverse function.

Y)
y = arccos x
N
y=X
Y
>| y=arcsinx
2 "4'y:X
1t —
y =sin X
3 i1 o 13 X i
i1f
2
2
b/
y=X
> _) ’
A 2(
y = arctarx
y X —
'_> (o] _> X
- 2 2
2
2
y =tan x

%0
BN soive the following.

(i) sinx 0.5for 0 < x< 360
(i) shw 40) O05for0 < u< 360

Solution

() shx 05 M
From your calculatox 30 .

From the graph of sihx then a second root is
x 180 30 15C

Sox 30 or x 150.




(i) sn 40) 05 y = sin( + 40°)is a translation of
y = sin by the vector ‘:’)0 :
YA
1 \' VLQ { f
m VLQ { /
05

0 270° 360°  {

0 40 <u 40< 360 40

-
Letx wu 40 sosix 0.5for 40 < x< 400.

Using part (i)x 30 orx 150.
30 is out of range, so the second rootis 30 360 390.

u 40 150 u 110 &’ »
X %o
or u 40 390 u 350.47 u
Solvecos 2/ gforo < u< 360.
Solution

First sketch the graph.

yl;\ \ FRV - \ FRV{

O 180° 2709 360° {

y = COS2 is a one-way

-1 stretch, scale factor 5 parallel
to the axis. So there are four
roots, not two.

Let X 2u socosx Qando < X< 720.

2
—— From your calculatox 45 . \ D e we P




—

Sometimes you will need to use one or more trigonometric identities to help

From the graph of  cosx a second root i

360 45

315

So x 45,315,405,675 —— ¢ .
andu 22.5,157.5,202.5,337.5.

X

0 < x< 720

you solve an equation.

<

Find values of u in the intervalOu ™~ 360 for which setu 4 2tan u.

The values of u are 71.6 ,135,251.6,315.

You can use the identities

sirfu cosu 1, tanu 1 sec?u,

shu

tanu cosu’

to prove that other identities are true.

Solution YA
E seéu First you need to obtain an equation 34 -
tarfu 1 containing only one trigonometric
function.
z S \» seéu 4 2tanu
° étanu‘ — tan 2u 1 4 2tan u o
tan 2u 2tanu 3 0O
: (tan u 3)(tanu 1) 0 L
x2 2x 3 tan u 3ortanu 1.
(x 3 1) tanu 3 u 71.6
. or u 71.6 180 251.6.
tanu 1 u 45 &
N or u 45 180 135 \ ~
or u 135 180 315 i
€ f. %o

1 cot?u

cosecu




Solution

cotu

Prove the identitycotuy  tanu  sesu cocL.
It is sensible to work with one side of the identity at a time.
Working with the LHS: ¢ - 1€
cosu  shu :
[ T E sin  cos
5 coty  Sosu
cosu sh’u shu
cosu ;MU shucosu -
shu
cosu #’u e cosi
cosu U '\
1 sh’u cosu 1
SEU DB L S&EU COSeU
—> =RHS asrequired. costsnu

1€

Why is the restricted domain

function between 0° and 180° while the sine
and tangent functions have restricted domaii ;

between 90° and 90°?

Solve the following equations
forO = x— 360.

COX @ « Sinx
. tanx /3 . COX
sinx @ . tanx

for the cosine

Solve the following equations for

0~ x~ 360.
cosex 1 sex 2
. cotx 4 sex 3
cotx 1 cosex 2
J3 Prove each of the following identities.
2 cotusnu cosu
J3 tanx i
5 sex oMY
. cou ®u 2msu 1
J3

se’u

Write down the number of roots for each of

the following equations.

cox 0.4

forO = x~ 360

sinx 0.4

forO = x~ 360
. tanx 04

forO = x— 180

cox 0.4

forO = x— 360

2sinx 0.4

for 360 ~ x~ 360

tan(x 30) 0.4

for 360 — x~ 360
Write down the domain and r

following functions, where x is in radians.

f(x) arccos
f(x) arcsinx
- f(x) arctanx

oeCU

tan’u

oot’u

() Solve the following equations for
(o) 0~ x~ 360.
o) COX Secx

cose’® Secx

. 2sinx 3 cotx
coseéx cot?x 2
3seéx 10tanx O
1 cot2x 2 tarfx

Prove each of the following identities.

s&’u msedu s&URCU
M 23'n2u 1
tanu 1
ange of the . _Ccow
T sng S€U taru
1 1
1 snu 1 snu 2®cu
se’u tan‘u se’u tarfu




-%0 T ... Tt

0 Make sure you put You can solve trigonometric equations in radians in a similar way to solving
your calculator into them in degrees. Sometimes the roots can be given in exact form in terms of ,
radians mode. as in the next example.

_ Solve se2u 2 for0 u 2 giving your answers as multiples of .

» Solution )
—> Letx 2u,thensex 2. «— & SEX  ox
0 x 4 gl 5
COSX
’ G Ccosx %
1 /\}
coxX 3 X 60 . §0r2 . %
or 360 60 300 7
So X 3 2 3 _ 2
5 11 ~ X 0 x 4
and &5 2 =
3 3
5 7 11 X
SO U 5% 6 6 ] o U

Find the exact values of Solve the following equations for
se& .. cos@n uo
sinu 0.2 .. cou 0.74
- Ccotg ©c S&p .. tanu 3 .. 4sinu 1
cose:% .. cot% .« 3 cosu 26 .- 2tanu 1 O
5 Solve the following equations for
. S@T . . COS&:% 0" u 2.
cot7 <« sin2u 0.6
4 .. 3coqu 1) 0.9
Solve the following equations for .. 2cot2u 5
0~ u™ 2,giving your answers as multiples
of e SHh 20U = Q
. 2 2
cosu @ ce tau 1 . \/§tan% 10
- shu % .. coseu 2 <« J3we:e( u) 2
1 Solve the following equations for
seu J2 .. cotu 3 0- u-
-2 1
snu 3
1
cosu 3



w o

. tan®u 1 Solve (1 cox)(1 secx) sinx for
(tanu  /3)Btanu J/3) 0 0~ x™ 2.
40y 1 O Solvecosu 1 seufor0™ u™ 2.
20y cosu 1 O - Show thatwuz1 cosu.
. COSE“U
. 3cosu 2sinu 3 doely 4
. 2 . Hence solve—™~~
tan‘u S5seu 7 O COSE2U
forO” u™ 2.
CE "T"Z L(.HH %o
3 %o .
P P
P P
P P
> sn’u cosu 1
> 1 tarf se&?
P 1 oofu cose’u
s IS 0 R
» S S ~ 7
p S
"..‘TA.%O
1. 1 1 cosu
coseal Sho seu st cotu =T snu -
. sirfu cos?u 1; tartu 1 seéu
shu
2 _
1 cot?u cosetu tanu cosl
Restricted domain Restricted domain Inverse
Function (degrees) (radians) function
y shu 90 < u< 90 5< U< 5 arccosl
y cosu 0 < u< 180 O0< u< arcsinu
y tanu 90 wuv 90 5 U 5 arctaru




o S
Use your calculator to find the Find a 2nd root for | Find all other roots
1st root (principal value) sin or cos in range
sin | u, The curve is u, 360 and
symmetrical about ||, 360
7/ ?
1 x 90 or
1 , X §radians, o)
2 X u, 180 u,
-1 -90 O 90 180 [270 36O
1 or
-1
Principal value is90 ~— u~ 9 u 2 and
or 5 U 3 oru, u, u, 2
cos | U, The curve is u, 360 and
symmetrical about u, 360
A the y-axis, so
2 1 u u
2 1 >
-180 o O 9 180 0 360
or
-1
Principal value i® — u~ 180 u 2 and
or 0" u~ u, 2
tan | u, u, 180
YA
-180 -90 O 90 80 270 7360
Principal valueis90 u 90
u » oru

or 7




Further algebra

At the age of twenty-one

he wrote a treatise upon V101
the Binomial Theorem. ...
On the strength of it, he
won the Mathematical
Chair at one of our T
smaller universities. . . . . .
- €f, .
. . €1t
ecccccce f o f:tg" %ot




O

E . J1.0Z J1.04 J1.0€ 7
f 1S
CE [ ] [ ]
1
J102 (1 0.022 1 0.0k
1
J1.04 (1 0.042 1 0.04&
S . X J1I o x 1 kx .
.k

You have already met the binomial expansion, initially using Pascal’s triangle to

expand expressions of the fopm y)".

The coe cients in this type of expansion are called the binomial coe cients.
They form Pascal’s triangle.

(1)
1 1
1 2 1
1 3 3/ 1
1 4 6 4 1
1 5 10 10 5 1

(i) Expandx 1)* using the coe cients from Pascal’s triangle.

(i) Extend the result in (i) to write down the expansiorfof y)".

Solution
. (i) From Pascal’s triangle, the coe cients are 1,4, 6,4, 1.
- x 4 3 2
IxX* 4x® 6x° 4x 1
V\ . §
(i) The expansion afx y)* uses the same row x4

of coe cients as in (i), but as the powers of x c
decrease, powers of y are introduced.

x y x axy® ¥

4 4X3yl 6X2y2




When expanding an expression of the f¢tm x)", Pascal’s triangle becomes
progressively larger and more tedious row by row, as the value of n increases.

N ,Ne . : n .
W1 2101 2 The coe cients for the expansion ¢x y)" can be found using the formula
31 2 3, n
nt1 2 3 n n! ) C.orC..
n. r riin !~ r
. - 0
n nt Using this notatior(x  y)" can be written as
r riin- NP n n n n n
X + n_— Xn+ Xn-l + Xn—Z 2+ Xn—3 3+."+ X n—l+
"o (ryf'= X% xTys o xTy Xy PR A4
o n ,C, gives the number of ways of choosing r objects from n.
S %oocEZ' — 1
. C

Find the term in %in the expansion qx  3)'.

Solution
o . o 7 7' 7 6 5
The binomial coe cient of X is given by4 ik 3 2 1 3t
| g (203 ¢ s .
Termin x
35 1&* ( 27)
15126¢*

Write out Pascal’s triangle as far as the
row starting 1,6, ... .

Add up the numbers in each row.
What do you notice?

- What would be the sum of the numbers in
the row starting 1,12, ... ?

Expand each of the following as a series of
ascending powers of x.

1 x)
(1 2x)
- (L 2xY
Expand each of the following as a series
of ascending powers of x.

1 2x) 1 x)
Hence nd the rst three terms in the
expansion il )1 x)J*.

Write down the term indicated in the
binomial expansion of each of the following
functions.

(1 2x),3rdterm

(2 x)* 3rdterm

- (3 2x),4thterm

7

Find the binomial expansion df % up to

and including the term ix®.



\

1 2

nn DH(n

3

2)

.. g

n! .
RIGED) can be written as

n
In general, the binomial coe cient r T

n (n 1) .. n r J
r! :

So the binomial expansion @ x)" can be written as

1 n(nz! 1)X2 n(n 132$n 2)X3

@ xy

This form of the binomial expansion can also be used to nd the expansion of
(1 x)"if nis a negative number or a fraction. However, in such cases there will
be an in nite number of terms.

You will have seen in Activity 7.3 that for x 0.1, taking the rst three terms of
the binomial expansion gives a good approximation, but for x 10 it does not.

E [ ] [ ]
1 2
- @ x) - (1 X
- ° X 01 ° ° - °
) 1
R S
- CE .
S . x 10 .

When x is a small number, the terms firget smaller and smaller as n gets larger,
and so taking just the rst few terms means that you are only disregarding small
numbers.This is not the case when x is a larger number.

In fact, the binomial expansion whensnnegative or fractional is valid only
for|x| 1.

This gives the general binomial theorem:

1 X 1 m n(nz! D,z nn 13291 2).2
nn Hn 2)..(n r 1)Xr

r!

This is valid when n is any real number, provided that x| 1.



_ Expandl x)2as a series of ascending powers of x up to and including the

term in X8, stating the set of values of x for which the expansion is valid.

Solution

(1 X)n 1 nx n(n2! 1)X2 n(n ]é))fn 2)X3

Replacing n by 2 and x by X) gives

@ (x)* 1 (0% —ar—
T
when [ x| 1 §
which leads to oo X)? X2
1 x)? 1 2x X* 4x> when|x| 1.
T
rx"

r 1l

Sometimes you need to rewrite an expression so that it is in th¢forg)"
before using the binomial expansion.This is shown in the next example.

— Find the rst three terms of a series expansmni&L and state the values

of y for which the expansion is valid.

Solution
1
7y 2 y'
y 1
21 ? L] L] 0{
V'S
T f
1 y
2°1 5
1
119 Y
2 1 2 . X2
Using the binomial expansion, g °

n(n 1)52

T xN 1 nx 5T X ,

replacing n by 1 and x b% gives

N 2)y°*
) o0t a) L2y
+
2
y ¥y ¥ y ¥ .
2 > 7 %1 5 I valldwhen‘%‘ 1
Ayt % e



_ For each of the functions below

o C (@) write down the rst three terms in the binomial expansion as a
series of ascending powers of X,
x0 A
- , X (b) state the values of x for which your expansion is valid,
X . . . . . ¢
(c) substitute 0.1 in both the function and its expansion and

calculate the percentage error, where

r alsolue error 100%. .
truevdue

)’ (i) V@ x% .

percentage erro

X

i @

Solution
M @@ »° 1 (3x LD
1 3 6x* (rstthree terms)

(b) The expansion is valid for |x| 1.
(c) Substitutinge 0.1, the true value i4.1°3 %
The approximate value is 1 3(0.1) 6(0%1)0.76
absolute error 0.76 %
0.008685

. 0.008685
Relative error —5— 100% 1.16% (to 3 s.f.).

1331

(i) (a) Writingm as(1 XZ)%
@y 1 e @02y

O 2 4
. 1 X7 % (rst three terms)

(b) The expansion is valid fortf 1 |4 1.
(c) Substituting x 0.1, the true value i4.01.

h The approximate value 1s 0701 % 1.004 9875
absolute error +/1.01 1.004 9875

(03

0.000 000062

Relative error 0:000000062 100% 6.17 10 °%
7/1.01



f n
(i) Write V4 3 inthe formd' 1 b—;
(i) Hence nd the rst three terms in the expansiony®f  3x, stating the
values of x for which the expansion is valid.
Solution
i) V& x a1 3
1
L, 3x?
41 3
3y 2
X
21 7
1
3x 2 13 ()3 3x°? |
@21 5" 21 57 5 7 — .
3x 1 9x°
21 % 8 16
X 9
2 T 64 (‘rst three terms)

Expansion valid Wh%%‘ 1

X 2

_ Find a, b and c such that
1 a kx o

1 2x)1 3x)
and state the values of x for which the expansion is valid

Solution
1 1 1
T 290 ) 1 2x)°(1 3x)
Using the binomial expansion:
1 (I 2)
1

for|2x| 1ie [ 3
and

1 2x)* %(!2)( 2y

1 (e S 2e

1

for Bx| 1,i.e. [X 3
@A X 9x? )

1 2x)'1 3x)' (1 2x 4x°
1 2 4x* X 6x*

7x*> (ignoring higher powers ofx

1 3x)*!

—
1 x

givinga 1,b landc 7.

Both the restrictions are satis edf which is the stricter restriction.

1
3 k)



x 2°

(> 17 (D2 2x)°
(D°QC 20°
1 2x)°®

N| X

Expand each of the following as a series of
ascending powers ofup to and including the
term in ¥, stating the set of values dbx which
the expansion is valid.

1 x? -1 2x)¢
-1 )¢
Expand each of the following as a series of
ascending powers ol to and including the
term in ¥, stating the set of values dbx which
the expansion is valid.

1 1
1 x) - @ x?
1 1
@ x)° -1 x
Expand each of the following as a series of
ascending powers of x up to and including

the term in %, stating the set of values of x for
which the expansion is valid.

2 2
X 2X
1 3 -1 F
2x °
1 3

For each of the expressions below

write down the rst three non-zero
terms in their expansions as a series of
ascending powers of x

state the values of x for which the
expansions is valid

substitute x 0.1 in both the function
and its expansion and calculate the
percentage error, where

alsolue error 100%
truevdue '
1 x)° @ 2t

NG

percentage error

Write down the expansion ¢1  x)°.
Find the rst three terms in the
expansion ofL  x) * in ascending
powers of x. For what values of x is this
expansion valid?

3
- When the expansion is valf((%.ig4 can
X

be written as

1 ax bX higher powers of x.

Find the values of a and b. .
1 14 o x 2

Showthatm 5 1 Z

Write down the rst three terms in the

binomial expansion of
1

1 % Zin ascending powers of x,

stating the range of values of x for which
this expansion is valid.

Find the rst three terms in the
expansion 042(4117)() in ascending

X
powers of x, for small values of x.

Write down the rst three terms in the

. . . 1 .
binomial expansion VLX) in

ascending powers of x.

For what values of x is this expansion
valid?

Find a quadratic approximation for
(3 x) x)
(4 X)
which this is a valid approximation.

and state the values of x for



The expansion i kx) * may be O

approximated b% 1—%x o, O
Find the values of the constants a, b ani .
For what range of values of x is the
expansion valid?

Find a cubic approximation for

szzl) , Stating the range of

values of x for which the expansion is valid.

Find a quadratic function that

approximates tel— for
¥ 3xy
values of x close to zero.
For what values of x is the approximatio
valid?

) X : ) .
Find the rst three terms in the binomial

expansion ofox  1yx?> 1)

For what range of values is the expansion
valid?

Write /7 in the formay/k where
aisanintegerand b 1.

Use this to nd an approximate value
for /7.

Comment on how good the
approximation is.

Rearrangae/x 1,wherex 1,ina
form where the binomial expansion can
be used.

Using the rst four terms of the
expansion, nd an approximation
for /15 to 3 decimal places.

4

If f(x) and g(x) are polynomials, the expres%% is an algebraic fraction

and so it is a rational expression.There are many occasions in mathematics
when a problem reduces to the manipulation of algebraic fractions, and the rules
are exactly the same as those for numerical fractions.

