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Getting the most from this book

Mathematics is not only a beautiful and exciting subject in its own right but also one that underpins many 
other branches of learning. It is consequently fundamental to our national wellbeing.

 This book covers the remaining content of A Level Mathematics and so provides a complete course for the 
second of the two years of Advanced Level study. The requirements of the �rst year are met in the �rst book.

Between 2014 and 2016 A level Mathematics and Further Mathematics were very substantially revised, for 
�rst teaching in 2017. Major changes include increased emphasis on

�Q	 Problem solving

�Q	 Proof

�Q	 Use of ICT

�Q	 Modelling

�Q	 Working with large data sets in statistics. 

This book embraces these ideas. The �rst section of Chapter 1 is on problem solving and this theme is 
continued throughout the book with several spreads based on the problem solving cycle. In addition a large 
number of exercise questions involve elements of problem solving; these are identi�ed by the   ��   �icon 
beside them. The ideas of mathematical proof and rigorous logical argument are also introduced in 
Chapter 1 and are then involved in suitable exercise questions throughout the book. The same is true of 
modelling; the modelling cycle is introduced in the �rst chapter and the ideas are reinforced through the 
rest of the book.

The use of technology, including graphing software, spreadsheets and high speci�cation calculators,  
is encouraged wherever possible, for example in the Activities used to introduce some of the topics  
in Pure mathematics, and particularly in the analysis and processing of large data sets in Statistics. 
Places where ICT can be used are highlighted by a � � �icon. A large data set is provided at the end  
of the book but this is essentially only for reference. It is also available online as a spreadsheet  
(www.hoddereducation.co.uk/AQAMathsYear2) and it is in this form that readers are expected to store 
and work on this data set, including answering the exercise questions that are based on it. These are found 
at the end of each exercise in the Statistics chapters and identi�ed with a purple bar. They illustrate, for 
each topic, how a large data set can be used to provide the background information. 

Throughout the book the emphasis is on understanding and interpretation rather than mere routine 
calculations, but the various exercises do nonetheless provide plenty of scope for practising basic 
techniques. The exercise questions are split into three bands. Band 1 questions (indicated by a green bar) 
are designed to reinforce basic understanding. Band 2 questions (yellow bar) are broadly typical of what 
might be expected in an examination: some of them cover routine techniques; others are designed to 
provide some stretch and challenge for readers. Band 3 questions (red bar) explore round the topic and 
some of them are rather more demanding. Questions in the Statistics chapters that are based on the large 
data set are identi�ed with a purple bar. In addition, extensive online support, including further questions, 
is available by subscription to MEI’s Integral website, http://integralmaths.org.

In addition to the exercise questions, there are �ve sets of questions, called Practice questions, covering 
groups of chapters. All of these sets include identi�ed questions requiring problem solving   ��   , 
mathematical proof   ��  , use of ICT � �  and modelling  �  . There are some multiple choice 
questions preceding each of these sets of practice questions to re�ect those in the AQA papers.

This book follows on from A Level Mathematics for Year 1 (AS ) and most readers will be familiar with 
the material covered in it. However, there may be occasions when they want to check on topics in the 
earlier book; the parts entitled Review allow them to do this without having to look elsewhere. The �ve 
short Review chapters provide a condensed summary of the work that was covered in the earlier book, 
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including one or more exercises; in addition there are nine chapters that begin with a Review section and 
exercise, and then go on to new work based on it. Con�dent readers may choose to miss out the Review 
material, and just refer to these parts of the book when they are uncertain about particular topics. Others, 
however, will �nd it helpful to work through some or all of the Review material to consolidate their 
understanding of the �rst year work.

There are places where the work depends on knowledge from earlier in the book and this is �agged up in 
the margin in Prior knowledge boxes. This should be seen as an invitation to those who have problems with 
the particular topic to revisit it earlier in the book. At the end of each chapter there is a summary of the new 
knowledge that readers should have gained.  

Two common features of the book are Activities and Discussion points. These serve rather di�erent 
purposes. The Activities are designed to help readers get into the thought processes of the new work that 
they are about to meet; having done an Activity, what follows will seem much easier. The Discussion points 
invite readers to talk about particular points with their fellow students and their teacher and so enhance 
their understanding. Callout boxes and Note boxes are two other common features. Callout boxes provide 
explanations for the current work. Note boxes set the work in a broader or deeper context. Another feature is 
a Caution icon       , highlighting points where it is easy to go wrong.

The authors have taken considerable care to ensure that the mathematical vocabulary and notation are used 
correctly in this book, including those for variance and standard deviation, as de�ned in the AQA  speci�cation for 
A-level Mathematics. In the paragraph on notation for sample variance and sample standard deviation (page 327), 
it explains that the meanings of ‘sample variance’, denoted by s2, and ‘sample standard deviation’, denoted by s, are 
de�ned to be calculated with divisor (n – 1). In early work in statistics it is common practice to introduce these 
concepts with divisor n rather than (n – 1). However there is no recognised notation to denote the quantities so 
derived. Students should be aware of the variations in notation used by manufacturers on calculators and know 
what the symbols on their particular models represent.

When answering questions, students are expected to match the level of accuracy of the given information. However, 
there are times when this can be ambiguous. For example ‘The mass of the block is 5 kg’ could be taken to be an 
exact statement or to be true to just 1 signi�cant �gure. In many of the worked examples in this book such statements 
are taken to be exact. A particular issue arises with the value of g, the acceleration due to gravity. This varies from 
place to place around the world. Unless stated otherwise questions in this book are taken to be at a place where, to 
3 signi�cant �gures, it is 9.80 m s-2. So, providing that other information in the question is either exact or given to 
at least 3 signi�cant �gures, answers based on this value are usually given to 3 signi�cant �gures. However, in the 
solutions to worked examples it is usually written as 9.8 rather than 9.80.� Examination questions often include a 
statement of the value of g to be used and candidates should not give their answers to a greater number of signi�cant 
�gures; typically this will be 3 �gures for values of g of 9.80 m s-2 and 9.81 m s-2, and 2 �gures for 9.8 m s-2 and 10 m s-2.

Answers to all exercise questions and practice questions are provided at the back of the book, and also online 
at www.hoddereducation.co.uk/AQAMathsYear2. Full step-by-step worked solutions to all of the practice 
questions are available online at www.hoddereducation.co.uk/AQAMathsYear2. All answers are also available 
on Hodder Education’s Dynamic Learning platform.

Finally a word of caution. This book covers the content of   Year 2 of A Level Mathematics and is designed 
to provide readers with the skills and knowledge they will need for the examination. However, it is not the 
same as the speci�cation, which is where the detailed examination requirements are set out. So, for example, 
the book uses the data set of cycling accidents to give readers experience of working with a large data set, but 
this is not the data set that will form the basis of any examination questions. Similarly, in the book cumulative 
binomial tables are used in the explanation of the output from a calculator, but such tables will not be 
available in examinations. Individual speci�cations will also make it clear how standard deviation is expected 
to be calculated. So, when preparing for the examination, it is essential to check the speci�cation.

� Catherine Berry and Roger Porkess 

*Please note that the marks stated on the example questions are to be used as a guideline only,  AQA have 
not reviewed and approved the marks.
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Prior knowledge

This book builds on work from AS/Year 1 A level Mathematics. AS work is reviewed either 
in sections at the start of chapters, or in separate review chapters in this Year 2 A level 
Mathematics book.

The order of the chapters has been designed to allow later ones to use and build on work in earlier 
chapters. The list below identi�es cases where the dependency is particularly strong.

The Statistics and Mechanics chapters are placed in separate sections of the book for easy reference, but it 
is expected that these will be studied alongside the Pure mathematics work rather than after it.

�Q	� The work in Chapter 1: Proof pervades the whole book. It builds on the work on problem solving 
and proof covered in Chapter 1 of AS/Year 1 Mathematics.

�Q	� Chapter 2: Trigonometry builds on the trigonometry work in Chapter 6 of AS/Year 1 
Mathematics.

�Q	 �Review: Algebra 1 reviews the work on surds, indices, exponentials and logarithms from 
Chapters�2 and 13 of AS/Year 1 Mathematics.

�Q	 �Chapter 3: Sequences and series requires some use of logarithms, covered in Review: Algebra 1.

�Q	 �Review: Algebra 2 reviews the work on equations, inequalities and polynomials from Chapters 3, 
4 and 7 of AS/Year 1 Mathematics.

�Q	 �Chapter 4: Functions begins with a review of the work on transformations covered in Chapter 8 
of AS/Year 1 Mathematics.

�Q	� Chapter 5: Di�erentiation begins with a review of the work on di�erentiation covered in 
Chapter 10 of AS/Year 1 Mathematics.

�Q	� Review: The sine and cosine rules reviews the work on triangles covered in part of Chapter 6 
of AS/Year 1 Mathematics.

�Q	� Chapter 6: Trigonometric functions builds on the work in Chapter 2, and uses ideas about 
functions from Chapter 4.

�Q	� Chapter 7: Further algebra starts with a review of the work on the binomial expansion from 
Chapter 9 of AS/Year 1 Mathematics. It also builds on work on the factor theorem and algebraic 
division, covered in Review: Algebra 2.

�Q	� Chapter 8: Trigonometric identities builds on the work in Chapter 2 and Chapter 6. 

�Q	� Chapter 9: Further di�erentiation builds on the work in Chapter 5. It also requires the use of 
radians, covered in Chapter 2.

�Q	� Chapter 10: Integration starts with a review of the work on integration covered in Chapter 11 
of AS/Year 1 Mathematics. It follows on from the di�erentiation work in Chapter 9, and also 
requires the use of radians, covered in Chapter 2, and partial fractions, covered in Chapter 7.

�Q	� Review: Coordinate geometry reviews the work in Chapter 5 of AS/Year 1 Mathematics.

�Q	� Chapter 11: Parametric equations uses trigonometric identities covered in Chapter 6 and 
Chapter 8. You should also recall the equation of a circle, covered in Review: Coordinate 
geometry, and be con�dent in the di�erentiation techniques covered in Chapter 5 and Chapter 9.

�Q	� Chapter 12: Vectors builds on the vectors work in Chapter 12 of AS/Year 1 Mathematics.

�Q	� Chapter 13: Di�erential equations uses integration work covered in Chapter 10.

�Q	� Chapter 14: Numerical methods requires some simple di�erentiation and knowledge of how 
integration relates to the area under a graph.
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�Q	� Review: Working with data reviews the work in Chapters 14 and 15 of AS/Year 1 Mathematics.