To simplify a fraction, you look for a factor common to both the numerator (top
line) and the denominator (bottom line) and cancel by it. Remember that when
you cancel in this way, you are dividing the top and bottom of the fraction by

the same quantity.

For example, in arithmetic

%0

15 5 3 3

20 5 4 4 ¢
and in algebra

6a 2 3 a 2

99 3 3 a a 3a

2

J—

. 3a

Notice how you must factorise both the numerator and denominator before
cancelling, since it is only possible to cancel by a common factor. In some
cases this involves putting brackets in.

2a 4 2@ 2)

2

& 4

@@ 2)(a 2)

@ 2



RPN I A R

Multiplying fractions is shown here.
10a 9ab 10a 9d

¥ 25 3P

2 5 a 3 3 ab 7 e
3 b b5 5 h .
2 a 3 a,
b 5 A .
5b

As with simplifying, it is often necessary to factorise any algebraic expression rst.

& 3a 2 12 @ D@ 2) 3 4
9 a 1 3 3 @ 3
4@ 2)
3

Dividing by a fraction is the same as multiplying by the reciprocal of the fraction,
just as dividing by 2 is the same as multiplying. by

4
For example: ) X 1
12 4 12 x_ 9 ) 1
x2 1 x 1 x DX 1D 7 XT
12x ]
AX I(x 1 .
3 4(x 1)
x 1)

Tt f

To add or subtract two fractions they must be replaced by equivalent fractions,
both of which have the same denominator.
For example, in arithmetic

2 1 8 3 11

3 4 12 12 12
Similarly, in algebra

2 x & 3 1k

3 4 12 12 12 7

2 1 8 3 11 12x 12x?
and E ok oS ok e
You must take particular care when the subtraction of fractions introduces a sign
change. For example:

4x 3 2x 1 2@x 3 I2x 1)
6 4 12

8 6 6x 3
12

2Xx 9

12




- . T¢.. LN ] (1)

Notice how, in addition and subtraction, the new denominator is the lowest
common multiple of the original denominators.When two denominators have
no common factor, their product gives the new denominator. For example:
2 3 2y 2) 3y 3
y 3 vy 2 vy 3y 2)
2y 4 3y 9
y 3y 2)
5 5
y 3y 2
Sy 1)
y 3y 2)

It may be necessary to factorise denominators in order to identify common
factors, as shown here.

2b 3 2b 3 (a b)
& # ab (@ fadp@Dp .
2b Ja b
(@ b(a b
50 3a
(@ b(a b
T,
DN ceoe 2 12oyx 2
Solution
The division can be written W
2x2 2 12 2x* X 6) e« " :
X 2 X 2 f
2 3)X 2) " .
x 2
- 2(x 3)4\ .
. x 2)
s> =Y f- Sometimes factorising the numerator is not as straightforward, as in the

™E. following example.



[ 2 x o

2
; . T L] L]

Solution x a « « fx f@ O

Start by using the factor theorem to cheglif 2) is a factor of .
2x* X* x 6

Substitutingk 2gives2(2) 3(2f 2 6 O 1)
so(Xx 2)is a factor. .
Using algebraic division or inspection gives .

2x° X® x 6 (x 2)(2x* x 3)
2 X2 x 6 (X 22x* x 3

So X 2 X 2 .
2% X 3 4— x 2)
V L] L] L] L]
2 5 1 X

B b
(i) Write o n the forma < 7
(i) Hence show how the graph ¢f ))(( % can be sketched by starting
with the graph ofy %

Solution
N X 1 x 2 1
(@) X 2 X 2
X 2 1
) X 2 X 2
v 1
1 X 2




Ti (1] LN )

(i) Starting with the graph of % the graph ofy X 1 5 is obtained

2
using a translation of 0"

Y

Next re ect this in the x-axis to give

YA

11111

1
X 2°

Finally, a translation of will give the graph off 1




Describe the transformation that transforms

yziintoyzﬁ.
Simplify the following algebraic fractions.
(x 2(x 1) (x 1)
x 3 C(x 2kx 1)
(x 1° (x 2
x 2x 1) - (x 2(x 1

Simplify the following algebraic fractions.
x> 9
x> 9x 18
4x> B
4% 0x 5
& o
28 d b
Write each of the expressions as a single
fraction in its simplest form.

1 1 R S

4x  5x al a1l
ox o ox 1

3 4

Write each of the following expressions as a
single fraction in its simplest form.

X 1 e
x2 4 X 2 O
2 3 O
> 2b 1 b 1
2 a 2

a 2 22 a 6
Simplify the following algebraic fractions.
4x> 6x 2 2% H® X
x 1 x 1

2axX* 3ax 2a
x 1

Simplify the following algebraic fractions.

1 1 1
X 2 X X 2
1 1 1
3 a a 3 a
11 1
b (b 1) ® 27

Write each of the following in the form
y a T?() and hence sketch the graph in

each case.
5« 3 4x 2
Y X1 Y X 2
6x 3
Y o1

Write each of the following in the
c

formax b .
(x)
2x* X 5 x> x 6
x 1 X 2
x> 6x 7
x 1
Write 3% %(Xz 25X 4 in the form
d
aX2 bx ¢ X 2
Use transformations to sketch the graph
ofy 2 X3X , Starting with the graph
1

You probably discovered in Activity 7.4 that, when using a binomial expansion,
it is easier to work with two or more separate fractions than with a single more

complicated one.



There are other situations where it is useful to be able to split a fraction into two
or more simpler ones. For example, in Chapter 10 you will Iearnlto integrate an

expression such 2X1)(1 X) by rst writing it asty 22x) T X

The process of taking an expression su@% and writing it in
2 1 . . : . .
the form(l ) T X is called expressing the algebraic fraction in partial

fractions, and you will now look at how this can be done.

It can be shown that, when a proper algebraic fraction is decomposed into its
partial fractions, each of the partial fractions will be a proper fraction.

When nding partial fractions you must always assume the most general numerator
possible, and the method for doing this is illustrated in the following examples.

" e, (ax b)(cx d)

4 X ; ;
Expres T X2 X as a sum of partial fractions.

Solution 3 T .

L4 X A B
Assumk(l X2 x) 1 x 2 x *
Multiplying both sides byl x)(2 x)gives | . -

4 x A@ x) Bl x) ¢—"' " X
A landB 2 ¢« . . A

B
4 X 1 2

SO(1 X2 x) I x 2 X . . =

In general you would need to use a structured method to nd the constamid A
B rather than hope that you could guess them correctly. There are two possible
methods, and the following example will use each of these methods in turn.

X . .
Expres X 2K 3) as a sum of partial fractions.

Solution
X A B =
Uk x 3) X 29 & 9 x 2 3
x A 3 BXx 2)
Method 1: Substitution
Substituting x 2 2 A(1) B(0) ,
A 2 > ° X
Substituting x 3 3 A(0) B(1) X 2 x 3
B 3
X 3 2 c
° X 2K 3 X 3 X 2



e - ~N Method 2: Equating coe cients
Xx AKX 3 Bx 2)
() X Ax 3A Bx 2B [S -
‘_' X °
x (A Bx 3A B
Equating the constant termsgy 3A 2B .

S
W Equating the coe cientsof x1 A B 4> y A B
Solving these simultaneous equations gives A 2 and B 3, as before.

In some cases it is necessary to factorise the denominator before nding the
partial fractions.

ExpressLX2 as a sum of partial fractions.

yil
Solution
2 2
Lt 77 T 0@ x) e
A B
2 X 2 X

Multiplying both sides by2 x)(2 x) gives
2 AR x) B2 Xx).

Substituting x 2 give@ 4B, soB

Substituting x 2 gives 2 4A, sOA

N[
Nl 2

Using these values:
2 3 7
2 x)2 x) (2 x) 2 x)

1 1
22 x) 22 x)

=

In the next example there are three factors in the denominator.

I 1x 1

EXPrest—px  (x D)

as a sum of partial fractions.

Solution

Let 1x 1 A B C
x Dx I)x 1) x 1 x 1 2x 1

Multiplying both sides bjx  1L)(x 1)(2x 1) gives
Ix 1 AX 1)(2x 1) B(x D2x 1) Ckx 1I)(x I




Substituting x 1 gives 12 6B,so B 2.
Substituting x 1 gives 10 2A,so A 5.

Substitutingk 1 gives 4.5 Tm,so C 6.
Using these values:

1x 1 2 5 6
x Dx I 1) x 1 x 1 2x 1

o ( ax b)(cx d)?

The factor (cx @2 is of order 2, so it would have an numerator of order 1 in
the partial fractions. However, in the case of a repeated factor, there is a
simpler form.
4x 5

(x 17
This can be written asz((zgxij)l)z3

22x ) 3
. (x 1f (2x 1y

2 3
(x 1) (x 1Y

Consider

q

ay can be written as

. X
In the same way, any fraction of the f m

A B
(cx d) (cx dy

When expressing an algebraic fraction in partial fractions, you are aiming to nd
the simplest partial fractions possible, so you would want the form where the
numerators are constant.

] x 1

as a sum of partial fractions.

Expres x Dx 2f
Solution
. Let x 1 A B C
T x Hx 2y x D (x 2) (x 2y
L Multiplying both sides bgx  1)(x  2) gives
. x 1 AX 2¢ B(x D(x 2) Ckx I
Wy - Substituting x 1 2 A(1y A 2
Substituting x 2 3 C
Equating coe cients ok? 0O A B B 2
This gives
x 1 2 2 3

x Dx 2f X 1 x 2 (x 27

ff



2
Simplify(x 1) Xx 5

. 1 .

Write XX D in the form

A B

X x 1

Write — L _inthe foomA _B

X(x 1) X X 1
. 2 .
- ertemln the form
A B
X 1 x 1

Express each of the following as a sum of
partial fractions.

3 5

x Dx 2) (x 2x 3
7

x 3JJx 4)

Express each of the following as a sum of
partial fractions.

3

® 29X D e
3 O

® I D O
15

x dH@AEx I

Express each of the following as a sum of
partial fractions.

2 2
X2  2x x> 4x 3
2
x> 6x 8

Express each of the following as a sum of
partial fractions.
5
x D(x 2)
4
(1 3x)1 x)

Express each of the following as a sum of
partial fractions.

2X 2
1 x)@ )T 3X)
2X 2

1 x)2 x)3 x)

Express each of the following as a sum of
partial fractions.

X 3
xx Dx 1)

32 4x
x(2 x)(2 x)

Expres 4 as a sum of
PIeSIL 31 x7?

partial fractions.
Hence nd the rst three terrEs in the

binomial expansion df.  3x)(1 x)?
For what values of x is the expansion
valid?

. 6x 8 .
Write = Dx 1) in the form

Ax B C

x2 1 x 1

Hence nd the rst three terms in the
binomial expansion of

(26X1—)(81) , stating the values of
X X

x for which the expansion is valid.

2
Write W in the form

A B C
x D x 2 (x 27
Hence nd the rst three terms in the
binomial expansion of

2X* X _4 gtating the values of
x 2
x for which the expansion is valid.
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Trigonometric identitie

Music, when soft voices
die, vibrates in the
memory —

—T y = a sin bx

amplitude

: .

@]
ol
SN
o|®
/
a3
3
2

_a |-
| <—— wavelength—— >

y asinbx




The photograph on the previous page shows just one of the countless examples

of waves and oscillations that are part of the world around us. Because such

C phenomena are often modelled by trigonometric (and especially sine and cosine)
functions, trigonometry has an importance in mathematics far beyond its origins

JabsnC

sircos tan

60§

It is tempting

to think that

sin(u 60)
should equal
sinu sin60 , but this
is not the case. For
example, putting

in right-angled triangles.

u
sin(u 60) cos(u 60). — |

You should be able to nd the solution to Activity 8.1 using the suggested
method, but replacing 60 by, for example, 35 would make it more di cult to

nd an accurate value for u. In this chapter you will meet some formulae which
help you to solve such equations more e ciently.

To nd an expression for sin(u 60 ), you would use the compound angle
formula

%o ©

sin(u ) sin ucos cosusin .

This is proved below in the case when u and are acute angles. It is, however,
true for all values of the angles. It is an identity.

C
u 30 gives
sin(u 60) 1,but a
. . b
sinu sin60 1.366. h
A D B
S S ab sic.
For the triangle in Figure 8.2 /
area of0ABC area of 0ADC area of 0DBC
h acos aBDC v v QO
Taosn ) Sthsnu Jehsn n beosi ~ UADC
labsh@ ) 3Hacos hu 1 4bcoss)sn
Lebsn@ ) Lebsnucos 3a msish
Dividing through by} ab gives
sh(u ) sSnucos ®S/Sh
This is the rst of the compound angle formulae (or expansions), and it can be
used to prove several more.These are true for all values of u and .
Replacing by in gives y sin
y COS : — _
sh(u ) 9nucos( ) cosush( )
y--  cog ) cos sh( ) snucos ©sush sin( ) sin




o f
Sin(90 A) CcOsA ” «r
- —
cog90 A) sinA . E e coqu ) u (90 u)
. sin(u )
JE - cofu ) (0 -
coju )
~ fe . E e tan(u )- tan(u )
€cosUCcoS > scr)]s(z )) . sin(u ) coqu )
e ,E tan(u ) tanu tan .
tanu  tan 0) . @y )
S u .
u 60 30

The four results obtained in Activity 8.2, together with the two previous results,
form the set of compound angle formulae.

sh(u ) <Snucos ®s/sh

sh(u ) sSnucos ®s/sSh

cos(/ ) cosucos  fush

cos(/ ) oosucos  fush
tanu  tan

tan( ) T fanitan (v ) 90,270,
tanu tan

tan@ ) m (U ) 90 f 270 ’

You can now solve Activity 8.1 more easily.To nd an acute angle u such that
sin(u 60) cos(u 60),

expand each side using the compound angle formulae.

Expand the left-hand side:

sin(u 60) sinucos60 coasin60

1 V3
2SnU >

Expand the right-hand side:

cosu

cos(u 60) cosucos60 sinusin60

1 NEWF
2COSU > fanu



Be careful when

you divide by a

trigonometric
function — you must
always check that the
function is not equal
to zero, otherwise you
will miss some of the
roots to the equation.
In this case you know
that cosl is not equal
to zero (since cas
is not equal to sim
when cosl 0) so
you are safe to divide
by it. Example 8.3 on
page 175 is another
illustration of this.

Equating and gives

1 V3 1 V3 .
3shu “Foosu jcou 3 &u
So shu 3cosu ©su /3snu ¢—
J3wsu cosu /3shu snu
3 Dcosu (3 Dsnue— L
cosu U —— .,

You need to rewrite the equation so it is terms of just one trigonometric ratio so

you can solve it.

3 1)

cos fu
shu . cosl
Locms &
1 tanu shu
tanu >—
u 45 T cosu

Since an acute angle (u 90 ) was required, this is the only root.

Simplify cosicos3u  sinusin3u.

Solution

The formula which has the same pattern otoss sinsin is

cos(/ )

COSsU/Cos

musn

Using this, and replacing by 3u, gives

cosicos3u  sinusin3u cos(u  3u)

cos4u

Find an approximate ex

Solution

Expanding gives

cosx U
3

Lleosy

N

So when u is small
2
u

cosu 1 >

COS§ u

N~

V3

- Uu

1
2 2

and shu

u
1%

pressiondos 3

cosgcosu M =shu

3
V3

u for small values of u.

Mnu <

2

ut——

2

NP

S

Bl




Use the compound angle formulae to expan
each of the following expressions.

sinlu 45) sin(45 u)
coqu 45) coqu 45)
tan(u 45) tan(45 u)

Match together the equivalent expressions.
coucos3u sinusin3u

sin2ucosu cos2usinu
cosucoxu sinusinu
coucosu sinusinu
sin2ucosu cos2usinu
sinu

1

sin3u

cosducos2u sin4usin2u
coucosu sinusinu
cosdu

co2u

Use the compound angle formulae to nd the
exact value of each of the following.

sin120 cos60 co0s120 sin60

sin120 cos60 co0s120 sin60

c0s120 cos0  sin 120 sin60

€0s120 co0 sin 120 sin60

By writing 75 as 45 30 nd the exact
values of

sin75 cos7/5 tan75

By writing 15 as 45 30 nd the exact
values of

sinl5 cosls tanl5

Use the compound angle formulae to write
each of the following as surds.

sinl65 cosl05
tan285

Solve the following equations for values of u in
the range O< u< 180.

cog60 u) sinu
sin(45 u) cosu

tan(45 u) tan (45 u)
2sinu 3 coqu 60)
sinu cos(u 120)

Solve the following equations for values of u in
the range & u<

Give your answers as multiples of where
appropriate.

sinu 7 cosu

cosu z sinu z

2cosu 3 cos u >

Prove that

sin(A B) sin (A B) 2sinAcosB.
Hence solve

shu 5 shu ¢ J3
for0< u< 2.

Prove the following identities.
codA B) cos (A B)
sn(A B)
CosA @B

When u is small enough fo? to be ignored,
nd approximate expressions for the following.

2C0sA coB
tanA tanB

2ms 3 U
sin(a u) sinu where a is not small
tan il u

Whenu is small enough fof to be
ignored, nd approximate expressions for
the following.

shu sn 5 U sh

6
1 cos2u
Hence nd
I' shu sn U shg
'm 1 s



O A particle moves such that its displacement,
d metres, from a xed point O at time t
seconds is given by

Use a compound angle formula to write
down an expression for i1 h).

Rewrite your answer to part using

@

V3.t 1t
d 75"1—2 §C051—2 for0< t< &0.

Find the displacement att 0.
Show thatd  sh 1L2 k and nd

the smallest positive value of k.

small-angle approximations forlsiand
cosh where h is small.

Use your answer to part to write down

: sn(x
an expression fcrn(

h) snx
L .

Find the exact times that the particle is at ¢

State the maximum displacement of the
particle from O. Find the exact time that
the particle is furthest from O.