�Q	� Chapter 15: Probability starts with a review of the probability work in Chapter 16 of AS/Year 1 
Mathematics.

�Q	� Chapter 16: Statistical distributions starts with a review of the work on the binomial distribution 
covered in Chapter 17 of AS/Year 1 Mathematics. It involves use of probability covered in 
Chapter�15.

�Q	� Chapter 17: Statistical hypothesis testing starts with a review of the work on hypothesis testing 
covered in Chapter 18 of AS/Year 1 Mathematics. It requires use of the Normal distribution 
covered in Chapter 16.

�Q	� Chapter 18: Kinematics starts with a review of the work on kinematics covered in Chapters 19 and 
21 of AS/Year 1 Mathematics. You should be con�dent in working with vectors in two dimensions 
(reviewed in Chapter 12) and in working with parametric equations (Chapter 11).

�Q	� Chapter 19: Forces and motion starts with a review of the work on force covered in Chapter 20 of 
AS/Year 1 Mathematics. It requires the use of vectors in two dimensions (reviewed in Chapter 12).

�Q	� Chapter 20: Moments of forces uses work on force covered in Chapter 19, and the use of vectors in 
two dimensions (reviewed in Chapter 12).

�Q	� Chapter 21: Projectiles uses trigonometric identities from Chapter 6 and Chapter 8, and work on 
parametric equations from Chapter 11. It also requires use of vectors in two dimensions (reviewed in 
Chapter 12).

�Q	� Chapter 22: A model for friction uses work on force and moments covered in Chapters 19 and 20, 
as well as vectors in two dimensions (reviewed in Chapter 12).
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Mathematics teaches 
us to solve puzzles. 
You can claim to be a 
mathematician if, and 
only if, you feel that you 
will be able to solve a 
puzzle that neither you, 
nor anyone else, has 
studied before. That is 
the test of reasoning.

������������������������

Proof�

���������������������������������� c������������������������� a��� b�

b

b

a

a

c

ba

a

b

c

c

c

��
�������

�� 
������������������
�	���������	�������� c2 �  a2 �  b2�������������	��������
��������������	�����������	������	��•�������•
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Mathematical problem solving sometimes involves solving purely mathematical 
problems, and sometimes involves using mathematics to �nd a solution to a ‘real-
life’ problem.

The problem solving cycle in Figure 1.2 shows the processes involved in 
solving a problem.

2 Information collection4 Interpretation

3 Processing and
   representation 

1 Problem specification
   and analysis 

��
�������

In purely mathematical problems, the same cycle can often be expressed using 
di�erent words, as in Figure 1.3.

2 Trying out some cases
to see what is happening

4 Proving or disproving
the conjecture

3 Forming a conjecture

1 Problem specification
and analysis 

��
�������

�
����
����
����•���
Rob is investigating what happens when he adds the terms of the sequence

2, 1, 1
2
, 1

4
, 1

8
, …

He says:

�Q�� ‘However many terms I add, the answer is always less than 4.’

�Q�� ‘If I add enough terms, I can get as close to 4 as I like.’

These statements are conjectures. They are Rob’s theories.
•��	�	����	�	��	�
������	���	������
���•��������••���
�����•��	����
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A conjecture may or may not be true, but once you have made a conjecture you 
obviously want to know whether it is true. If it is, you will want to convince 
other people, and that means you must prove it.

Rob draws the diagram in Figure 1.4.

1

1

1
2
— 1

2
—

1

2

2

��
������•

Here is a well-known conjecture that no one has managed to prove yet.

•
�•	��••���
����•���

••�����•�����	���������	���	���� 2�����������		������	����������	���������
��������

Most people believe it is true and many have tried to prove it, but so far without 
success.

Rob’s conjectures can be shown geometrically, but many other conjectures need 
algebra. Proving a conjecture always requires rigorous, logical argument.

Here are some symbols and words that are very useful in this:

�Q�� The symbol � means ‘leads to’ or ‘implies’ and is very helpful when you 
want to present an argument logically, step by step.

 n � 5 � n is a prime number.

�Q�� You can write the symbol � the other way round, as �. In that case, it 
means ‘is implied by’ or ‘follows from’.

��  2n is even � n is even.

�� This statement could also be written in the form

�� n is even � 2n is even.

�Q�� In situations where both the symbols � and � give true statements, the 
two symbols are written together as �. You can read this as ‘implies and is 
implied by’ or ‘is equivalent to’.

�� n is an even number � n² is an even 
 number.

 �������
��­
��•�

�� 
������� �������
	�����������	�����•��
�������•��	����•

�� 
������•�������­��
	����������	��
��	��	���	•

€�����������	��	�	����	�	����	�

‚2n�����•�����������	���
��������	����

����	����	�	����	�‚ n�����•����

€�����������	��	�

‚n��������•����������������
��	���
���
�����

�	�����
�����	��������	����	�	����	�

‚nƒ��������•�����������

 �������
��­
��•

�� •��•��������	���
���•������	�	����	�
‚2n�����•����� n����
�•���������	�	����

 �������
��­
��•

�� •��•��������
„�•��������
���•��	�����������	�
���•��	���••���	������

€�����������	��	�	����	�	����	�

‚n�� �5���������

�	����������	��������

	����	�	����	�‚ n��������������������

 �������
��­
��•

�� •��•��������	���
	���������	�	����	�
‚n�������������������
�� n��� 5�������	�	����
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� 	 Is the statement ‘n is odd � n3 is odd’ true or 
false?

� 	 In each case, write one of the symbols �, � 
or � between the two statements A and B.

��� 	 A: PQRS is a rectangle.

	 B: PQRS has two pairs of equal sides.

���� 	 A: The point P is inside a circle centre O, 
radius 3.

	 B: The distance OP is less than 3.

����� 	 A: p is a prime number greater  
than 2.

	 B: p is odd.

��•� 	 A: (x � 3) (x � 4) � 0

	 B: x � 4

� 	 Samir writes:

	 AB is parallel to CD � ABCD is a 
parallelogram.

��� 	 Is Samir correct? Explain your answer.

���� 	 Write down the converse of Samir’s 
statement. Is the converse true?

� 	 Winnie lives in a village in rural Africa; it is 
marked P on the diagram in Figure�1.5.

Q

river

P

R

��
������€

	 Each day she goes to a river which �ows 
due east. She �lls a bucket with water at R 
and takes it to her grandmother who lives in 
a nearby village, Q. Winnie wants to know 
where to �ll the bucket so that she has the 
shortest distance to walk.

	 Referred to a coordinate system with axes  
east and north, P is the point (2, 3),  
Q is (8, 1) and the equation of the river is  
y � 5.

��� 	 Draw the diagram accurately on graph 
paper, using equal scales for both axes.

���� 	 Winnie thinks that the best point for R is 
(5, 5). Show that her conjecture is wrong.

����� 	 Find the coordinates for the best position 
of R. Explain carefully how you know 
that this is indeed the case.

� 	 Place the numbers from 1 to 8 in a copy of the 
grid in Figure 1.6 so that consecutive numbers 
are not in adjacent cells (i.e. cells that have a 
common edge or vertex).

	 ��
������‚

	 If you can’t do it, explain why not.

	 If you can do it, state in how many ways it 
can be done, justifying your answer.

� 	 Figure 1.7 shows a square of side 1 m and four 
circles.

	 The small red circle �ts in the gap in the 
middle.

	 ��
������ƒ

	 Show that the diameter of the red circle is 
2 m1

2
1
2� �� .
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You have probably found that Sarah’s challenge in the discussion point appears 
to be impossible.  You have formed the conjecture that the di� erence between 
the squares of two consecutive numbers is always odd. The next step is to prove 
that your conjecture is true, and then you will know for certain that Sarah’s 
challenge is impossible.

Two of Sarah’s classmates decide to prove that her challenge is impossible.

Jamie writes:

For two consecutive numbers, one must be even and  one must be 
odd.

An even number squared is even.

An odd number squared is odd.

The difference between an even number and an odd number is always 
odd, so the difference between the square of an even number and the 
square of an odd number must be odd.

So the difference between the squares of consecutive numbers must be 
odd.

� A game is played using a standard 
dartboard.

6
13

4

18
1205

12

9
14

11

8
16

7
19 3 17

2

15
10

��
������


 In this game, the ‘doubles’ count as squares 
and the ‘trebles’ count as cubes.

 A player has three darts and must score one 
‘single’, one ‘double’ and one ‘treble’ to 
make a total of 501.

�
�� Find two ways in which a player can 
� nish (ignoring the order in which 
the darts are thrown).

�

�� Prove that there are no other possible 
ways.
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Zarah writes:

�/�H�W���W�K�H���¿���U�V�W���Q�X�P�E�H�U���E�H���Q��

So the next number is n �  1.

The difference between their squares  �  (n �  1) 2 �  n 2

�  n 2 �  2n �  1 �  n 2

�  2n �  1

2n �  1 is an odd number, so the difference between 
the squares of consecutive numbers is always odd.

Jamie and Zarah have both proved the conjecture, in di� erent ways.

You have now reached the stage where it is no longer always satisfactory to 
assume that a fact is true without proving it, since one fact is often used to 
deduce another.
There are a number of di� erent techniques that you can use.

��

…�	��•����•���
����•
Both Jamie’s proof and Zarah’s proof are examples of proof by direct argument, 
or deductive proof.  You start from known facts and deduce further facts, step by 
step, until you reach the statement that you wanted to prove.

 �������
��­
��•

�� †������������������
������•

Prove that the opposite angles of a cyclic quadrilateral are supplementary (add 
up to 180°).

You may assume the result that the angle subtended by an arc at the centre of 
a circle is twice the angle subtended by the same arc at the circumference.

��
��������

Solution
Figure 1.9 shows a circle centre O and a 
cyclic quadrilateral ABCD.

�ADC � x and �ABC � y.

The minor arc AC subtends angle x at the 
circumference of the circle, and angle p at the 
centre of the circle.

So  p � 2x.

The major arc AC subtends angle y at the 
circumference of the circle, and angle q at the centre of the circle.

So  q � 2y.

Adding the two angles at O gives p � q � 360°

� �  2x � 2y � 360°

� �      x � y � 180°.

The sum of the four angles of any quadrilateral is 360°, so the sum of each 
pair of opposite angles of a cyclic quadrilateral is 180°.