Is the particle ever 1 metres from O?
Explain your reasoning clearly.
Sketch the curve

V3t
d Tsnl—z

Statelim SN E) nx.

h 0
Explain the signi cance of your answer to
part

Simplifytan z U when uis small.

Use the binomial expansion for (1 )
to nd a quadratic approximation for

tan - u whenuis small.

1 t
écosﬁfor0< t< 60. 4

[ I ) °
ﬂ \ Substituting  u in the relevant compound angle formulae leads immediately
« 8 . to expressions for £, coku and tai2u, as follows.
(i) Starting withsn(y ) sSnucos  ®©s/sh
: when u, this becomes
« Z L4 B . .
sh(u u) Snucosu ®©@SIshu
giving sirku = 2sinuco4l.
(i) Starting withcos(/ ) ocosucos  #usn

when u, this becomes

cos(/ u) cos/cosu  fushu

giving co2u cosu sin?u.
Using the Pythagorean identity €os sin?u 1, two other forms for
co2u can be obtained.

cox2u (1 sin?u) sin%u cou 1 2 sirfu

co2u cos’u (1 cos?u) co2u 2cosu 1

These alternative forms are often more useful since they contain only one
trigonometric function.

(ii) Starting withtan(/ ) 1201, ) 90,270, ..,
when u this becomes
tan( u) %
giving tan 2u 2tany 45,135, ...°

1 tarfu



sin2u 2sinucosu
Ccos2u coSu Sinug .
cos2u 1 2sirtu

cos2u
cos2u 2cosu 1
2tanu
tan 2u 1 @y u 45,135, ...

Compound angle and double angle formulae are used

in solving trigonometric equations and proving identities

to help you rewrite trigonometric functions into a form that you can
integrate or into a more convenient form for di erentiation

o in modelling, for example nding the standard formula for the range of a

projectile in mechanicg——o .
_ Solve the equation sin2u ginfor0 < u< 360.
Solution

sin2u sinu ¢—— sin2u 2sinwogu

2sinucosu sinl ¢—— | o

2sinucosu sim 0 ——
Do not divide by —» sinu(2cosu 1) O
sinu, otherwise . 1
. sinu Oorcosu 5

you will lose the

roots to sim 0. sinu 0 u O (principal value) or 180 or 360 (see Figure 8.3).
YA
1r \ VLOQ {
o) 180° \_/360° g
-1
coxu % u 60 (principal value) or 300 (see Figure 8.4).

\' FRV {

i " \/3000 - '{
-1

€
The full set of roots for < u< 360 isu 0,60,180,300, 360 .




When an equation contains éug you will save time if you take care to choose
the most suitable expansion.

o Since you are Solution

Solve 2 co®u sinuforO<u<?2.

sl e e Using cogu 1 2 sirfu gives¢—— _
in the range _ _ sinu
0< u< 2,you 2 (1 2 sirtu) sinu

need to give the 2sirftu sinu 3 0

roots in radians.

(2sinu 3)(sinu 1) O

or

sinu 3 (notvalid since 1< sinu< 1)

sinu 1.

Figure 8.5 shows that the principal valueJi is the only root for

O<uc< 2.

YA
1 ,,,,,,,,,

I\J|v R

Simplify
1 2sirr40
sind0 cosA0

2tan20
1 tarf20

SimplifyL O3

Do not use a calculator in this question.
Given that sim % nd the exact values of
cou tanu sin2u

cos2u tan2u

when u is an acute angle andan obtuse
angle.

Solve the following equations for
0 <u< 360.

2sin2u cosu
tan2u 4 tanu
co2u sinu 0
tanutan2u 1
2cox2u 1 cosu

Solve the following equations for
< u<

sin2u 2 sinu
tan2u 2 tanu
co2u cosu O A
1 cos2u sin2u
sindu cos2u ¢—— 2U




OO0

By rst writing sin3u as sin(2u u), express
sin3u in terms of sin

Hence solve the equation sin3u siffior
O<u< 2.

Solve cos3u 1 3cosuforO< u< 360.
Prove the following identities.

rcoy

sh%u 1 oos SOS“

1 snu

sh%u cos%u2
Showthattanz utanz u 1.

Given thattan26.6 0.5, solve tan 2
without using your calculator. Give u to 1
decimal place,where 0 u 90.

), rsin( )

1t7anzu cos2u
1 tarfu
cosu @*u cosd
tanu(3  tarf u)
——  tan3u
1 3tan’u
_f °
€ [ ]
+
a b«
. E
y rsin(u a)

y ashu bcosu

r a

y rcoqu a)

You probably noticed that expressions of the fosmwa b coau are the
same shape as the sine and cosine graphs, but they have been translated and
stretched. This suggests that expressions of this form can be written in the form

rcos( )orrsin(

) where r and a are constants.

For example,to nd a single expression for 4si cosu, you can match it to

the expression

rsin(u a) r(sinucosa coausina).¢—— -

It is then possible to nd the values of r and a.

4sinu 3 coxu

Equating coe cients of sin:
Equating coe cients of cas:

r (sinucosa cosusina)

4 rcosa

rsin(lu a)
sinu & -
co

3 rsina.

You can now draw a right-angled triangle (Figure 8.6) to help you nd the

values for r and a.

5 34—

Sina=

[eV)

r

4*__———

COSa =

In this triangle, the hypotenuse, r,ig> 3* 5.



rcos(u a)ersin(u a)

The angle a is given by

sina 3 and cos 4 and tam 3 a 36.9.
4 5 4 5 A 4

y shx

y 5sinu 36.9)

cosa sina

a
180 a 180

So the expression becomes
4sinu 3cosu 5sin(u 36.9).

The steps involved in this procedure can be generalised
to write r

asinu bcosu rsin(u a)

where

r J& b?and

. b a b
sha —— osa —— tana =
Ja& i Ja i a
< y 4sinu 3cosl cos(/ )
Q cou”
4sinu 3cosu Q
3cou 4siru .
cofu ) & Q "e o
. 3cosl 4siru
y 5sinu 36.9)

The method used in Activity 8.4 can be generalised to give the result

acou bsinu rcos(u a)

where . r a
r J& b?and
b a b
snha F coxa F tana a

You can derive alternative expressions of this type based on other compound
angle formulae if you wishtm be an acute angle, as is done in the next
example.

—— 0 a .

0] Express/3snu cosu in the form sin(u a), wherer 0 and

2
(i)  State the maximum and minimum values/8fsnu  cosu.

(i)  Sketch the graph of y~/3snu  cosu forO< u< 2.

(iv)  Solve the equatiox3 sn cos l1lforO< u< 2.



Solution

0) rsin(lu a) r(sin ucos|a cosusina) ¢——— =« rsin(u a)

(r cosa)sinu (r sina) cosu

g ——  (rcosa)sinu (rsina)cosu +/3shu cosu
J3snu  cosu

rcoa /3 and rsina 1

Draw a right-angled triangle to help you nd r and a.

Make sure you label the sides correctly ...

r=J(3y+1? >r 14 sin = riso the ‘opposite’is 1 ...

3
...andcos = gso the ‘adjacent’ is /3.

From the triangle in Figure 8.8

1
r Y3 1 2 and tana —\/5 a @
so J3snu cosu XU = . & ra
6 - rsin(u a)

(i)  The sine function oscillates between 1 and 12sb u 5
oscillates between 2 and 2.

Maximum value 2.
Minimum value 2.

(i) The graphofy 2sn u 5 is obtained from the graph of

y sinu by a translation of6 and a stretch of scale factor 2
0

parallel to the y-axis, as shown in Figure 8.9.




- rcos(u a)ersin(u a)

(iv) The equation/3snu cosu 1 is equivalent to

2snu s 1
: 1
shu &
6 2 X
Letx u & andsolvesi 3. 0 c<u<2 ¢

Solving six % gives X 5 (principal value)
or X 5 % (from the graph in Figure 8.10).

YA

i 5
Sincex u G,then u g 3 O U & &

ol

The roots in the interval @ u< 2 areu §and .

Make sure you don’t miss out any roots.

Tosolve sifu a) cforO < u< 2 by rstsolving sinx c,
you need to nd all possible values of x in the interval
0 a<x<2 a

Find all possible values of x in the new interval before working out
the corresponding values of u.

I o

There are many situations that produce expressions that can be tidied up using
these forms.They are also particularly useful for solving equations involving both
the sine and cosine of the same angle.

The fact that aosu  bsinu can be written axog  a) is an illustration
of the fact that any two waves of the same frequency, whatever their amplitudes,
can be added together to give a single combined wave, also of the same frequency.



For each triangle in Figure 8.11, nd the Express each of the following in the form
exact value of r and the angle a, where a is il rcogu a),wherer 0 and
degrees.

0a 3

rsin(lu a),wherer 0and

2 r V3 _
0 a 5 -

cou sinu

V5 2 J3oosu  snu

Express each of the following in the form

rcoqu a),wherer Oand 180 a 180.

cost +/3shu

Expand each of the following.

J3ooqu 30)
2J2cosu 2/2snu
V3gu 30) snu  /3cosu
J3snu 30) 5sinu 12 cosu
Bénu ) snu  ~/3cosu
For each of the following functions nd V2snu V2 osu
the maximum and minimum values Express Bosu 12 sinu in the form
the smallest positive value of x for which rcofu a),wherer 0Oand0 a 90.
the function is a maximum. State the maximum and minimum values

of 5coau 12 sinu.

Sketch the graph of y 5caes 12 sinu
for0 <u<360.

Solve the equationdou 12 sinu 4
for0 <u<360.

f(x) 2cosx 3

f(x) V2cosx 5

1 .
Sshu 3
V2 Expres8snu — +/3cosu in the form
1 rsinlu a),wherer Oand0 a 5
2 Jasnu 3 State the maximum and minimum values
Express each of the following in the form of 38nu — +/3cosu and the smallest
rcoqu a),wherer 0and0 a 90. positive values of u for which they occur.
couu sinu Sketch the graph of y3snu — +/3cosu

3cou 4 sinu forO< u< 2.

Express each of the following in the forn Solve the equation
rsin(u a),wherer Oand0 a 90. 3snu—+/3cosu  3forO< u< 2.

sinu cosu
3sinu 4 cowu



e
@
@

- rcos(u a)ersin(u a)

Expressosy  +/ 2shu in the form Express &in2u 3 co2u in the form
rcou a),wherer 0 and rsin(2u a), wherer 0and

0 a 90. 0 a 90.

State the maximum and minimum values State the maximum and minimum values
ofcosy  /2shu and the smallest of 2sin2u 3 co2u and the smallest
positive values of u for which they occur. positive values of u for which they occur.

Sketch the graph of ycosu  /2shu Sketch the graph of y &in2u 3 co2u
for0 < u< 360. for0 < u< 360.
Solve the equationsin2u 3 co2u 1

State the maximum and minimum values
forO0 < u< 360.

of
1
3 o +2snu

and the smallest positive values of u for
which they occur.

. [

The previous exercises in this chapter and in Chapter 6 have each concentrated on just one technique at a tin
However, you will often have to choose the correct technique from the many that you have met.

In this exercise you will need to select appropriate formulae and techniques.

Simplify each of the following.
2sin3ucos3u
cog3u sin?3u
cog3u sin?3u

-2 u
1 23n7

sin(lu a) cosa cos(u a) sina
3sinucosu
sh2u
23nu
co2u 2 cosu
Express
(cosx sinx)?in terms of si@x
2codx 3 sirtx in terms of co2x.

Prove that
1 oos2u

2
T sy @vu
cose@u cot2u cotu
2sirf(u 45) sin2u 1

2
% where t tanu.

tan4u

Solve the following equations.
sin(u 40) 0.7
for0 < u< 360
3cosu 5sinu 1 0
for0O < u< 360

200S U 5 1

for < u<

cog45 u) 2sin(30 u)
for 180 < u< 180
co2u 3sinu 2

forO< u< 2

couu 3sinu 2

forO < u< 360

seéu 3tanu 5 O
forO0 < u< 180



"%0S«<...E.. ' Zf %o

3 . a u™b u

“%o” ‘E...f

sn(u snucos ®s/sh

)

sn(y ) sSnucos  ©S/Sh
)
)

cos(/ cosucos fusn
cos(/ cosucos  fwush
tanu  tan
tanu  tan
tan@ ) m (U ) 90 y 270 y ees

sin2u  2sinucou
cos2u cosu sirtu
co2u 1 2siru
co2u 2cosu 1

tnoy —2BWY 45 135

1 tarfu
- " feQ
asinu bcosu rsin(u a) r & b
asinu bcosu rsin(u a)
X cosa
acosu bsinu rcoqu a)

acosu bsinu rcoqu a)

=Slo =l

sha




Further differentiation

Nothing takes place
in the world whose

meaning is not that
of some maximum or A
minimum.

Displacement
\




The exponential functioy € has the important property that its gradient at
any point is equal to the y coordinate of that point.

« dy
y € ax €

This result can be extended to functions of the fgrme™.

y e S—Z ke

You can use the chain rule to di erentiate more complicated exponential
expressions.

Di erentiatey € %

Solution
Since this is a composite function you use the chain rule to di erentiate.
u X 1,y e ¢— u
du oy y e" 2 Y .
dx " du "\
dy dy du
dx du dx \
2x¢e'
2xe’ 1 4 . X
o0 [ [ ]

To di erentiatey  Inx, you can use the fact that the inversénofis e*.
y Inx X € ¢ .

dx

dy

dy

dx

dy
dx

dx dx

>

Xl @
V' N

L]

x




/

y

In kx

W’
]

To di erentiatey

y Ink< Ink Inx
dy dInk d Inx

Inkx, where k is a constant, you can use log rules.

dx dx dx
dy 1
dy 1
dx x
dy 1
y Inx 57
dy 1

You can use the chain rule to di erentiate more complicated natural logarithmic

expressions.

In(f(9)-

Di erentiatey In

Solution

X 4x .

Since this is a composite function you use the chain rule to di erentiate.

u

du
dx

dy
dx

X2 4x,
3x* 4
dy du
du dx
3x* 4
u

3x? 4
x3  4x
y a

y Inu ¢&———

dy 1

u

du u

1\

— .

X y a

kx

To di erentiatey &, where a is any positive constant, you can use logarithms
to rearrange to make x the subject.

y &

Iny

In & ¢——
xlha¢—m7m= |
Iny 1

Tha Tha MY
1 1

ma vy &
21



So g—i ying

alnee———° X

Now that you can di erentiaty &, you can di erentiatgy ~ &* using the
chain rule.

Let y d,u kx
By the chain rule,

dy dy du

dx du dx

dy

ax a'lna k
kd* Ina

dy
y & ax kd* Ina

e

2
Solution
Using the quotient rule,
du 1 : -
u Inx ax X — | u €
X dv X
v 2 ax 2’IN2 — ¢ \
ydu av
dy VYdx Ydx «—
dx V2
> 1 nx 22
X 2
2X
1 h2mnx
X ¢ DX
2X
1 xIn2Iinx
2°x ) X
e Di erentiate the following functions. Di erentiate the following functions.
fy e*!? fy In8x
oy e fy Inx o1
Di erentiate the following functions. Yy In Ix

f y 7x f y 75x



Di erentiate the following functions.

X Inx X
, xe* , == AN
-y ry 2 ry &

For each of the following, nd the value of the
gradient of the curve at the given point.

2

e

1° at the point 0,8

fy 2x’e*atthe point1,

2X

Yy €

InVx* 1at the point 3,%

xe* is shown in Figure 9.2.
yA

Py
The graph ofy

<Y

. dy d’y
. f Flnd&andw.

. f Find the coordinates of the minimum
point, P.

. f Find the coordinates of the point of
in ection.

.f Find the coordinates of the point of

intersection of the curvgs In 4x 1 ©
andy In 2x 3. (o)

., f Find an equation for the tangent to the )
curvey In 2x 3 at this point.

f Sketch the two curves on the same axes

The graph of x  xIn x* is shown in
Figure 9.3.

(%) A

<Y

.f Describe and justify any symmetries of t' 2
graph.

. f Findf x andf x.
., f Find the coordinates of any turning points.

The curvey In 3x 2 °crosses the x-axis
at the point 8,0 .

.f Find the value of a.

. f Find an equation of the normal to the
curve at this point.

Figure 9.4 shows the curve with equation
y x* 3 Ihx 2x O

Y
2

>

><"

f
2,
f Findg—}: and%.
, f Find the coordinates of the two turning
points and use calculus to show their
nature.

Sketch the curvg i"(—x, giving the

coordinates of the turning point and the
equations of any asymptotes.

The equation for the Normal distribution is
usually given in statistics as
1 3
z) ——e?
RN
The Normal curve is thus given yy  (2)
with z on the horizontal axis and y on the

vertical axis.

.f Use calculus to prove that
.f amaximumwhenz O
,f no other turning points

,f non-stationary points of in ection
whenz 1.

. f Mark the maximum point and the points
of in ection on a sketch of the Normal
curve.

(2) has



(Y °
j
°
Tl 1_- ____________ ® eccee
sinXx COSX
L y  shx X
y X
’ y shx
X y X
7 ~Y sinx
. a
! |
! 0 7/
: L
t
Booot X 2 2 .
1 1 t £8
dy
oA
1_
| 1 | I .
! ! 0 / 2/ x
1_
! X y snx
%o X
y shx
2
= y shx x 0
x y shx .
Z
‘ y shx
' Yy COSX X

CUSX




4 N Activity 9.1 showed you that the graph of the gradient function ofsih x
resembled the graph pf cosx.You will also have found that the graph of the
gradient function of  cusx looks like the graph of  shx re ected in the
x-axis to becomg snx.