��
�������

B

C

D

A

y

p
qO

x

2n��������•	��•��
��� 2‡�����	�������
�•�����������…��
2n��� 1����	����
��������������

ˆ�����	����	�	����	��
����	�������•	�	��	�����
����������‡���•������	���
����	����
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For some conjectures it is possible to test all possible cases, as in Example 1.2.

Prove that when a two-digit number is divisible by 9, reversing its digits also 
gives a number that is divisible by 9.

Prove that the sum of the interior angles x and y for a pair of parallel lines, as 
shown in Figure 1.10, is 180°.

P
A

y

Q
C

x

B

D

��
��������

��
��������

��
��������

Solution
There are only 10 two-digit numbers divisible by 9:

	 18, 27, 36, 45, 54, 63, 72, 81, 90, 99.

Reversing each of these gives the following:

	 81, 72, 63, 54, 45, 36, 27, 18, 09, 99.

These numbers are also divisible by 9, so the conjecture has been proved.

Solution
Assume that x � y � 180° as shown in Figure 1.11.

P

Q

B

E

D

A
y

C
x

��
��������
�

 �������
��­
��•�

�� ‰���	�	����	��	���•�������	�������	�������	��Š����	��������	��	������•����•�����‹�
�•�������•�����	��Š����	��������	��	������•����•�����‹•

�� 
������	��������	������������	������	����������•����•����Œ•

‰	���������	��	�	�����������������	���������

��

…�	���
�•��•��•�
�
In some cases it is possible to deduce a result by showing that the opposite is 
impossible, as in the following examples.

•�•• ••­����

��•��	�������•	������
•����•����Œ�������
�����	�������


��•��	�����������������
����•	�������	����Š����	�
�������

‰��	������•��	�������
��•��‡�	������	�����

x�� �y�� ��Ž‘’�����

x�� �y�� ��Ž‘’��“��­�
�	�	�����	���������
������	�•��
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In this case the lines AB and CD, when extended, will meet at a point E, 
where

� � BED � 180° � x � y. 

This means that AB and CD are not parallel.

Similarly, assuming that x � y � 180°, as shown in Figure 1.12, will give 
angles (180° � x) and (180° � y), with a sum of (360° � (x � y)).

P

R
Q

B

D

A
y

C
x180º–x 

180º–y

��
��������

360° � (x � y) �  180°, so now AP and CQ when extended will meet at a 
point R, showing that AP and CQ are not parallel.

Consequently, x � y � 180°.

”�����	����������	������•��������	�����•���

Prove that 2  is irrational.
��
��������

Solution

Assume that 2 is rational, so 2 � m
n2 , where m and n have no common 

factor.

Squaring � �

� �

m
n

n m

2

2 (1)

2

2

2 2	 �

2n� is a multiple of 2 � 2n� is even

� �  m� is even

� �  m is even.

So let m � 2p.

In equation � this gives

	 � �n p p2 (2 ) 42 2 2

	 � �n p22 2

2p� is a multiple of 2 � 2p� is even

� �  n� is even

� �  n is even.

You have now shown that both m and n are even numbers, which 
contradicts the assumption that m and n have no common factor.

Consequently, 2 is not rational, so it must be irrational.

•�� m�����•��‡��	������������������

���Œp‡������� p���������	�����

‰	��������������������
	��	����������	��	�

��	���� x�� �y�� ��Ž‘’����

x�� �y�� ��Ž‘’�•�����	����
���	�����	���‡����	�����•��
�����������������•�	�����

	��	� x�� �y����Ž‘’�
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Sometimes you may come across a conjecture that looks as if it might be true, 
but is in fact false. Always start by checking the result for a few particular values, 
to try to get a ‘feel’ for what is happening. Next, if you think that it is true, you 
could try to prove it using any of the methods discussed earlier. If you seem to 
be getting nowhere, then �nding just one case, a counter-example, when it 
fails is su�cient to disprove it.

Prove that there are an in�nite number of prime numbers.

Hassan says that 1003 is a prime number.

Is Hassan correct? Either prove his conjecture, or �nd a counter-example.

��
��������

��
�������•

Solution
Suppose there are a �nite number of prime numbers: p2,3, 5, , n� .

Let q p(2 3 5 ) 1n� � � � � �� .

Is q prime?

�Q	 If q is prime, then it is a new prime number, not in the original list.

�Q	� If q is not prime, then it has a prime factor.  
2 cannot be a factor of q, because q is one more than a multiple of 2. 
3 cannot be a factor of q, because q is one more than a multiple of 3. 
Similarly, none of the primes in the list can be a factor of q. 
So if q is not prime, then it must have a prime factor which is not in the list. 
So there is another prime number that is not in the list.

So, whether q is prime or not, there is another prime number not in the 
list. This contradicts the original assertion that there are a �nite number of 
prime numbers.

Solution
Checking for prime factors of 1003:

2 is not a factor of 1003

3 is not a factor of 1003

5 is not a factor of 1003.

…

However, it turns out that 17 is a factor of 1003:

17 × 59 � 1003

Hassan is wrong.

q����������������•	��•�����
	���	�����••�	�����������������
���	���•��	�����	����������� 1�
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In questions 1�12 a conjecture is given. Decide whether 
it is true or false. If it is true, prove it using a suitable 
method and name the method. If it is false, give a  
counter-example.