Activity 9.1 suggests the following results:

R \y shx g—icosx

y snx x 0 dy _
y ocosx g o Shx

A ,
You can prove the result fgr  sinx Q (xx h sin(x+ )

using di erentiation from rst

principles. P (X, sin x) .
The gradient of the chord PQ in \
Figure 9.7 ien X E nx

Taking the limit as the points P and
Q move closer together gives

dy . _snx h dnx

y oS Gy im T

Using the compound angle formula, _ . .
sh A B snAcosB  ®sAsnhB

sh x h snxcosh ®©sxsnh

Therefore 5 h
-
snx h snx 1 3h* oosx h« sinh cosh e

: 1
snx h snx ihshx hoos snh h cosh 1 3

- .. dy . shx h dnx .
Substituting this mtc—eR Ihlng A gives
dy . shx Zh’snx hcosx #nx
—= lim
dx ho h
dy Ih?shx hoosx
ax a0 h
Y im Lhsnx cox O
ax no 2
o sooce The result i
anx dy : ot
shx Yy COSX d_X SNX
i can also be proved using di erentiation from rst principles in a similar way.
y tanx Activity 9.2 leads to the following result:
dy se&’ X
dx dy 2

dx o
y tanx Gx  SEX




DN oicentaey  shax

Solution
Using the chain rule¢———| sin3x
du
u 3x ax 3
. dy
y shu g5 cou
dy du dy
dx dx du
dy
ax 300  300s3X

Using the chain rule as in Example 9.4 on the more general expression
y shkx gives

dy
® cccee o & k coskx.
t dy
. Similarly; coskx = ksinkx
sn f x a4 dx
) and tan kx dy k se&? kx
cos f x y dx :
_ Di erentiatey ~ x*Cosx.
Solution
Using the product rule,
2 du
u x i 2X
V  COSX dv shx
dx
dy dv . du

—_— —_ V_
dax  Ydx dx
x>shx  2xcosx

_ Di erentiate y tan X3 1.

Solution
Using the chain rule,

3

u x 1, y tanu dy

dy oy qu y tanu qu Seu
dx du dx
sa&? 3x24\

e x* 1




Di erentiate the following functions with
respect to x.

f Yy 200SX shx
,fy 58nx 300X
. fy 3tanx 2x

Di erentiate the following functions with
respect to x.

f Yy tan3x

X
Y Sn§
.,y Ccos &

Use the chain rule to di erentiate the

following functions with respect to x.
fy shx

f y etanx

. f Yy In cosx

Use the product rule to di erentiate the
following functions with respect to x.

f Yy Xtanx
fy € msx
. f Yy shXxoosx

Use the quotient rule to di erentiate the
following functions with respect to x.

snXx
Ty e

eX

X  COSX
Y Tshix

Use an appropriate method to di erentiate
each of the following functions.

f Yy Ash3x
f y ecoszx
Inx
Y tanx
Verify the following results.
fy cotx g—i COSE’X
fy sex g—i s&X tanx
dy
.Yy cosex o COSE X 0t X

Figure 9.8 shows the curye xcusx.

YA

f

<Y

-2 (0] 2

Di erentiate y

Find the gradient of the curye  xcusx
at the point wherex
Find the equation of the tangent to the

curvey  xcusx at the point where
X

Find the equation of the normal to the
curvey  xcusx at the point where
X

XCUSX.

Figure 9.9 shows the curye sSnx C0S2x.

YA

2

AN/ ANVA

Y

2
f Find &Y andd—g.
X

dx d

. f Find the coordinates of the three turning

points in the rang® < x< ,giving
your answers to 3 decimal places where
appropriate.

. f Use calculus to show the nature of these

turning points.
Find the coordinates of the two points of

in ection in the ranged < x< , giving
your answers to 3 decimal places.
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The tangent to the curvg  tan2x at the

point wherex 5 meets the y-axis at the
point A, and the x-axis at the poift. Show

that the area of triang@AB, is ( 322)2
square units.

By using di erentiation from rst principles,
prove that

dy
Yy COSX dx snXx

using the following steps.

.f Fory cosk h),write an
expression fo% as alimitash
tends to zero.

. f Use the compound angle expression for

cos A B toexpandcosx h.

O/oo'

f

f

Use your answer tof and the small-
angle approximations for sirand cohk to

rewrite your expression fc-g'jIM from
. X
. f, and simplify your answer.

Find the limit as h tends to zero.

A curve has the equatign 3x  2cosx
0< x<

2

Find the coordinates of the point on this
curve where the normal is parallel to the
linedy x Q.

The tangent to the curve at this point
meets the y-axis at the pointY. Find the
exact value of the distance OY.

All the functions you have di erentiated so far have been of the yorni x .

However, many functions, for exampi& y*

Xy, cannot be written in this

way at all. Others can look clumsy when you try to make y the subject.

An example of this is the circl@ y?

4, illustrated in Figure 9.10,

which is much more easily recognised in this form than in the equivalent

formy 4 X,

Y}

>

-2

A function which is not given in the form

Y

~

f x is called an implicit

function, and to di erentiate it you use implicit di erentiation. Implicit
di erentiation uses the chain rule to di erentiate term by term with respect
to X, using the product and quotient rules where necessary.

An example of an implicit function that you would di erentiate in this way is

3

y Xy

2.As you go through the expression di erentiating term by term, the

rst term that you need to di erentiate with respect to x fs y



Using the chain rule,

4 3
d y3 d ya‘ ﬂ y y
dx dy dx
d
3y° d—i

So to di erentiate a function of y with respect to x, you di erentiate with
respect to y and multiply bg)% Of course, this technique can be extended to
other variables.

X’ X
2y° X
z? X
S 3z 6 y
S 2x* z

dx

The equation of a curve is given ¥y xy 2.

()  Find an expression f% in terms of x and y.
(i)  Hence nd the gradient of the curve dtl .

Solution
(i) Dierentiate both sides of the equation term by term, remembering
to use the product rule to di erentiate xy.

SO 5eb) ‘0/ Xy
du
dy VoY % %
b d—XSy2 X y
dy y
dx 3y2 X
. dy 1
i) AtLl, g 35 4

As you already know, turning points occur Whgge 0.

When working with an implicit function, puttin% 0 will not usually give
values of x directly, but it will give a relationship between x awduycan then

solve this simultaneously with the equation of the curve to nd the coordinates

of the turning points.



Solution

X2

dy

2X ax

4y 4x

At the turning pointsg—?:

2x 4y O

X 2y

To nd the coordinates of the turning points, soke 4xy y°

Find the turning points on the curvé 4xy y?

axy

2y

48.

y: 48
& o
dx =
o'\.
dy
dx

48

andx 2y simultaneously.
" 4 2yy Y & e — X
3y? 48
y> 16
\ 4
X 2y so the coordinates of the turning points ai& 4 and 8, 4.

Di erentiate the following with respect to x.

NN

14

f 73 yg

Di erentiate the following with respect to x.
e

. f sn 3y 2

Cf Iny* 2

Di erentiate the following with respect to x.
foxe

., f shxoosy

XS

sny

For each of the following functions, nd an

expression focrl—y in terms of y and x.

dx

Xy Xy
feY xy? 2

. f cox osy 1

o f

9

Find the gradient of the curvg/?®

the point 0,1.

.f Find the gradient of the curve
2 3y y* x J3yatthe

5Iny at

X
point 2, 1.

., f Hence nd the equation of the tangent to
the curve at this point.

Find the equations of the tangent and

normal to the curvge® 2x*> 4 at the
point 0,2 .
Given thaty sin‘x, show tha'[d—y 1 by
’ dx cosy
dx

.f writing x siny and ndingdy

. f writing siny x and using implicit
di erentiation.
. f Show flurther thag—z can be written

as =
1 x
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Use both methods of question 8 to show tha

i dy 1

fy tanix,then=X __ = _

ify tan’x, then e

Find the coordinates of all the stationary poil s
onthe curvex® y* xy 3.

f

A curve has the equatior 6 y 4 2 f

.f By using the product rule, nd an
expression fofjl in terms of x and y.

. f Find the equation of the normal to the
curve at the point/7, 2.

, f Find the coordinates of the point where

A curve has equatioginx
O0< x<

sny 1for
,0< y<

Di erentiate the equation of the curve
with respect to x and hence nd the

coordinates of any turning points.

Find the y coordinates of the points where
x Oandx

The curvey shxis symmetrical in the
line x E

Use this to write down the equations

of two lines of symmetry of the curve

the normal meets the curve again. shx dny 1,0< x< ,0< y<
, f Sketch the curve.
E %o - Lo’
E - X X
poe a

p Shkx coskx tankx

Inx

[ € ., %O o’
dy 1
Yy In x & Y
«  dy
y € ax ©
dy .
y & x & Ina
. dy
fy shnx G COosX
COSX ﬂ snx
y dx
dy 2
y tanx ax SEX
:t Ld ] —

dy

d d
&f(Y) d_yf(y) ax




The mathematical
process has a reality and
virtue in itself, and once
discovered it constitutes
a new and independent
factor.

Integration



Integration is the inverse of di erentiation; that is

dyn an
d—Xxynlq n 1

where c is an arbitrary constant.

Inde nite integration results in a function of x together with an arbitrary
constant. The notation used is

an

le

De nite integration involves limits on the integral sign which are substituted
into the integrated function, giving a number as the answer:

x" dx

o "' ogtodr
aX dx n 161 n 1" n 1
_ Find the following integrals.
() x%dx (il X7 dx
Solution
. 2 X3
(1) X< dx T Ce——o y
X2’
, 5
(i) X< dx 5 i
¥ 0
3 3
9&——

Sometimes you may need to rewrite an expression before you can integrate it, as
in the next example.



2
Find &2 gx.
X

Solution
2 2
[y 41) dx LS S 24X 1dx
X

x? 2x® x* dke—|. X.
X1t X
1 2 3 -
1 1 1
X x 33 °

De nite integration can be used to nd areas bounded by a curve and the x-axis.

_ 0] Sketch the curvg x> 5x 4, and shade the region bounded by

the curve, the x-axis, and the lines 2andx 5.
(i)  Find the area of the shaded region.

When integrating Solution

to nd an area,

you must be i) y x 5 4
careful if some of the (x> 5x 4)
area is below the-axis. x DX 4)

The graph crosses the coordinate axes at (1, 0), (4, 0) and (0, 4).
Since the coe cient of X is negative, the graph is shaped.

. YA
_P

Xe

(e}
N
S
><"

When integrating to find
the area, this part of the
integral will come out as
negative, because it is
below the X-axis.

o>




o Be particularly
careful if you

(i)  Area above the x-axis

4
are using the , X7 5x 4 dx
Integration command 3 ) 4
X 5X
on your calculator. 3T 4x
Enter the area above 2
and below the axes 4_; 5 242 4 4 2_; S 222 4 24
separately.
10
e 3
Area below the x-axis
55 o
, X 5x 4 dx
x®  5x? °
&5 5 4
3 2 A
3 2 3 2
% 5 25 4 5 % 5 24 4 4
%;
Xe o
11 T
6

iopl0 11 31
Total area of shaded regionz’ ¥ g

The functiong—EZ is the gradient function of a curve, and integrating it gives the

equation of a family of curves.

A curve has gradient functiogu)% C.

2
—, X
N
. dy .
0] Integrate& to nd an expression fory.
(i)  Sketch three members of the family of solution curves.

(i)  Find the equation of the particular curve that passes through the
point (1, 3).



dy n an
1 ax X Y n—1 &N ]
> 4x2 ¢ 1 1
o n 1 i 1 i

(i)  Figure 10.2 shows three members of the family of solution curves.

YA y=4 x+2

(i) Whenx 1y 3,s0 ¢
3 41 e -

— c 3 4 1
Therefore the particular equatioryis 4vx 1.

Integrate the following functions with respect Integrate the following functions with respect

to x. to X.
€, 12)(7 €, 4X2 | £, 2\/; £, % £, 3X2\/;
4 8 X
€. X X X _ o Evaluate the following de nite integrals.
Evaluate the following de nite integrals. 4 q
253 3 .3 €, = 24/x o
€, 12x ax e, o XX 2 ox X
1 y4 2

e " X 1 c. ;
T3y

2



A curve has gradient functi(%}é 2x 1

¢, Find the general equation of the family of
solution curves.

¢, Sketch three members of the family of
solution curves.

€ , Find the equation of the particular curve
that passes through the
point 2,7.

A curve has gradient functifg¥ is
X
and passes through the

1
NiS

point with coordinatesl, 2 .Find the
equation of the curve.

Find the following inde nite integrals.

2 4
1 mtﬁdt

£, yydye,

f x 3x* 4x landf O 4. Find
f x.
2

Sketch the curvg x° x 2,and
nd the area bounded by the curve and
the x-axis.

You can estimate the area under a curve by dividing it up into rectangular strips.

Sketch the curvg  2x* 3 1,and

nd the area bounded by the curve and

the x-axis.

e, Factorisex® 3x* x &

¢, Sketchthecurvg x* 3x?> x &
and shade the two regions bounded by
the curve and the-axis.

¢ , Find the total area of the shaded
regions.

A curve has equation /x, x > C.

¢, Find the equation of the normal to the
curve at the point A, wherg 1.

¢, The normal ine, meets the saxis at
point B. Find the coordinates of B.

€, Show on the same sketch the curve and
the normal, and mark points A and B on
your sketch.

¢, Find the area bounded by the curve, the
x-axis and the line segment AB.

For example, the area under the cuyve 16 x?betweenx 0Qandx 4is

shown on Figure 10.3.

YA

8



Its area is approximately equal to the total area of the four rectangles in
Figure 10.4.

YA

><"

. oof

The height of each of the rectangles can be found by substituting the
appropriate x value into the equation of the curve. For example, when
x 0y 16 0° 16

So the area under the curve is approximately equal to
1 16 1 15 1 12 1 7 50square units.

This method can be generalised, as illustrated in Figures 10.5 and 10.6. Each
strip has height y and thickness dx and so its area is giv&n by  dx.
The total area of the region is thus given by

dA y dx.
All grips Al strps
YA /
A A
y =f(x)
/ y|| A
o Y
6) a b X -
Ix

For any given region, the greater the number of strips the thinner they become
and the more accurate will be the estimate.You can keep on increasing the
number of strips, approaching the situation where there is an in nite number of
in nitesimally thin strips and the area is exact.

In this limiting situation dx is written as dx and the symbol is replaced by the
integral sign,.



y X
X
y
y X
X

This can be written formally as
x b
Area dIim0 ydx .
X a

x b
The de nite integral bydx is de ned asdlim0 ydx .

So far you have calculated areas between curves and the x-axis.You can also use
integration to calculate the area between a curve and the y-axis.

Figure 10.7 shows the area between theylinex’, the yaxis and the ling 4.

YA

Y

Instead of strips of width dx and heighygu now sum strips of width dy and
length x (see Figure 10.8).

YA

N

<>
o g
y 4
The shaded area can be Writterdliag xdy ,which is equal to the integral
4 y 0

xdy.

0

To carry out the integration, you need to express x in terms of y. In this case,

y X X Y2



Xe

y'

So the shaded area :xdy
4 %d
.Y ay

2y% !
3 0

23
2 4 o0

1% square units

¥

In the review section at the beginning of this chapter, you were reminded how to
use integration to nd the areas of regions between curves anéuiig xcluding
regions below the-axis, and of regions partly above and partly below-theésx

These ideas will now be extended to nd the area between two curves.

-

(ii)

Find the points of intersection of the lige x 1 and the curve
y x 1%
Sketch the line and the curve on the same axes.

(i)  Find the area under the liye  x 1 between thex values found in (i).
(iv) Find the area under the curye  x 1% between thex values
found in (i).
(v)  Find the di erence between your answer to (iii) and your answer to (iv).
What area does this represent? Shade the region on your sketch.
Solution
M x 1 x* 2 1«4
x> 3 0
xx 3 0
X 0,x 3
Whenx 0,y 1

(ii)

Whenx 3y 4.
The line and the curve intersect at the points (0, 1) and (3, 4).




3 x2
(iii) . X 1 dx 5 X —

The area under the Iine1§ square units ¢—

. 3 2
(iv) ., X 2x 1ldx T X X

27 9 3 0 ¢——

The area under the curve is 3 square units.

(v)  The di erence between these two area% gguare units.
This is the area of the region enclosed by the line and the

curve, as shaded in Figure 10.10.

Region enclosed
by line and curve.

<Y

Instead of integrating each equation separately and then subtracting to nd the
area enclosed, it is usually more e cient to subtract the equations of the two

curves rst and then integrate.
Area of region enclosed
b
equatia of top curve - equatia of bottom curve dx
a

whereaand bare the xcoordinates of the points of intersection of the two curves.



(i) Find the points of intersection of the cuwe x* 4x  Zand the
curvey 3 4x Xx-

(i) Sketch the curves on the same axes, shading the area enclosed by the
two curves.

(i) Find the area of the shaded region.

Solution
() x* 4x 3 3 4x x*&——
2x> 8 0
2xx 4 O
X 0,x 4
X
Whenx 0y 3. y
Whenx 4,y 3.

The points of intersection are (0, 3) and (4, 3).

(ii) v)

0, 3) (4, 3)

]
x

ol A

(iir) Area of shaded region

4
. equatia of top curve - equatia of bottom curve dx

4
3 4x x* x® 4x 3 dXx¢—

2
4 & =3 =3

64
o5

The area enclosed between the curvé§ Equare units.



In Example 10.6, notice that part of the shaded area is below the x-axis.
However, the function that you are integrating (which is the distance between
the blue curve and the red curve) is always positive, so you do not need to split
the calculation up into di erent parts.

Figure 10.12 shows the lie 2 and the Figure 10.13 shows the region between the
curvey x°> 1, which intersect at liney 3x 1 the y-axis and the ling 7.
the pointy 1, 2) and(}, 2).

YA _

y=3x+1
;
\ YA /
> 1
-1 o 1 X

o g

L] o0 €

Find the area of the region enclosed by the
line and the curve. €, Show that the area of the shaded region

can be written asj%(y 1) dy.
¢, Evaluate this integral to nd the area.

¢ , Find the area of the shaded region using
the formula for the area of a triangle, and
check that this is the same answer as for
parte .



€, Find the points of intersection of the

curvey x’andthe liney 9.