� 	 Numbers raised to the power 4 only end in the 
digits 0, 1, 4, 5 and 6.

� 	 2n + 3 is prime for n > 1.

� 	 � � � �a b a b ab( ) ( ) 42 2 , where a and b are 
real numbers.

� 	 The triangle with sides of length �n2 1, n 
and (n � 1) is right-angled.

� 	 No square number ends in 8.

� 	 The number of diagonals of a regular polygon 
with n sides is <  n.

� 	 The sum of the squares of any two consecutive 
integers is an odd number.

� 	 3  is irrational.

� 	 If T is a triangular number (given by 
� �T n n( 1)1

2  where n is an integer), then

��� 	 �T9 1 is a triangular number

���� 	 �T8 1 is a square number.

� 	 ��� 	� A four-digit number formed by writing 
down two digits and then repeating them 
is divisible by 101.

���� 	 A four-digit number formed by writing 
down two digits and then reversing them 
is divisible by 11.

� 	 The value of (n� � n � 11) is a prime number 
for all positive integer values  
of n.

� 	 The tangent to a circle at a point P is 
perpendicular to the radius at P.

� 	 ���	 The sum of the squares of any �ve 
consecutive integers is divisible by 5.

���� 	 The sum of the squares of any four 
consecutive integers is divisible by 4.

� 	 For any pair of numbers x and y,  
2(x� � y�) is the sum of two squares.

� 	 ��� 	 Prove that �n n3  is a multiple of 6 for all 
positive integers n.

���� 	 Hence prove that �n n113  is a multiple 
of 6 for all positive integers n.

� 	 Prove that no number in the in�nite sequence

	 10, 110, 210, 310, 410, …

	 can be written in the form an  where a is an 
integer and n is an integer >  2.

� 	 Prove that if �� a bc, ,  and �� A B C, ,  
are Pythagorean triples then so is 

�� � �aA bB aB bAcC, , .

� 	 Which positive integers cannot be written as 
the sum of two or more consecutive numbers? 
Prove your conjecture.


 	 An integer N is the sum of the squares of two 
di�erent integers.

��� 	 Prove that N � is also the sum of the 
squares of two integers.

���� 	 State the converse of this result and either 
prove it is true or provide a counter-
example to disprove it.
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• 	 ˆ�����	�����������������

�Q	 ��������������	��������	
�Q	 ���������������	���
�Q	 ������������	�����	����

€	 –�	��������������������
�Q	 �����������������	��������	
�Q	 ������������	����������������	��Š�����•��

”‹•Š“’“•�‘ˆ‰–‘„‹�
†����������•������•�	���	��������	��‡���������•�������•��	�—

�³� ������	������������	����	���	���������	����	���•������‡�����������������
��•���������	�����	�������������������•�����•��	����	��������•�����

�³� ������	����������	����	���•������—

�P�� ��������������	����

�P�� ���������������	���

�³� ������������	�����	�������•�����

�P�� ���������	�������	����•�	����� �
_
Œ�

�P�� ���������	��������	�����������

�P�� ���•���	����	��������•�����������

�³� ����������������	��������•��

852893_01_AQA_Maths_Y2_4E_001-011.indd   11 16/11/17   7:13 PM



Trigonometry

��

�

���������
Have you ever wondered why angles are measured in degrees, and why there are 
360° in one revolution?

There are various legends to support the choice of 360, most of them based in 
astronomy. One of these is that the shepherd-astronomers of Sumeria thought 
that the solar year was 360 days long; this number was then used by the ancient 
Babylonian mathematicians to divide one revolution into 360 equal parts.

�����������������������������������������������������
�������������������
��������������
���������������������
	�����
��������������
����
�����

��������������������������������������
�������������������
������������������
���������������������
�����

� � ��������•�����������
�����••���������•���•���•�����������������������������
���������������•�����������•�����•��•�•

Look at situations from 
all angles, and you will 
become more open.

�������������������
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Degrees are not the only way in which you can measure angles. Some 
calculators have modes which are called ‘rad’ and ‘gra’ (or ‘grad’); if yours is 
one of these, you have probably noticed that these give di�erent answers when 
you are using the sin, cos or tan keys. These answers are only wrong when the 
calculator mode is di�erent from the angular measure used in the calculation.

The gradian (mode ‘gra’ or ‘grad’) is a unit which was introduced to give a means 
of angle measurement which was compatible with the metric system. There are 
100 gradians in a right angle, so when you are in the gradian mode, sin 100 � 1, just 
as when you are in the degree mode, sin 90 �  1. Gradians are largely of historical 
interest and are only mentioned here to remove any mystery surrounding this 
calculator mode.

By contrast, radians are used extensively in mathematics because they simplify 
many calculations. The radian (mode ‘rad’) is sometimes referred to as the 
natural unit of angular measure. If, as in Figure 2.1, the arc AB of a circle centre 
O is drawn so that it is equal in length to the radius of the circle, then the angle 
AOB is 1 radian, about 57.3°.

A

B

O

r

r

r

1 radian


���
	����

You will sometimes see 1 radian written as 1c, just as 1 degree is written 1°.

Since the circumference of a circle is given by 2�r, it follows that the angle of a 
complete turn is 2� radians.

	 360° � 2� radians

Consequently

	 180° � � radians

	 90° � �
2  radians

	 60° � �
3  radians

	 45° � 
4

 radians

	 30° � 
�
6  radians

To convert degrees into radians you multiply by �
180

.

To convert radians into degrees you multiply by 180
�

. 

�
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Solution

(i) (a) 30° � 30 � �
180 

�
 

�
6

 (b) 315° � 315 � �
180 � 

 
7�
4

 (c) 29° � 29 � 
�

180� 0.506 radians (to 3 s.f.).

(ii) (a) �
12  � 

�
12  � 180

�
 � 15°

 (b) 8�
3  � 8�

3  � 180
�  � 480°

 (c) 1.2 radians � 1.2 � 180
�  

� 68.8° (to 3 s.f.).

���	�
•� � •������
���������������

•��������������������
�•�•­�€��������������
���
�����������������
���������������������
��������������������
�����•���������•� � ��•���

�‚�����
�
6 �

ƒ� �„���������
������

��������������������•�
� ���������������������
�����������

����������� (i)  Express in radians (a) 30° (b) 315° (c) 29°.

(ii)  Express in degrees (a) �12  (b) 8�
3

 (c) 1.2 radians.

�
������	�
������
������
You can use radians when working with trigonometric functions.

Remember that the x–y plane is divided into four quadrants and that angles are 
measured from the x-axis (see Figure 2.2).

or +135°

an angle of radians

x
an angle of
x

Anticlockwise angles are
positive.

Clockwise angles are
negative.

3
4

2�í 2�í

22

�› �›

6�í�� radians

or –30° 

�›

�› �›

�›

�›

�›


���
	����

���	
��
����������…����
��
��•ƒ†�������������
•��������������������

…1
1000�� ��•���������†��

���������������‚��������
6283�����������������
360��…2� �� �1000†�����
�����������������������
�����•�� 6400���
�����
����������������������
����������������•���
����
������
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You can extend the de�nitions for sine, cosine and tangent by drawing a unit 
circle drawn on the x–y plane, as in Figure 2.3.

xxO

P(x, y)

1

y

y

��

The point P can be anywhere 
on the unit circle.


���
	����

For any angle (in degrees or radians):

ysinu � ,  xcosu � , 
y
xtanu �   and� tan sin

cos , cos 0.u u
u u� �

�
�••���•��
������	�
�•�•��•�����
The graphs of the trigonometric functions can be drawn using radians.

The graph of y sinu� is shown in Figure 2.4.

–0.5

–1

0

1

0.5

y

2
�›

2
�›

2
2�› 3�›

2
3�› �› 2�›�› ––––

y = sin 


���
	���•

The graph of y cosu� is shown in Figure 2.5.

–0.5

–1

0

1

0.5

y

2
�›

2
�›

2
2�› 3�› 2�›

2
3�› �›�› ––––

y = cos 


���
	����

�� �‡�����  ��  2�  ��������

�� �̂ ���������  ��������  

�•  �����  2 �����  ���  
���
���

�� �‰���������  �������  �

� 1 ���  1� ��  �

� 1 < sin u < 1�

�� ‡�����  ��  2�  ��������

�� �Š����������  �����  �

y‹�‚���

�� �‰���������  �������  

�1  ���  1� ��  �

�1  < cos u < 1�
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The graph of y tanu�  is shown in Figure 2.6.

0

y

2
�›

2
�›

2
2�› 3�› 2�›

2
3�› �›�› ––– –

y = tan 


���
	���•

The diagrams in Figure 2.7 can be used to help you remember the sign of sin u, 
cos u and tan u in each of the four quadrants.

� �

All positive
1st quadrant

Only cos �� positive
4th quadrant

Only sin �� positive
2nd quadrant

Only tan �� positive
3rd quadrant

S

T

A

C

All positive
1st quadrant

Only cos �� positive
4th quadrant

Only sin �� positive
2nd quadrant

Only tan �� positive
3rd quadrant

S

T

A

C

� � 
���
	 ��� 

�� � ‡��������� � ���������

�� � �̂�������������������•�
������2 ��������������
���

�� � �������������� ± �
2, 

± 3�
2 , …

���	
 •�������������Œ��������
�������•������� sin 1.4c�

�������
�
12����������

Ž���‘��������������
����������������������
����
���������������������’�
����������‚��������
0.9854…������
0.9659…�

“���������������������
��
�����������
�����…���

����������
���� 180
�

†�����

��������������•Œ�������
�������� �����������������
���
�������������������•�
���•��
������������

����
�������

� What other angle in the range 0 ¯ u ¯  2� has 
the same cosine as �

6
? 

� Express the following angles in radians, leaving 
your answers in terms of � where appropriate.
…�†� 45° …��†  90°

…���†�120° …��†  75° 

…�†� 300° …��†  23°

…���†�450° …����†   209°

…�‚†� 150° …‚†  7.2°
� Express the following angles in degrees, using a 

suitable approximation where necessary.

…�†� �
10

 …��†  3�
4

…���†�2 radians …��† 4�
9

…�†� 3� …��†� �4�
3

…���†�0.5 radians …����†  5�
2

…�‚†� 7�
3

 …‚†   3�
7

� In Figure 2.8, ABC is an equilateral triangle. 
AB � 2 cm. D is the midpoint of BC.