€, Sketch the curve and the line on the
same axes.

¢ , Find the area bounded by the curve anc
the line.

¢, Find the points of intersection of the

curvebx x? and the lingy 5.

¢, Sketch the curve and the line on the
same axes.

¢ , Find the area bounded by the curve anc
the line.

€, Find the points of intersection of the
curvey 4x x”andthelingy x.

€, Sketch the curve and the line on the
same axes.

¢ , Find the area bounded by the curve anc
the line.

Figure 10.14 shows the curye x*> 1

and the liney 3, which intersect at the

points ( 2, 3) and (2, 3).

YA

(=2.3)

hS)

% 5

. uf

¢, Find the areas of the regions labelled A, 3
and C.

¢ . Deduce the area between the lineandt 2

curve.
¢ , Explain why the area between the line

and the curve is given byzz(4 x?)dx.

¢, Evaluate this integral and verify that yot
answer is the same as thatfor

Find the area of the region bounded by the
curvey +/x 1, the y-axis, the x-axis and
the liney 2.

YA

€, Find the points of intersection of
the curvey x* 4x and the line

y 3 2x

¢, Sketch the curve and the line on the
same axes.

¢ , Find the area bounded by the curve and
the line.

Figure 10.16 shows the curwes x*and
y 8 X% which intersect at the points
(2,4) and( 2 4).

Y)

2,4

/ -2 o

Find the area enclosed by the two curves.

¢, Find the points of intersection of the
curvesy x° 3andy 5 X.
¢, Sketch the two curves on the same axes.

¢ , Find the area bounded by the two curves.



OO

®

Find the area of the region enclosed by the

curvey  x* landthecurvgg — 2x°

Find the area of the region enclosed by the

curvey x> 1€andthe curvgg 4x x>

Sketch the curve with equation x® 1

and theliney 4x 1,and nd the total area
of the two regions enclosed by the line and t
curve.

The curvey 3x x? meets the line
y 6 2xatthe points P and Q.

¢, Sketch the curve and the line on the san
axes.

v

Find the exact length of the straight line P

¢ , Find the area enclosed by the line and tl
curve.

Figure 10.17 shows the curye 4 3x x°

The area under the curve between x 0 and

X 4 is to be estimated.

YA

y=4+3x-%

Y

-2 (0] 2

-2

€, Aninitial estimate is made using the two

rectangular strips in the diagram. Find the

total area of the two rectangles.

¢, Looking at the diagram, can you say
whether the area from, is smaller
or larger than the true area? Or is it
impossible to say?
Explain your answer.

¢ , Find an approximation for the area under
the curve between x 0 and x 4 using
four rectangular strips.

¢, Find an approximation for the area using
eight rectangular strips.

€, Use integration to nd an exact value for
the area, and comment on your answer.

Figure 10.18 shows the curyes (x 2)?
andy 4 4x x°

YA
T
A y=(x—2§
4
y=4+4x-%
c/é >
/ o 2 4\ x

Samir wants to nd the approximate area of

the region enclosed by the two curves. Samir

has divided the region into 8 rectangular strips

as shown in Figure 10.19; the rst one has zero

height and so is a straight line.

€, Find the total area of the 8 strips shown in
the diagram.

¢, Repeat the process using 16 strips.

¢ , Find the exact area of the region by
integration.

¢, Comment on your results.

The area enclosed by the cugve 10x  x?
andthe curvgg x> 3x 4lies partially
above and partially below the x-axis.

Find the ratio of the area above the x-axis to

the area below the x-axis.



€
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Suppose you want to nd 5x 1 %dx.

One approach is to start by expanding the brackets and then integrate term by
term, but this is time consuming. A more e cient approach is to use the method
of integration by substitution.

Because you already know how to integratédu, you can use the substitution
1to transform the integral into one that you can do.This approach is
shown in Example 10.7.

u 5Sx

() Find 5x 1°%dx.
(i)  Check your answer by di erentiation.
Solution .
(1) Use the substitution 5x l¢——— X
First use this substitution to replace dx. u
N du
»u 5x 1 A 5
du 1
ax 5 dx £du
Note that% is not really a fraction, but it is usual to treat it like
one in this situation in order to nd what to substitute for dx.
5x  1%dx 5 1° Ldu T
X
%u3du — u
Aut c < .
) F5x 1 ¢
(i)  Todierentiate & 5x 1° you use the chain rulgs% % %

y 4 5x 1°

du
u 5x 1 i
d
y H' G
dy 1.3
5x 1°

So the integral found in (i) is correct.



[, . A (ax b) 1S

. 1 You have probably noticed that you can integrate any function of the type
ax b"by using the substitutiam & b.With experience and practice,
you may feel no need to write down all the working, and you may be able
to go straight to the answer.This process is sometimes called recognition
or inspection. Remember that you can always check your answer by

di erentiation.

You will see shortly that recognition is possible for other types of integral.
However, if you are in doubt you should use the substitution method.

-€,€f

. ax b"dx

_ Evaluate the following de nite integral, giving your answer to 2 decimal places.

1 2
l2x 1°dx

Solution

4 2 3
12x 1° dx ﬁZX 1 —

T
$1° § 37 ¢
4.67(2 d.p.)
IS t

The method of integration by substitution can be used to integrate many other
types of function as well as those of the forrm b ".With experience, you
will be able to see how to choose a suitable substitution to use.



()  Usethe substitution x2 3to nd x x> 3 dx.

(i)  Use di erentiation to check your answer.

Solution
0] First use the given substitution to replace dx.
2 du
u x> 5 ax 2X
du 1
d—X 2X dx gdu N

%usdm—Jr
X

1,6

: oo e u.
» 5 3° ¢
i)  Todierentiate 4 x* 3°,use the chai %ﬂ%.
(i) o di erentiate 15 x° 3 ,use the chainru U o
u x* 3 % 2X

dy
y He g 3

So the integral found in (i) is correct.

Integration of this ‘reverse chain rule’ type can always be dsone by using the
appropriate substitution. Notice that in Example 10.9> 3~ can be written

asi 2x x* 3 °,and that 2x is the derivativexf 3. Any function of

the formk f (x) f(x) ", where k is a constant, can be integrated using the
substitutioru  f(x).

Alternatively, as you become more familiar with this type of integration, you

may nd that you are able to do it by recognition, by seeing what function
would di erentiate to the given one by using the chain rule.

, S %
When doing de nite integration by substitution, you must remember that the

limits you are given are values of x.When you rewrite the integral in terms of
the variable u, you must also replace the limits with values of u.



Use an appropriate substitution to evalluazt;ez\/x3 1 dx.
0

Solution
2
Use the substitution x* 1.¢——o X 1
3 du 2
u x 1 o 3x
du 2 1
& 3x dx ydu
OZXZ\/Xs 1 dx xozxzx/xg’ 1 3—)1(2du<_ dx
X 3
2\/x3 1duv\
x 0
<:Whenx O,u 1 E X .
Whenx 2,u 9. u
X 2 / 3
X3 1du 9% du
x 0 1
o3
u
1§du
3 9
u2 . .
3 3 u
1
3 9
a2
9
1
2 27 2 1
9 9 ¢“—u
52
g u

An alternative method for de nite integration by substitution involves leaving
the limits as x values, and instead rewriting the integrated function in terms of x
before substituting in the limits.

' s

L€ £f
- t “%0 “%o
x2x3 1 dx X
- Ozxzx/x3 1 ox f

o %0 "%o




¢, Use the substitution x 7 .

: . d 1
to nd x 7°%dx A curve has gradient functlca% N

€, Use the substitution 2x 7 and passes through the poid2+/3 .
tond 2x 7%x Find the equation of the curve.
€ ., Use the substitution  5x 7 Find the area of the shaded region in Figure 10.20

to nd 5x 7%x
Check your answers by di erentiation.
Integrate the following functions.

e, by treating it as an area between the line
y 2andthecurvgy x 1
e, by treating it as an area between the curve

9 3
e, X 2 €, 2x 3 y +/x 1and the y-axis.
e, 1 6x°
Check your answers by di erentiation. YA

Evaluate the following de nite integrals.

y=Ax+1
1 4 2
€, . 2x  17dx :
3 3 /, :
€, 4 x> dx : >
1 (@] 3 X

1 3
€, . 1 3 “dx
Figure 10.19 shows the curye 3x 1° o g

YA

2
s Evaluate x2 x* 4 dx using the

y=@3x-1§ substitutioru  x* 4.

Integrate the following functions using either
recognition or a suitable substitution.

0
_ X
. C x?
Using a suitable substitution, or otherwise, nd
the exact value of the following:

. oo

Find the area of the region bounded by the 12
curve, the x-axis, and the lings 0.6 and 09 3?2 o
x 1
Integrate the following functions. ® €, Expanc()%x 1)* and hence nd
1 O (2x  1ydx.
e vx 3 €3 12 O e, Find (2x 1)'dx using substitution or
. 1 recognition.
v2x 1 _ o ¢ . Show that the coe cients of each power
Check your answers by di erentiation. of x are the same in the answers to parts
ande .,

¢, Comment on the constant terms in the
two answers.



X ¢, Explain from the equation why y is

Figure 10.21 shows the curye .
Jx2 unde ned for 1< x< 1
€, Explain from the equation why

y

3“ the value of y cannot be between 1
and 1.

2 ¢ , Find the exact value of the area of the

region bounded by the curve, the x-axis
and the linex 3 andx 2.

Y

-3 =2 -1 O 1 2 3
-1

-2

-3

. oo€
E )
f -
€
< Z,
f P
-€ Ef
€ . X
< X
shx CUSX anx
e . .
cosx X shx dx se&?x dx
T X
sin4x cos X tan 5x
foo .
cos 4 dx sin5x dx se&? 5 dx

The results from Activity 10.3 can be generalised to the following standard
results, where k and c are constants.

sikx dx %coskx c
coskx &k %shkx c

se&?kxdx  Ltankx




_ Find the following inde nite integrals.

()  sh2xdx
(ii) se&” 3 dx

Solution
() sh2xdx loos2x ce—— < 7

(i) se?3xdx Lltan3x ¢ .
3
'\ y  tanx ay -

When doing de nite integration with trigonometric functions, it is important to
remember that the limits are always in radians, not degrees.

Evaluate sh X dx.
0 2

Solution

X 1 X
Sn§ dx gcosi “—

0

2003% —

0

20085 2080 ¢— ¢t

(2 0 (2 1
2

V4 -
Sometimes you can use a trigonometric identity to rewrite an integral in a form
that makes it easy to integrate.



B L

c-€ JEf o Solution )
2 2
' tan’xdx  (s&’x  Ddx o sEx 1 tax
X tanx x ¢ secx
e e3x 4+ tanx
€ -
%o...
y The results from Activity 10.5 can be generalised to the following standard result,
e & wherek andcare constants.
3X
e o ekx ax %ekx c
B .
Solution

e %ezx ce—<f

T %o0...

N«

— Use the substitution  cusxto nd  shx oo x dx.

Solution
Use the substitution  cusx.
du : 1 dx
ax shx dx mdu

shx o x dx SN X oS X Shx




Notice that in Example 10.15, sinis the derivative of casso you can think of
shxoos x as

a constant the derivative of cos a function of cox.
This shows you that the substitution u cosill be helpful.

This integral is of the ‘reverse chain rule’ type; di erentiating the answer directly
by the chain rule gives the original function. Integrals of this form can be found
by using substitution as shown in Example 10.15. Alternatively, as you become

more familiar with this type of integration, you may be able to do them by
recognition.

In the next example, the expression to be integrated follows a similar pattern.

2 nx .
Evaluate . cosx €™ dx. x | X Snx
sinx
u Ssinx
Solution

Use the substitution shx.

du 1

& COSX & m du

2 nx
Ecosxe" dx . CosX

When x 5 U sn

When x 5, U SN 5 1.

“€,Ef o

f x € dx

f x fx "dx




Find sin2x dx ?

Integrate the following functions with respect

to x.

e, e ¢ &¥° e, g

Integrate the following functions with respect
to x.

e, Sh6x

e Cos X 1
e Sl 3x

Integrate the following functions with respect
to x.

e COSX #X

e € e
e 3snx &
Evaluate the following de nite integrals, giving
your answers in exact form.

X

i
€, Osee:zxolx
€ 2

' o 1 oosx dx
€. Oze%xdx

Find the following integrals using the given
substitution.

e, xe“%Kk u x* 3

¢, Find the coordinates of the turning points
of the curve, leaving your answers in terms
of e, and verify their nature.

¢, Find the area of the region bounded
by the curve, the x-axis, and the lines
X landx 1. Give your answer to 3
signi cant gures.

Using either a suitable substitution or

recognition, nd the following integrals.

€, snx € dx
e & & 5
Figure 10.23 shows the curye xe*.

Y

¢, Find the coordinates of the points of
intersection of the straight liye  3x
and the curvey  xe*.

¢, Find the total area of the regions bounded

by the curve and the line.

O €, Use the double angle formula to express
e, snxoo$xdx,u cosx o cos’x in terms ofcos X.
Figure 10.22 shows the curye xe 2. O ¢, Hence nd cosx k.
y = xe¥ ¢ . Use a similar approach to ndsn®x dx.
T/\ e, Showthatsh’x snx shxcosx.
- e, Hence nd sin’k dx.
\/‘ [e) X
L] lI€€
4 )
IN2x In5x 1N 9x X
1
X dx,x O
NG X J




In these discussion points, you have Y,

seen that 1 dx Inx cforx G,
where the restrictionta 0 is
because logarithms are unde ned for
negative numbers.

In Figure 10.24, region A is bounded
by the curvey % and thex-axis

betweenx k andx d.

The area of region A is clearly a
real area, and it must be possible to
evaluate it. Region A is below the
x-axis, and therefore the result by
integration will be negative.

It looks as though the area of region*A **€f
is the same as that of region B. Here is

a proof that this is indeed the case.

Area of region A :% dx. ¢—
Substitutingy ~ x: xe

X b u b
X a u a
du
Area of region A biu du
aj
badu
Ina Inb
Inb In¢

area of region B.

Therefore the restriction that 0 may be dropped and the modulus sign

introduced, so that the integral is written

1
de In|x c
) 71
Find the exact value of dx.
54 X
Solution f
71 1
54 XdX 54 XdX‘— * u 4 x
Inj4 x|
In| 3| In 1
In3 In1 f
In3 ¢




tt

f S

When the result of integration is in the form of natural logarithms, it is often
helpful to have the arbitrary constant written as a natural logarithm as well,

¢ Ink,wherek 0.The rules of logarithms then allow you to write the
integral as a single term, as shown below.
ldx Injx] c
" In|% Ink
k 0 Nl K« loga logb logab
¢ In(x| | K —
c .k 0k
Ik, k 0 Inflot A
\ : The result above then becomes
Lax  Injky K 0
f x
- X dx
L ] g
Find sdx,1 x* G
X
Solution
Use the substitution 1 x>
du 2 1
ax 3Xx ax 3 du
x2 X2 1
1 x° o 1 x° 3x2du
L 5 du
31 x
1
mdu
1 1
3 adu
iinly ¢
int x3 ¢



The integral in Example 10.18 is of the ‘reverse chain rule’ type. It can be written

X 1 3x?
1 X3 dx 3 1 X3 dx

f x
and so is of the formﬁ dx because 3x? is the derivative df  x°.

Integrals of this form can be found by using the substitutiori X .

Alternatively, the integral can be found by recognition using

T X 4 mlfx| c
f x
. f 2
& Many integrals leading to natural logarithmic functions need rst to be
<

expressed in suitable form, for example using partial fractions.

. x 1 . . .
s—> = )
0] Expres 3 x 1 in partial fractions
. . x 1

(i)  Express your answer to (ii) as a single logarithm.

Solution
. X 1 A B
(i) Let X 3x 1 x 3 x 1
x 1 Ax 1 Bx 3
X 3 x 1 X 3 x 1
Then x 1 Ax 1 Bx 34— *F
Substitutingg
2B 2 B 1
Substitutingx :
2A 4 A 2 i
x 1 2 1 0}
SO Y 3x 1T X 3 x 1 /
. X 1 2 1
M TEex1® x3x1® - c

Ink

2In|x 3| In|x 1| ¢
@ii) 2Injx 3 Inx 1] ¢ 2Inx 3] Inx 1 Ink

x 32 Inx" 3% Inx 1 Ink
kx 37 ¢
In Tx 11 —




T It
. X 3

22 dx

Find w12 9%

Solution
X 3 A B .
Ax 1 B
x 1°2

Then x 3 Ax 1 B
Substitutingx 1:

2 B
Comparing coe cients oi:
1 A
X 3 1 2
S0 x 12 x 1 x 1°
X 3 1 2
12 dx 1 12 dx

Infx 1] 2 x 1*' ¢
| G
2_ ¢

x 1

In|x 1]

O

-€,€f
o ¥ A%oz%o
X 3 x 1 2

X
x 12 x 1°? X




] 1

X 3 243
Showthat ;%7 x 1 & 51,
Solution
X 3 A B |
Let X 2 x 1 X 2 x 1°
Ax 1 Bx 2
X 2 x 1
Then: x 3 Ax 1 Bx 2
Substituting x

2
5 A A 5
Substituting x 1

4 B

X 3 5 4
S0 X 2 x 1 X 2 x 1
! X 3 1 5 4
o X 2 X 1dx 0 2x1dx

Sinjx 2| 4hnjx 1 .

5In3 4In2 5Ih2 4Inl

In243 In16 IN32 0 ¢—

|n 2;43
512 ¢—

Integrate the following functions with respect Use the substitutiom 2 x2 to nd

to x,wherex (Qin each case. 0 2% .
> dx, giving your answer as a
2 1 1 12 X
X 2X 2x 7 single logarithm.
Find the following integrals. Find the following integrals.
1 1
x4 & 2 x & SN X dx
1 x> 4 2 X
w7 &

Evaluate each of the following, giving your
Evaluate each of the following, giving your answer as a single logarithm.
answer as a single logarithm.

2 x? o 2x3

6 l2dX c_d dx X de 11 X4dx
X
? ol Find the following integrals.
12

[0)% 1 1
03 X T oex 2% g o®

Use the substitutiom x* 1to nd 3% 3

_2X g x Dx
X 1



»

Evaluate the following de nite integrals, givin
your answers in exact form.

1 1 d
£ o Dx 3y
4 < 2

dx

2(x  *(2x 3

2 Bx 1
o(x 2@2x I

dx

OO0

Sketch the curvey % 1 for positive

values of x, showing clearly on your sketch a vy
asymptotes to the curve. Find, in exact form,
the area of the region enclosed by the curve|
the x-axis and the lines 1 andx 3,and
indicate this region on your sketch.

Given thaty ﬁ

€, write down the equations of the
asymptotes of the curve

€, sketch the curve

€ . nd the exact value of the area bounded

by the curve, the x-axis and the lines
X 2 and x 1.

€, Express— in partial

1 )0 2)

fractions.

01

) 3 )
¢, Find o T 0T ) dx to 5 decimal

places.

Figure 10.25 shows the curye : exé.

. '-€

€, Write down the coordinates of the point
where the curve crosses the y-axis.

¢, Describe the behaviour of y &s
and ax

¢ , Find the area of the region bounded by
the curve, the coordinate axes and the lif 2
X 1, giving your answer to 3 signi cant
gures.

Find the following integrals.

€, 11dx €, 2X dx

X 1
2
X
dx
N

Figure 10.26 shows the curye % ,

O< x< 2.

y
M __sinx
/\y 2 +c0s X
© P\/

¢, Find the coordinates of the point M
and use calculus to verify that it is a
maximum point.

€, The area under the curve between
x Oandx can be approximated by
the area of the triangle OMP.

Find this area and explain why this will
give an underestimate.

¢ , Hence estimate the total area of the
region bounded by the curve and the
x-axis for0 < x< 2.

¢, Find the exact value of the total area
bounded by the curve and tlkeaxis and
compare this with your answer 0.

e, Find —= dx

Selena trles to evaluate — dx. Her work is
shown here.

Selena says, ‘This cannot be right beca%:se
is positive for all values of x.

¢, Sketch the curvey iz and explain

why Selena’s answer cannot represent the
area under the curve between x 4 and
X 2.

€, lIs it possible to evaluate this area? Explain
your answer.

¢, Selena has broken a general rule for
de nite integration. State this rule in your
own words.
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You already know how to use integration by substitution in cases where the process

is the reverse of the chain rule, and the integration can alternatively be done by
recognition. However, the method of substitution is used for other cases as well.

: X
Suppose you want to mtegra%(—].
The numerator is not the derivative of the denominator, and therefore the

integral is not of the form ff—))(( dx, and cannot be done by recognition.

However it can still be integrated by using the substitutionr2x 1.
First use the substitution to replace dx, in the normal way.
U 2 & Ldu

dx
_X X 1
x 1% % 1 WM .
2 2% 1
2x 1 u x Tl —
2x 1 X
o / u
1 X 1 2 X
3 7% 1du 3 0 du
u 1
Tdu

1 %duA/

u Injy o
Finally you must remember to write your nal answer in terms.of

X 1 1
o 1 72 1 zh|2x 1 ¢

Nk Nk NP

By using a suitable substitution, ndk+/x 2 dx.

Solution
Letu x 2. 4 "f
d u x 2
u
& 1 dx du
u x 2 X U 2
XJX 2 dx XVX 2 due—o dx  du
u 2<Judu
3 1
uz 2u? du
5 3
AT T
2y 23 4x 2% ¢
5 3 X




w0 T

-

O

“g,€f

T %77
2 3
2x 22x 4 ¢

O

-€,€f

X2 X dx

Find the following integrals using the given

substitution.
2

€, 1 dx,u x 1

e, XJ2x 1ldx,u 2x 1
Evaluate the following de nite integrals using
the given substitution.

3. X

€, ———=dx,u x 1
2 x 1

€, 116x3x 1%dx,u 3x 1

For each of the following functions

€, write down a suitable substitution to use
to integrate the function with respect to :

€, integrate the function.

X
€, \/ﬁ €, bxdx 4

X

fox 1
A curve has gradient function
dy 4 1
dx 2x T 2

€, Use the substitutiom 2x 1to nd
the general equation of the family of
solution curves.

¢, Find the equation of the particular curve
forwhichy 3 In5whenx 2

Figure 10.27 shows the cunyve 17

e, The curve has a vertical asymptote at
x  a.Write down the value of a.

€, Find the coordinates of the turning point
of the curve and determine its nature.

¢ , Find the area of the region bounded by
the curve, the x-axis and the line 1.

Find the integral InTx 1 Inx dx using the

substitutionu 1 Inx.

Figure 10.28 shows the curye —=
Ix 3
yT
o, x
m y_3¥X+3)

e, The curve has a vertical asymptote at
X k.Write down the value ok.

. oo€



€. Find the coordinates of the turning poinis e Use the substitutiog  2tanu to show

of the curve, giving thg coordinate to o
3 signi cant gures, and determine its

that —L— dx can be written as 3 du.
4 X

nature. ¢, Hence nd the exact value of
¢ , Find, to 3 signi cant gures, the area of 2 1
the region bounded by the curve, the 04 X2 dx.

x-axis and the lin 2.

The curve with gradient function

¢, Use the substitutiox 3s$nu to show

1 .
that ——==dx can be written asldu.
8_32 X 2x 142x 1 passes through the J9 X2
point 0,%% . €, Hence nd the exact value of
3
Find the equation of the curve. 21 g
°4J9 x?

Using the substitution

0

3 signi cant gures.

(0

-€€f

X COSX
Xshnx dx

X er

2xe” dx

1 s3snx, evaluate

“sin 2x/1  snx dx, giving your answer to
01

iS ...

Suppose you want to integrate the functiorosx . The function to be integrated is
clearly a product of two simpler functiongnd cosx , so your rst thought may be

to look for a substitution to enable you to perform the integration. However, there are
some functions which are products but which cannot be integrated by substitution.
This is one of them. You need a new technique to integrate such functions.

The technique of integration by parts is based on the reverse of the product

rule. You can see from the working below that in the casexafosx dk, you
can start by di erentiating shx.

Di erentiate the functionxsinx by the product rule:

M X COSX m X
_ dx _ _ . d xsnx
Now integrate both sides with respecixto ¢—— dx
. . E
X SN X X 00SX dx sn xdx

Rearranging this gives
XCOosX tk  XshX gn x dx

XSNX ©00SX C

The method above of reversing the product rule and rearranging, can be generalised
into the method of integration by parts, which can be used even when you are not
told the function to di erentiate (as you were in Example 10.22 and in Activity 10.10).

. 1S ...
Using the product rule to di erentiate the functiom:

d uv dv . du
dx Yax Vi
Integrating both sides:

dv du
uv Uk dx Vix dx



Rearranging gives
dv du
U dx w Vax dx
This is the formula you use when you need to integrate by parts.
To integratex cosx using this formula, you split it into the two functiors,

andcosx.To t the formula, you call one of these functiomand the othel‘ﬂ.
When deciding which is which, you should consider the following.

o To work out the right-hand side of the formula, you need to wnd

Therefore, you must be able to integr%(é
o When you apply the formula, you will need to be able to integrate the
functioanU.Thereforeu should be a function which becomes simpler

X
when you di erentiate.

BN .

Solution
X
du
u x —— 1 ¢ e
dv > ¢
av o u X
x € v €&
Substituting into uﬂ dx w v% dx gives
dx dx
xe“ dx  xe € dx
xe €& c
X sihx dx u shx,g—;(/ X
dv
o u -
" dx
f .
D o oo
Solution
You are not able to integrate x, so you cannot make th%%.
05 : u X Thereforelnx must beu.
e du 1
u Inx e
dv x2
x X VvV 7z

Inx

Inx




Substituting into u@ dx uv v@ dx gives

dx dx
xInx dx X—22Inx X72 %dx
x2I2nx lzdx
2 2
X I2nx XT .

n® 1S ...

When you use the method of integration by parts on a de nite integral, you
must remember that the terov has already been integrated, and so should be
written in square brackets with limits, and evaluated accordingly.

b dv b Pbodu
au&dx w, av&dx

2
Evaluate xe * dx.
0

Solution
du
u x ax 1
dv X X
d_X e Vv e
Lo . b dy . b du :
Substituting mtoau& dx uw, Vax dx gives
2 2 2
xe * dx xe * e* dx
0 0 0
2 2
xe * e” dx
0 o
X 2 X 2
xe’* e’
2¢?2 0 e? 1
1 2
Z 1S ...

Sometimes it is necessary to use integration by parts twice (or more) to integrate
a function successfully.



Find x%€* ox.
Solution .
2 du )

u x ax 2X < u

dv X

d_X (<] V 2)

o dv du :
Substituting into u&dx w v&dx gives

x%e dx  x% 2e* dx

To nd 2x€dx use integration by parts again:

u o2x QU 5

dx
% e v €
. . . dV du .
Substituting into ug X w v dxgives

2xgdx  2xe* X" dx
2xeg" 2€° ¢
So Xk x% Xx€ ¥ ¢

x’e¢ Xx& 2 ¢

7 1S ... In X

At rst glance, you would think that you cannot integréteex by parts because
it is not the product of two functions. However, by writifigx as the product
of 1 andInx, you can still use this method.

Inx dx 1 Inxdx
du 1 . Inx
u Inx = Z — f u
dx x dv
dv o
o 1L vVooX dx

N . dv du .
Substituting into Uk dx w Vix dx gives

Inxdx XxInx X %dx

xInx 1 dx

xInx X ¢



Find xcos2dx by using the integration b’
parts formula,

dv du
Uy dx uwv Vax dx,
with u X and% CcosS X. .

Evaluate 11 2x 1 € dx by using the

integration by parts formula,

b dv b P du
aud—xdx w avd—xdx,

dv X

withu 2x landd—X €,

Use integration by parts to integrate the
following functions with respect to.

€,

xe* e, xIn3x

Evaluate the following de nite integrals.

€,

€,

1
0xexdx

. X 1 snxdx

Find 2x x 24dx

€,
€,

by using integration by parts
by using the substitution x 2. .

Figure 10.29 shows the curye 2 x e”.

Yy

o

OO0

o-€

Find the coordinates of the points where
the graphofy 2 x e” cutsthe x
and y-axes.

Use integration by parts to nd the area
of the region between the x-axis, the
y-axis and the graph 2 x e”.

Sketch the graph of xshx from
x 0tox

Find the area of the region bounded by
the curve and the x-axis.

Find the area bounded by the cugve In3x,
the x-axis and the line 1.

€,

Use integration by parts to nd the area of
the blue region in Figure 10.30.

YA

y=Inx

=
/

Show that the area of the red region can

Y

1
be written asoeyoy, and nd this area in

exact form.

., Add together your answers4oande ,

and explain your answer.

Find the following inde nite integrals.

€,

€,

x% sh 2x dx

x%e *

Given the curvey x°Inx,x 0

€,

nd the coordinates of the point where
the curve crosses the x-axis

nd the exact coordinates of the turning
point of the curve and determine its
nature

, sketch the curve

nd the exact area of the region bounded
by the curve, thesaxis and the ling 2.

Given that| e snx dx

€,

€,

use integration by parts to show that
I €e3nx € ox |

hence nd €* snxdx.



You have now met several di erent methods of integration, some of which involve substitution. So when you ne
answer to an integral, you have to select the best method, and you often have to decide on an appropriate sub

In this exercise there are 30 questions; having studied this chapter, you should be able to do all of them. However, tt
random order and so you will have to make decisions for yourself about the best method and what substitutions to |

xe ¥ dx X 2 x 3dx 2x  5%dx
2 2 3 71 dx
xe"" dx cosx 1 shx °dx 3% 4°
1 X
x cos X dx 2 4OIX o dx
X 32%dx x} 4 x® 4dx In 3x dx
2 .
se&’ x tanx dx i’g dex cosx €™ dx
shx cosx dx 1 tarfx dx X 9 dx
X 3 x b5
5
VOX  4dx 1 =Fx dx @ X 11dx
@ shx oosx’? shx oosx? dx @  x%* dx SN2X 4y
snx
3 x x!
2 d
@  x(x 1*dx x*Inx dx @ 2 oy &
NG cosx X & e’
1 dx o UX 5 dx
(2113 T -l_” .Z. ._1_
3 @ = sin kx, cos kx,

1?5







-

%oT O

3
1+% is expanded in a series of ascending powers of x.
Which of the following shows the full set of values for which it is valid?

1 1
° —— < X< —
2

2
" =2<Xx< 2

< -3<X<?2

1 1
! _E < X< E
The solutionsto cos 2 cos 0 are the same as the solutions to which of
the following:
e 2c08 cos 1 O
" 2c08 cos 1 O
< 2c08 cos 1 0
" 2co8 cos 1 0

Di erentiate y? with respect to XWVhich of the following is your answer?
d
. yzd_)li
dy
2y—=L
ydx
dy
Yix
dy
’ 2_
dx
Which of the following substitutions would be suitable for nding
X
dx?
JXx—-5
. u:&
" 1
u==
X
< u x]5

<

u x 5



Fig

YA

o
Fin
Fig
y =

ure 1 shows the graphyof %.The two shaded regions have the same aree

d the value of a. [4 marks]

ure 2 shows two curves. One is ¥} sin x 3 cos xand the other is
5 sin x

YA

2/

NI v
NS
<Y

€

Identify which curve is which, justifying your answer. [1 mark]
Describe precisely the translation that maps:féin x 3 cos x on
to g(x)= 5 sin x. [4 marks]

Write down the rst 6 terms of the binomial expansion of (1 2%)n
their simplest form, in increasing powers of x. [3 marks]

By substituting »x 0.1, show that the decimal expansion
of 19 begins 1.2386... . [2 marks]




o9 Figure 3 shows a triangle OAB inscribed in a circle of radius r, centre O,
M is the midpoint of AB. Angle AOM is a radians.

A

By considering the area of triangle OAB in two di erent ways, prove that

sin2a = 2sina cosa. [5 marks]

() Prove the identity séa + coseéu ﬁ [3 marks]
Hence or otherwise nd all the roots of the equation

seéu + coseéu=4intherangeO<u<2. [3 marks]

Figure 4 shows the curve with equatioy * 2y 4x = 0.

YA

~J

Show thatﬂ w.
dx 2 X
Hence nd the coordinates of the maximum point on the cui/enarks]

<Y

[3 marks]

Write W(XZ?)) as partial fractions. [3 marks]

Figure 5 shows the curve with equatior X xl)(XZ 3y
\7

\
I I \\A Ly
2

-1

S
x

Find the area of the shaded region enclosed by the curve
and the axes. [5 marks]



Figure 6 shows the curve=yx sin x and the line ¥ x. At the point P, the
line y= x is a tangent to ¥ x sin Xx.

YA

<Y

€, Verify that P is the point with coordinate%, % . [4 marks]

¢, Find the exact value of the area of the shaded region. [5 marks]
€, By using your calculator, or otherwise, draw the graph of

_ b€

Y=5 ¢
A particular social media platform de nes a ‘regular user’ as someone wh
accesses the platform at least once every day. It currently has one million
regular users. It models its future number of regular users, P (measured ir

millions), by the equation P %,Where t is measured in months.

€, According to this model, nd the value of t when the platform
is experiencing its fastest rate of growth. [7 marks]

¢ , Prove that according to this model P never reaches a
value of 7. [3 marks]

forx O. [1 mark]



Review: Coordinate ge

For a line segment AB between the points Ay} and B (, y,) then

YA

B (% ¥»)

(0 ¥

<Y

o]

the gradient of AB id2_ Y1
X2 Xl

the midpoint is ) > Xz, Y1 5 Yo 4 |

o thedistance ABig(x, X, (v, V). ¢——

o]

Be sure you put your feet e
in the right place, then
stand rm. m,

m,

'

For perpendicular linesy % and likewisen, %

The general equation of a straight line with y intercept (0, c) and gradient m is

y nmx ¢
The gradient, m, of the line joining (¥,) and (X, y) is given by
m Y N
X X,

Yy Y n(X X1)-<I




_ The line L, passes through the points A (0, 2) and B (4, 10).

()  ThelineL, is perpendicular to,land passes through the midpoint of
AB. Find the equation of the line,LGive your answer in the form

ax by c¢ O.
(i)  Find the area of the triangle bounded by the lineand L, and the
X-axis.
Solution
(i) 7\

B(4, 10)

Always start by
drawing a diagram.

T

A0, 2)

Gradientof L. m, H y
B A
10 2 X
4 0 ¢ .
2

The gradient of the line perpendicular tpit the negative reciprocal
of the gradient of |

gradientofLis 3. « | .

NI
(IR

Midpoint M of AB

(2 6)

Sol, passes through M (2, 6) and has gradiént
Therefore its equation is

y yl IT(X Xl) ‘—
y 6 I(x 2
2y 12 X 2
. ») 2y x 14 O .
ax by c¢c O 2




(i) M has coordinates (2, 6) so the vertical height of the triangle-is 6.

()L,
2

b )

— X

Area of triangle

The base is the distance CD
y C is the point where the line,L

(0,2) \ crosses the x-axis.

LineL, has equationy 2x 2.
. Wheny 0 then 2x
D is the point where the line L2y x 14 Q,crosses the x-axis.
Wheny 0 then x
Hence the distance CDis 14 1 15.¢— e} D

1

2

Nl

2 X 1.

14 0 x 14 c 1

14 O

15 6 45 square units.

The coordinates of the point of intersection of any two lines (or curves) can be
found by solving their equations simultaneously.

You often need to nd where a pair of lines intersect in order to solve problems.

Solution
22x ) X 4 — . y 2x 1 2y X 4
4x 2 3x 4
X 6
y 11 ¢— - x 6
y

The point of intersection is (6, 11).

Find the point of intersection of the lings 2x land2y 3x 4.

For each of the following pairs of points A anc
B calculate

¢, the gradient of AB
¢, the midpoint of AB
€, the exact distance AB.
e, A(5,2)andB (3,4)
€, A(2,5 andB (4,3)
e, A(5,2)andB (3, 4)
e, A(2,5andB (4,3)
Find the gradient of each of the following lines.
€,y 3x 5 e, 2x y 5
e, 2x 3y 5 €, 2y 5x 3 0

Find the equation of each of the following
lines.

¢, gradient 2, passing through (0, 3)
e, gradient;, passing through (3, 0)

¢ , gradient %,passing through (3, 3)
€, passing through (1,2) and ( 3,0)
€, passing through (1,2) and (3, 3)

Find the coordinates of the point of
intersection of each of the following pairs of
lines.

€, y 2x landy 3x 4

€, 2x 3y S5andy 2x 7

€,y 2x 6and2y x 7 0

e, 4 2y 5 Oand3y 2x 3 O



The point (3, 5) lies on the line

2x 3y k 0,where kis a constant.

Find the value of k

Prove that the points A (1, 4), B (5, 7) and
C (2,11) form a right-angled triangle.
Find the area of the triangle.

Prove that the points A (0, 4), B (4, 2),

C (5, 1) and D ( 3, 3) form an isosceles
trapezium.

€,

Find the coordinates of the point where
the diagonals of the trapezium intersect.

The line 3x 4y 15 cuts the axes at the pointt
A and B. Find the distance AB.

The line Lhas equation kx 3y 8 0.

The point (2, 4) lies on the line L.

€, Find the value of k.

Find the equation of the line
perpendicular to L that passes through the
point on L where x 5. Give your answer
inthe formax by ¢ O.

€,

A and B have coordinates ( 5, 1) and
(1, 5) respectively. Find the equation of the
perpendicular bisector of AB.

The line L is parallel to 2x 5y 1 and passes
through the point ( 1, 2). Find the coordinates
of the points of intersection of L with the axes.

Find the area of the triangle bounded by the
lines3y 2x 3,2y 3x 15and5y x 5.

The point A has coordinates (3, 5).The point
B liesonthe liney 2x 5.The distance AB
is+/17. Find the possible coordinates of B.

A and B are the points with coordinates
(1,6) and (5, 2) respectively. The line L is the
perpendicular bisector of AB. Find the area of
the triangle bounded by the line L, the y-axis
and the line through AB.

The general equation of a circle with centre (a, b) and radius r is

x a)? (y b)? rz

Solution

You need to rewrite the equation so it is in the form (&>

2

X° 44X

(x 2?7 4

(x

y

2)?

Find the centre and radius of the cirgfe y?

2

(y 4y

4x C.

8 5

.

(y b?
8y 5 0

16 5 Q0—

(y 4y

25

Comparing this with the general equation for a circle with radius r and

centre (a, b),

Xy

(x a (y by r?
youhavea 2,b 4andr 5,so the centreis (2,4) and the radius is 5.



The circle theorems illustrated here are often useful when solving problems.

Zan

N

A circle passes through the points (1, 9), (7,9) and (7, 5).

Find

(i)  the coordinates of the centre of the circle

(i)  the equation of the circle.

Solution
i YA

1.9 £ 4 .

Draw a sketch
to help you.

Use the theorem that the
perpendicular from the
centre of a circle to a chord
bisects the chord.

So the centre is a%? 975

<Y

4,7).

(i)  The radius of a circle is the distance between the centre and any

point on the circumference.
2

br

x 4 (¢ 77

(7 47 (9 77
32 22

13

13



:t /‘. o -

The same principles apply to nding the intersection of two curves, but it is
only in simple cases that it is possible to solve the equations simultaneously u
algebra (rather than a numerical or graphical method).

Find the coordinates of the points of intersection of the circle

(x 5° (y 2¢ 16andthelingy 7 x.
Solution
Substitutingy 7 xinto(x 57 (y 2y 16 gives
(x 5 (7 x 2P 16
(x 5% (9 xy 16 .
x> 10x 25 81 18 x? 16— — y
2X° BX NV 0 ¢ .
x> 14x 45 0

X 5x 9) 04—

So X S5andy 2
or X 9andy 2. ¢«

So the coordinates are (5, 2) and (9, 2).

T
y 7 X y

Find the centre and radius of each of the ¢, The equation of a circle, C, is
following circles. 2 2y 7 C

x* 8x y?
e, (x 3 (y 17 2t Show that the equation of C
€. (x 3 (y 1 &

can be written in the form
e, (x 3 (y 1 2t

(x a (y b’ c
€, (x 1® (y 3Y 5 e,

Find the centre and radius of the circle.
Find the equation of the circle with centre Find the coordinates of the points of intersection
(5, 2) and radius 4.

ofthecirclgx 57 (y 2)° 9andthe
Find the equation of the circle with centre liney x 10

(3,4) and radius 9.

Give your answer in the form

x> a& y> by c O

The points A and B have coordinates ( 2, 5)

and (4, 7) respectively. AB forms the diameter
of a circle.

Find the equation of the circle.

The liney 2x 3 intersects the circle

(x 1® (y 2y 2atthe pointsA and B.
The distance AB ia/t where b is an integer.
Find the value of a and the value of b.

Find the coordinates of the points of intersection
ofthecirclex 2)*> (y 17 1tandthe
line2x y 2

Give your answers in surd form.



The liney x kforms a tangent to the circle The equation of the circle shown in Figure R.7
(x 2?7 (y 1¥ 5C is(x 3% (y 47 20

Find the possible values of k.

The points P (2, 1),Q (8, 9) and R (7,0)
lie on the circumference of a circle, C.

¢, Show that PQ forms the diameter of the
circle.

¢, Find the equation of the circle, C.

¢ , Find the exact coordinates of the points
where C crosses the axes.

The points A (3, 6) and B (5, 2) lie on the

circumference of a circle.

YA

%0

A3, 6)

The circle intersects the line y 6 at the points
A and B.The tangents at A and B meet atT.

Find the perimeter of the quadrilateral ACBT.
Give your answer in the form/t where a and
b are integers.

Find the coordinates of the point of
intersection of the circles
x> y* 8 2y 13 0
€, Show that the centre of the circle lies on 2 2
the line 2y x 4. x>y 27 3
¢ Given that the centre of the circle also lies Find also the distance between their centres.
ontheliney 3, ndthe equation of the
circle.

























































































































































































































































































































































































































































































































































































































































































































































































































































Data set

Distance Nights
First Last Sex from Wearing |in Time of |Day of Month of |O cer
name name M/F | Age | home Cause Injuries a helmet |hospital |accident |accident |accident |reporting
Farhan Ali M 13 | 250 m hit lamp-post compression 1 9.15 am | Saturday October 39014
Martin Anderson| M | 31 drunk abrasions n 1 23.30 Friday February| 78264
Marcus Appleton| M | 64 | 2miles car pulled out concussion n 2 8.25am | Monday August 97655
Lucy Avon F 52 [500m lorry turning abrasions 0 7.50am | Thursday 39014
Thomas Bailey M 10| 500 m hit friend suspected concussion y 0 4pm Sunday June 78264
Andrew Burke M |18 | 1km car door opened abrasions y 3pm Sunday Septembar 45211
Lee Burnett M | 18 | 3km kerb sprains y 0 8am Monday April 78264
Clive Burrows | M 16 |about 1 milg slipped on wet leave$ sprained wrist y 0 6.00dm  Tuesday Novgmber 782p4
Nathaniel | Carley M | 32| 1.4 miles| hitbycar concussion n 1 6.30 am | Monday July 39813
Rory Clark M (44 [100m hit by car while concussion, multiple [n 1 17.20 Friday January 97655
turning fractures
Crystal Cook F 61 | 1.5 miles didn't see car broken arm, bruisjmg, 1 10.45am | Wednesday August 97655
shock
Christopher| Court M | 60 | 7km turning lorry dislocated elbow y 0 8.30am  Tuesdd Augupst 97695
Sally Darby F 18| 2km knocked by bus concussion y 1 5pm Tuesday December 78264
Terry Davidson | M 7 outside hit tree suspected concussion y 1 6pm Monda June 78264
Matthew deLeon | M | 46 | 4 miles knocked by car sprains and shocH y 0 10am Saturday April 78p64
Michael Delaney | M 20 | 300m skidded into wall abrasions n 0 7.10am | Tuesday Februar 78264
Sarah Doyle F 62| 2 miles hit kerb fractured wrist n 0 10.30 Wednesday Oct 78264
Alexander | Duggan M | 34| 0.5miles| brakes failed concussion n 7.30am | Monday January 39813
Selena Fenney F 10 Om fell over concussion y 1 6pm Wed February | 39813
Ceri Flynn F 9 300 yds fello sprained wrist y 0 3pm Friday August 97655
Harry Francis M |9 1 mile car hit broken leg and y 0 10am Monday August 97655
abrasions
Fred Fuller M 6 20m fell over concussion y 1 3.15 Sunday September 39813
Toby Geary M |14 | 1.5km knocked o by car broken wrist and arjm  y 0 8am Wednesday Octoper 78264
Stacey Geary F 44| 2 miles minibus turning abrasions, shock n 0 8.25am  Thursday  June 3p813
Mary Geraghty | F 67| 1mile pedestrian abrasions, shock n 0 11.30am  Wednesday March 39818
Luke Grainger [ M | 13 | 0.5km lorry turning :;Ztinsls?gn 1 8pm Saturday Spetember 54211
Sharon Grin F 7 75m uneven pavement broken leg y 1 2.35 Saturday |May 45211
Lara Haas F 28| 3 miles sprained wrist n 0 1630 Tuesday November 39813
Joseph Hall M | 63| 0.5mies| lorry :‘;J“J:g"e fractures, head 5 430 pm | Friday Novembe| 39813
Aidan Hart M 66 | 3 miles hit cyclist abrasions, shock y 0 3.30pn Tuesday June 3981
Penny Hickey 26 | 3 miles hit hedge to avoid pus abrasions y 4.45 Tuesday February| 39813
Claire Higgins 19| 10km hit by car at fractured arm and y 7.45am Monday Feb 78264
roundabout sprained wrist
Francesca | Hill F 22| 0.5miles| car broken arm n 0 5.50pm | Tuesday Septembpr 78264
Fortune Hilton F 29 | 12 km car changing lanes broken arm and leg y 2 6.50pm  Wednesday Japuary 97655
Rhys Hooper M | 22 | 115km multiple vehicles multiple fractures y 3 8.30am  Monday March 39813
Adam Housman| M 39| 11km hit by car broken arm 0 5.50pm | Monday January 97655
Eden Howell M 14 | 50 m brakes failed abrasions y none 6.30 am | Tues March 97655
David Huker M |8 50 m hit cyclist concussion n 1 10 Saturday |May 97655
Edward Hunton M 50 m fello severe abrasions y 0 2.30pm  Friday Augus 97655
Avril Johnson at home hit wall dislocated knee y 1 1700 Thusrday August 39813
George Jones F 37 9km lorry collision punctured lung y 8 7.15am  Wedngsday February  78p64
Roger Kenny M 62 | 7 miles car changed lanes multiple fractureg y 1 18Q0 Thurgday 39813
Henry Kerridge | M 3 miles hit by car abrasions 0 8.30am | Tuesday August 97655
Debbie Lane F 5 75 km hit kerb broken arm y 0 9.00am | Sunday April 78264
Scott Learman| M | 61| 3 miles avoiding children sprained wrist angin 0 4.15pm | Monday November 39813
broken arm
Gary Lighter M 59 car braking concussion n 1 1730 Friday Novembef 39813
Seren Maher F 16| 20m hit kerb dislocated elbow n 0 7am Wednesday Novemper 78264
Shelley Mann F 21| 50m slipped on wet leayes deep cuts to leggy 0 9pm Friday January 97655
strained wrist







Answers

Rob can argue that each term that
is added halves the area remaining
of the square that measures 2 by

2 so has area of 4.Thus the total
areal, and hence the sum, cannot
be greater than 4.

To make the argument

watertight Rob could argue that
the sequence is a geometrical
progression.You will see how that
would work in Chapter 3.

Since odd numbers cannot be
written as the sum of two odd
numbers, the only way of writing
an odd number as the sum of
two primes is when one of the
two primes is 2. There are many
odd numbers that cannot be
written as the sum of 2 and a
prime number, e.g. 11.

There are many prime numbers
which are not 5.

The total distance if R
is (55) is5 /13, but
if R is (45) the total
distance i6+/2 which
is smaller.
The best position for
R is (45).The distance
is equivalent to the
case where Q is @),
(see diagram below),
and (45) is on the
straightliney x 1
between () and (81).
(8,9

@5),."

(2,3) @ 1)

There are 4 di erent
arrangements, one of which
is shown below.

7]
3|14
8
2

14 122 7°and
15 192 53

No, reversing 90 does not give a
For example, 10 is even but 5 is ndvo-digit number.

True

No, because BC and AD
may not be parallel
ABCD is a parallelogram
AB is parallel to CD.
The converse is true.

1,5,6,0
False,whenn5,2"+ 3= 35,
not prime.

True — direct proof

True — direct proof

True — proof by exhaustion
False — e.g. a hexagon

(6 sides) has 9 diagonals
True — direct proof

True — proof by contradiction

True — direct proof

True — direct proof

True — direct proof

True — direct proof
False —e.g.n 10
True — proof by contradiction

True — direct proof

False—-eg.1 2 3

4 30

True — direct proof
Numbers of the forn2"

If N is the sum of the

squares of two integers,

thenN is the sum of the

squares of two di erent

integers.

False —e.g.N 225

12 9,butN 15

is not the sum of the

squares of two integers.

IN|

w9 o oo|'\’ Nl

o

4 radians

.65rad

NIERTINTE

>
ol











































































































































































The balls and the bullet can u  9.74 not a feature of the motion; a
be modelled as projectiles u, 2.25 stationary particle has a position
when there is no spin or v, 9.74 vector.
wind and air resistance is v, 2.25 98t
negligible. Also a rocket with X 9.74, .
no power.The air a ects the y 225  49°
motion of the others. YA
Y,
L u 4 ms*
The only acceleration is in the 10
vertical direction so any change
in velocity happens vertically. 0L > 0 X
This causes the projectile to U X 4
reach a velocity of zero halfway ty ¥ cos Vo oa
through its ight. Yy sh ’
v, Ucos , 4t
v, Usn at 10 49t
y x Utcos
y Utsh 1g?
10 ms? 2 3 10 ms?
Y,
35° _ ,LA385°
X u
u 82,y 57 0 >
v, 82 >
X ’ 0 > .
v, 57 98t e § 82
u,, U, 57 98
X 8.2t v u
5.7t 497 oy
3; Vo Mo ot 8.2t
xoub 7 57t 49
5ms? y vt > g
1.5s YA
0 > msl X 11.025m
u 2y 5 0.51s 20 i3 ]
1.28m g \; 10 ms™
Y 2 4s 0 X
v, 5 98t
ot 80m
X o 0.88s 9.74
y 5t 49° v
' , 2:21m 2.25 98t
)T uy
29
_ame R 2& 9.74
) g 20 225 49
u 4,4 O 2u.Y, y
v, 4,y 98 g
X 4ty 4.9t . 24 ms’}
Y The particle’s direction is a
_feature of its motion and so is 0 o
0 13° _f determined by its velocity. In
10ms™  contrast the position vector is 7



34.6m

7t 41.0ms', 28.7ms!
, 39.4m
y 24 4 t 12| 3 4| 5 6 40m
. X 41| 82| 123 164 205 24 39.4m
’ y 24| 38| 42 36 2143 34.6m
800sn ©os
. @by U . y 800cs D sn 90
50 57.9°
U, 30cm; 31cm.The
v v, d 25 : X lower angle is slightly
) more accurate.
r a L{Jt 0 - ~50-7100 1502002501 /X 26.06mst
b vt 3g¢° -2 27.35mst
15s 42.0m,239.Mm 25_5%15 u 268
26.025M The ball is a particle, no
0.31s spin, no air resistance, so .
10.46m acceleration g. 200 3Q; (0, 6); 1ms?
2.86m 17.21,8.031'151
2.86m 1.64s .
28.2m 5
0.82s Yy 1%

% 3.29m y 6 04x 02X
2.72m,no y 14 17 5x?
10.32,14.74ns! y 58 24x 02x?
2.91s @

Into goal y 2x %
1 I l > No x 40
0 1 2 |3 X 45.2s t L
2.8 13.55m 40’ .
; ush \/m_ 225;331 y 30 4L0 S) 4Lo
> g 3.2m, vertical
R 4Sh S component of velocity 4125 1231
9 is always less tham&' 4025 t=
u’sn cos TR . N
. 1.74s %7740 80 120 160 200 240X
They land together because u, s 3.50m, hits Juliets y 075 ghox*
and a in the vertical direction are \éngr(;V:l Air resistance would
the same for both. . > 028 reduce Xx.
. No, height is 0.2n y aasmassas
17.3mst, 10mst 21.57ms! 20 —— pathof ball
O, 9.8 ms2 0.47s H /
35.3m 0.64s 20 f
1 I
é%rsn gggs?;f 20 80 120 160 200 240 X
25.8m Yes, the range is 70w Yes; horizontal
4.50s 32.7mst acceleration 0.5ms?
1789-n 198m31, l77mSl 1154msl, 30960



u would be an 4802N

The project”e isa partide_There underestimate if the motor 42.7N
is no air resistance or wind.The cycle was not actually at rest 0.32
particle is projected from the origin. ~ When it hit the car. 0.82
If the deceleration is not ()1.02ms?
uniform then u could 0.102N
Substitute the x coordinate into either be.an over- or and 0'104.
: e underestimate. 49m (independent
the equation and see if it gives
the y coordinate. If the motorcycle were of mass)
not a particle it would be smoother contact
e ected by air resistance. 0.204
) Air resistance would 140N
21-21)’(21-21 49t reduce skid so u is an 7.35ms?
t 51 91 underestimate. Smallar 17.7ms?
98 would extend skid so u is an 59.9m
y X goo* overestimate. . 58.8N
8.91 The model gives a 62.5N
29.4 or 62.4 good indication that the 0.577
y 15 xtanl4 motorcyclist was speeding, 35.0
49 1 P14 X2 but it would be sensible to 2.14
100 take further measurements 50.2
7.0m to try to improve the model, 4.5ms?
y 25 xtan5 e.g. slope of road, a more F 2.3(N,
49 2c 2 accurate estimation of R 184N,
65 1 tan™5 x 0.12¢
24.2m . 2.2(ms?, 4.2Cms?
Yesy 2.43m L
Friction is forwards when R
y 1 070 x . F
730 ., pedalling, backwards when
7 X freewheeling.
u
u 7.7:mst mg
41ms! . o . . 4.42ms?
lim 2225 O)S Either the object is moving or it 5.15msl
10”’1 ’ is on the point of moving. 5. 42m
0.6s Greater than, equal to, less
U, 2tmst,1s . than 16.7 respectively.
25.7ms! ‘
5631,81%4:531151 FN £'—>TN
22.5m when Y109 N
tan 1.2 0.102
15.4m 0.051
39.2°,72.6° 0.61ms?, T 459N;
F 368N
2.61ms?, T 7.1¢N; P38,

R 284N 0.11
196N 3.46N, 4.05ms?
0.31ms?;T, 760N, 1.4ms’2 '

T, 404N; '
Downward slope would F 294N 1.20s
extend skid so u is an a 0T, 98N, -JANS
overestimate; opposite for T 2914N' 1441 T 181G
1 2 4 y

upward slope. F 196N
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37.94N and right angle marked
37.16N Ta
37.5N ngl> [1]
40 Ts
cos  Q4sn T, 05gs30 4.24[1]
21.8 T, 05gsn30 2.43N[1]
Least force to move object up Contact force 72g [1]
plane W (sh cos ) Downward forces [1]

Upward forces
*)

Least force to prevent
object sliding down plane
W (sh oS ) A

489

Take moments about[H
(72g)x (8g) 09 (489

18

x 1.10 [1]
Centre of mass is Ini
above his feet. [1]

TR (R

|
F
1.2g

Weight and P showiil]

The time, horizontal
displacement and
vertical displacement
from the origin

Its initial speed is 7 g4

normal reaction  [1]

Method 1 Arrows showing friction
Weight 0.5g (1] opposing P [1]
Resolve horizontally and Resolve vertically [1]
vertically R Psn20 12g
Tocos® T,s30 0 g R 04Psn20 12g

T,sn60 Tgsn30 05¢ [1]
[1,1] On the point of sliding
Solve simultaneous equations when [1]
T, 424N, T, 24N  pcosd F
[1,1] Pcos®D® 04(Psn20 12g)[1]

Method 2 — note the

. . P(cosD 04sn20) 0.48g[1]
strings are perpendicular 0.48
Weight 0.5g [1] P - : 5.8€[1]
Resolve along the strinflg cos zétati%ﬁ::]yz\?vh en both
Tn 05g00s30 424 components of v 0
T, 0590060 2.4W 04t 8 0O

[1,1,1] t 20 [1]

Method 3 triangle of Whent 20
forces 0.0320¥ 08(200 04 36
Welght 0.59 . (1 So boat is never
Diagram arrows forming a stationary. [1]
loop (1] '

r v dt
3 2
0.01° 04t° 04t [1,1]
02> & 0
Whent 5,

001 5° 04 5 04 5
02 ¥ 8 5
6.75

[1]
35
35
arctan &~z 791
Bearing 011° [1,1]

Travelling NE when
components of velocity
equal (and positive)[1]

0.03> 08t 04 04t 8
003> 12t 84 O
t 30.95 9.0 [1]

30.95 > 20 so time 9.9 [1]

T

c S

a

In equilibrium for the
bucket
T mg [1]
In equilibrium for the
block resolve up the slope

15g39n40 [1]

15gsn40

g

0.964 kg [1]
Resolve downwards for
the bucket N2L
179 T, 17¢ [1]
Resolve up the slope for
the block
T, 15gs3n40 158

[1]
Add equations
179 15%n40 32a

a 225

Acceleration is
2.25ms? [1]
To nd velocity when
the bucket reaches the

ground [1]

08

0 Vv P 2as

? Vv P 2as
45x%x0.8

2.25 36

v 190 [1]



-~ 0 < C n

O < C o»n

—

R

?

1.90

0

gsin40 36

0

usn O

?

g

ucos t

When tension removed
15g3n40 15¢

a sn40 [1]

Vv # 2asv? 36

0 36 2 gsn40 :

0.286
(1]
Block travels another
28.6cm. [1]
Vertical motion
s u la

usn t 1gf

s 29gsn40

0 tusn %gt [1]

ush 2ush
t o %9 g
Horizontal motion

whent 2uSn_ [y

2usn

u s
g

2u*sn cos
—_— [1]

u® 23n cos

g

Negligible air
resistance [1]
sn2  2sn cos

2u’sn cos

g
u’sn?2

g 9 1]

dr
at

sh2 takes maximum
value of 1 when

2 Q° [1]
R u’ hen
—w
max g
4£° [1]
Using 30to nd
time and range
For B2 time
t 2 10sn30 1.0z
J [1]

For C2 range
2 10°s$n30ced

g
8.84 [1]
Maximum range
u2
= 71 1
g [1]
J71 98 8.3¢ 1]

The measurements
give the maximum
range when the angle
is 40°. Changing the
value for u will still
have the maximum
range at 45°. [1]

10c 3
10sn 9.8t

Whent O
10ccs 0
10sn 0

[1]

[1]

Speed

J10cs > Dsn ?
J100 c& @’
JI00 1 10 [1]

To nd T in new model
y componentofr 0
10 sh 49t 0
2usn
T g
is exactly the same
equation as in the
standard model in
part [1]
For E5, we need
horizontal component
whent 1.44

which

x 10 1.44cesb 15 144
7.07 2]

The vector model is
an improvement. It ts
all the measurements
better than the standard
model and it gives the
maximum range of
7.53 for 35° as
compared with the
measured value of T
occurring at 40°.  [1]



Index

acceleration
de nition 281,417, 424
direction 427
modelling 430
in projectile motion 427, 483
variable 420 21
vector quantity 415
acceptance region 379
accuracy 293
addition and subtraction
of fractions 159 60
of indices 28
of polynomials 61
of surds 27
algebraic expressions,
simplifying 158 63
algebraic fractions 158, 161, 162,
163 7
analytical method, de nition 293
angle of friction 513
angle of projection 139
angle in a semicircle 244
angles, measurement 12 14
approximation
in the binomial expansion 155 6
numerical methods 293
arbitrary constant 222, 279
area under a curve
estimation 202 3,312 13,316 17
nding by integration 199 200,202 10
nding by numerical method 368
arithmetic progression 43
arithmetic sequences and series 43 7
association 394, 399 401
asymptotes 66

binomial coe cients 151 52,153
binomial distribution
hypothesis testing 379 82
Normal approximation 372 3
notation 354
use in modelling 353 4
binomial expansion, general 153 8
binomial theorem 153
box plot (box-and-whisker diagram) 323 4
braking force 440

Cartesian equations 252, 255, 258 60,
426, 498

CAST diagram 16, 140

centre of mass 476

chain rule 110 15,185 8,193 5,
261 62

reverse 213, 219, 223, 227
change of sign methods 293 6
circle

equation 243, 244,257 8

properties 17 19

theorems 244
circular measure 17 21
cluster sampling 322
cobweb diagram 300
coe cient of friction 507
column vectors, notation 424
common di erence 38, 43
common factor 158, 160
common ratio 38, 47,50
completing the square 56 7
compound angle formulae 170 74,175,
180, 190
compound interest 52
conditional probability 344 52
conditions, necessary and su cient 3
conjecture 2 3
constant acceleration formulae 419, 463,
464, 465, 486 9

vector forms 425, 428, 486 9
constants of integration 430
continuity corrections 370, 371 72
correlation 394 6, 399
correlation coe cient 396 9
cosecant (cosec) 137 41
cosine function (cos) 15,23 4,189 93
cosine rule 130 33,136
cotangent (cot) 137 41
Coulombss laws of friction 507, 509
counter-example 9
couples 473
critical ratio 388
critical region, in hypothesis testing
379,380
cumulative distribution function
364, 368
cumulative frequency curve 325
cumulative probability 363
curves

nding the equation 200 1
intersection 245
shape 102 10

data
bivariate 325,394 406
collection 321
grouped 322

notation 322 23
numerical 323,324 5
processing and representation 322
qualitative or quantitative 323
quality 385
ranked 323 4
data sets, large 330, 397,521 22
deceleration 418
denominator, rationalizing 27 8
di erential equations
rst order 279 84
forming 280 82
solution 279,284 9
use in modelling 278, 280
di erentiation
of composite functions 110 15
of exponentials 185 8,218 19
from rst principles 100 1
implicit 193 6
language and notation 97, 424, 433
of logarithms 185 8
parametric 261 65
of trigonometric functions 189 93
discriminant 56
displacement 415, 418, 423
displacement time graphs 184, 416
distance, scalar quantity 415, 423
distance time graph 417
distributions 323
division see multiplication and division
domain, of a mapping 71
double angle formulae 174 7,
180, 257
driving force 440

e (irrational number) 67
e ect size 397
eggs, shape 248 9
equations, solving numerically
292 304
equilibrium 446 56,474
events
complement 335
dependent 347
expectation 337
mutually exclusive 336
occurrence 335, 336
union and intersection 336
exponential functions
di erentiation 185 8,219
gradient 185
graphs 29,66 7
substitution 218 19



factor theorem 61-2, 160-61
factorials 152
Fibonacci sequence 42
xed point iteration 297-302
force
de nition 439
diagrams 441
as a function of time 431-32
moment 470,472—-73
resolving 446-7
vector quantity 439
fractions 158-62
frequency, de nition 322
frequency chart 325
friction 438, 440, 507-16
fulcrum, de nition 470
functions
composite 80-9, 110-15
domain 72-3
graph 74
implicit 193
increasing and decreasing 989
inverse 83-8
language and notation 71, 72
as mappings 72,74
order in a composite function 81-2

geometric sequences and series 47-52

Goldbach’s conjecture 3
grade, measurement of angle 13
gradient
of a curve at a point 97
of a straight line 240
gradient function 190, 200-1
graphs
of exponential functions 29
from parametric equations 252-5
of a function and its inverse 85-8
of logarithmic functions 30
of a mapping 74
of the modulus function 90-1
of proportional relationships 66
of reciprocal functions 66, 138
transformation 68-9, 757
of trigonometric functions 15-16, 138
gravity 419-20, 439, 483
growth and decay, exponential 52, 67

hinge, reaction force 475
histogram 325
hypothesis testing 378-82, 386-9

image, de nition 71
implication, symbols 3
implicit function, di erentiation 193—6

indices 28
inequalities 59, 91-3
input, de nition 71
integration
by parts 229-33
by recognition 212, 221
by substitution 211-16, 227-9
choice of method 234
de nite and inde nite 198-9, 213-14,
217,231
de nition 198
nding areas 202-10
involving the natural logarithmic
function 220-26
as the limit of a sum 202
notation 198
of trigonometric functions 214-18
interquartile range 324
interval, bisection 294-5
irrational numbers 72
iteration 297

Lami’s theorem 450

levers 4767

limits, of a series 36

line segments, properties 240—42

logarithmic functions 30, 67, 185-8, 232

logarithms 30
lowest common multiple 160

mappings 71-2, 74

maximum and minimum points 98—9
mean absolute deviation 326
measure of central tendency 324
median 324

mils, measurement of angle 12, 14

modelling, vocabulary and assumptions

438
modulus function 89-94
moments, of forces 470,472—-73
motion
of connected particles 443-4
direction 414-15, 428-9
equation of 442-43
in one dimension 414-23
parabolic 482
resistance to 440
in a straight line 420-22
in two or three dimensions 423-36
under gravity 419-20
vocabulary and notation 415, 423
see also projectile motion
multiplication and division
algebraic 160-1
of fractions 159-62
with indices 28
of logarithms 30
of polynomials 61

of surds 27
with trigonometric functions 172
of a vector by a scalar 268, 269

natural logarithmic function, in
integration 220-26
Newton—Raphson method 3047
Newton’s law of cooling 278
Newton’s laws of motion 441-2
second law 431-2, 441, 456, 458,
462-68
Normal curve 362, 368
Normal distribution 362-76
experimental data 369-70,
384-93
mean 363, 364, 386-9
notation 364, 368
standard deviation 363, 364
standardised form 364, 388
tables 363, 367
use in modelling 369-71
normal reaction 439—40
normal to a curve 97-8
null hypothesis 379
numbers, notation 72
numerical methods 292-304
integration 308-15, 316-17

object, de nition 71
opportunity sampling 322
outcomes see events
outliers, de nition 323
output, de nition 71

p-value 379
parallel lines, properties 240
parametric equations

of a circle 257-8

de nition 251

eliminating the parameter

255-6

graphs 252-5

in projectile motion 498

trigonometric 256—7

use in modelling 250-1
partial fractions 163-7, 223, 224
Pascal’s triangle 151-52
path see trajectory
perpendicular lines, properties 240
point, coordinates 268
point of in ection 102—4, 106
point of intersection, coordinates
242,245
polynomial equations, solving 61-2
polynomial functions 61, 64-5
population mean, estimating 385



position
components 499
de nition 280
in projectile motion 426, 483
position vector 268, 423, 486
powers 28, 30
probability
of an event 334-5
experimental 339-44
of two events 336
probability density 368
product moment correlation coe cient
(pmcc) 395-6
product rule 118-20, 191, 194
reversing 229
projectile motion
acceleration 427,483
constant acceleration equations
486-9
equations 483-6, 499-502
maximum height 484, 500, 504
modelling assumptions 482
range 175, 485, 500
time of ight 485, 500
trajectory 139, 426, 498-9, 501
vector representation 486—90
proof, methods 5-10
proportion, direct and indirect 66
proportional relationships, graphs 66
Pythagorean identities 139, 174
Pythagorean triples 134-5

quadratic functions 56
quadratic inequalities 59—60
quartiles 323

quota sampling 322
quotient rule 120-1, 187

radians
measurement of angle 12-14
in trigonometric equations 14-15,
147-8
radioactive decay 52—3
random sampling 321, 379
random variables
discrete 355-61, 370-1
values 322
range
of a mapping 71
as measure of spread 324
in projectile motion 485, 500
rank correlation coe cient 399—400
rate of change 96, 278, 280
connected 116-18
reciprocal functions, graphs 66
reciprocals, logarithms 30
re ections 69
rejection region 379

resultant forces 447, 456—62
rigid bodies, modelling 471-81
root, of logarithms 30

root of an equation, de nition 293
Russell, A.W. Bertrand 96

sample data, interpreting 384-93
sample space diagram 335
sampling distribution 386
sampling procedures 321-22, 378
scalar, de nition 266
scatter diagram 394
secant (sec) 137-41
second derivative 98
separation of variables 284-9
sequences and series

arithmetic 38, 43-7

converging 40

de nition 36, 37-8

diverging 40

geometric 38-9

increasing and decreasing

39-40

in nite 37

notation 37, 43, 47

number of terms 48

periodic 39

possible patterns 40

sum of terms 45-6, 49-50

use in modelling 52—3
signi cance level 379, 387
simultaneous equations, solving 58
sine function (sin)

di erentiating 189-93

graph 15

in modelling 169, 184

principal value 85

small-angle approximations 22
sine rule 130-33, 136
skew, positive and negative 372
solution of an equation, de nition 293
sound waves, frequency 64
Spearman’s rank correlation coe cient
400-401
speed 423

scalar quantity 415
spread, measures 324
staircase diagram 299-300
standard deviation 324, 326-7,
389-90
stationary points 98—9

of in ection 1024

substitution methods 58, 218-19

subtraction see addition and subtraction

summation, symbol 37
surds, manipulation 27
surfaces, rough and smooth
508, 509

suvat equations 419

tangent
to a circle 244
to a curve 97-8
tangent function (tan) 16, 22
tension 439
term of a series 36, 37
test statistic 379, 401
thrust 439
trajectory 139, 426, 482,
498-9,501
transformations 68-9, 75-7
translations 69, 75
trapezium rule 308-11
tree diagrams 3367, 340, 348
trial and improvement 291
triangle of forces 448-9
triangles
area 130
right-angled 130
trigonometric functions 130, 136

trigonometric equations, solving 143-5,

147-8
trigonometric functions
di erentiating 189-93
division by 172
graphs 15-16
identities 170
integration 214-18
inverse 142—3
many-to-one mappings 142
in parametric equations 256—7
principal value 142
reciprocal 137-41
restricted domains 142-3
in right-angled triangles 130
small-angle approximations 22—5
substitution 218-19
transformations 177

trigonometric identities 145-6, 217-18,

2567
turning points
of a curve 98—-9
of implicit functions 194-5
in parametric di erentiation 263

statistical techniques, in problem solving

321-31

statistics, standard notation
322-23,327

stem-and-leaf diagram 324
straight line, equation 240, 241
stretches 68, 75

uniform distribution 358

unit vectors 267, 269

units
of distance, time and mass 415
of moment 472



variance 327
vector arithmetic 269
vectors
component form 267
de nition 266
direction 269
equal 267
of a line joining two points 270
magnitude—direction form 267-8
in mechanics 270-71

negative 268

notation 266, 267

parallel 268

in projectile motion 486—90

resultant 269, 270

three-dimensional 268—70

two-dimensional 267-70

using 270-71,273-6
velocity

components 499

de nition 281

in projectile motion 427, 483, 486
vector quantity 415,423
velocity—time graph 416,417-18
Venn diagram 336
vertical line chart 356, 357—-8

waves, modelling 169, 180
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