D

2 cm

CB

A

  


���
	���­

 …�† Find the exact lengths of

…�†�BD …�† AD.

…��†�Write down each of these angles in 
radians.

…�†�ABD …�† BAD

C
  

 Find the exact lengths of

€‚�•���	��������
�•������	�ƒ	����
�
���„	
������
��
•�
���	���� 2���
�
�����•
�•����…����
����•
�†�†������‡��
�		�������	����
�
•��•�����
�

��������
�������
��”�Š��
���
����
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��ˆ�
•���
��	���
	
�•	��	���•��•�����
•��•���•�
•�	
From the de� nition of a radian (see p. 13), an angle of 1 radian at the centre of a 
circle corresponds to an arc of length r (the radius of the circle).

Similarly, an angle of 2 radians corresponds to an arc length of 2r and, in general, 
an angle of u radians corresponds to an arc length of ur, which is usually written 
r u (Figure 2.9).

r

arc length �U��

r

��


���
	����

…���†�Hence � nd the exact values of the 
following.

…�†�sin �
3

 …�† cos �
3

…�†�tan �
3

 …�†�sin �
6

…�†�cos �
6

 …•† tan �
6

� By drawing a suitable right-angled triangle, 
prove that

…�†� sin �
4

2
2�  …��† cos�

4
2

2�

…���†�tan �
4 1�

� Match together the expressions with the same 
value.

 Do not use your calculator.

cos5�
3 cos �

4� �� tan 3�
4 sin 5�

6
tan 4�

3

cos � tan 5�
3� ��sin 9�

4 sin 2�
3 cos11�

6

3
2

1
2

2
2

3 �1

� Draw the graph of y �  sin x for 
 0 ̄  x ¯  2�.

 Use your graph to � nd two values of x, in 
radians, for which sin x � 0.6.

 

radians, for which sinx  0.6.

‰���•�����	����
�••�•���•��•�����
�
�
��
�••������•�„�
	�

�  Draw the graphs of y � sin x and 
y � cos x on the same pair of axes for 
0 ̄  x ¯  2�.

 Use your graphs to solve the equation 
sin x � cos x.

�  Write down the smallest positive value of 
k, where k is in radians, to make each of the 
following statements true.

…�†�sin (x � k) � �sin x

…��†�cos (x � k) � sin x

…���†�tan (x � k) � tan x

…��†�cos (k � x) � �cos (k � x)

� …�†  Given that sin x � sin 5�
7  where 

0 < x < 
�
2, � nd x.

…��†�Given that cos y � cos 2�
5� ��  where 

y� 2 �� � , � nd y.

…���†�Given that tan k� � tan 5�
3� ��  

where � �k0 1
2, � nd k.

�
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•��•••�•����
“����������•������������
����•����������������������•��������������
���
�����
���������•�������������������������������������������������”�����������������
������ƒ�•�������������•��������•����������
�����������������������
�������������
��
�����

��†�	����

Radians Degrees

Angle uc � � 180
�u�� �� �

Arc length

Area of sector

�•	��
	���•����	•��
��•���•�
•�	
A sector of a circle is the shape enclosed by an arc of the circle and two radii 
(Figure 2.10).

major sectorminor
sector

A major sector is larger
than a semicircle.

A minor sector is smaller 
than a semicircle.

•��•������ 

���	
������������������������������������
���������������������

major segment

minor segment

•��•�������

The area of a sector is a fraction of the area of 
the whole circle. The fraction is found by writing 
the angle u as a fraction of one revolution, i.e. 2� 

(Figure 2.11). So the area of the shaded sector is 

2�
u  of the area of the whole circle

� � �u ur r2� � 1
2

2 2

r

r

��

•��•�������
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Solution

(i)	 urArc length

6 2�
3

4� cm

�

� �

�

	 Perimeter � 4� � 6 � 6

��		  ���  (4� � 12)  cm

	

urArea

6 2�
3 12�c m

1
2

1
2

2

2 2

�

� � � �

•���  �  �•����  �• 
���  ��  ���  
����  ��  
���  –��������

•��‘�  •��
��  ��  ���  
��  ���  ���  ������  

(i)	� Calculate the exact arc length,  
perimeter and area of a sector  

of angle 2�
3  and radius 6 cm.

	

(ii)	� Calculate the area of the segment bounded by the chord AB and the  
arc AB.

�����������

(ii)	

6  cm 6  cm

O

A B

���ü
3


���
	����•	

	 Area of segment � area of sector AOB � area of triangle AOB

	 Area of a triangle � 12 � base � height

	 Using OA as the base, the height of the triangle is 6 sin2�
3

.

	 Area of triangle AOB � 12 � 6 � 6  sin 2�
3

� �18 3
2

� 9 3

	 Area of segment � 12� 9 3 22.1� �  cm2 to 3 s.f.

 �  
�������  ���  ����  �•  �  

�����
��  ��  12
 
ab sin C� 

�����  a ���  b ���  ���  
�����  ���  C ��  ���  ��
��  
�������  �����—���  ����  …�†� ���  ����  �•  

���  ������  ��  12�  cm2�

sin 2�
3 sin �

3
3

2� �

6 cm 6 cm

O

A B

2�
3


���
	�����
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� 	 An arc, with angle �
2

, of a circle, has length 
2� cm. What is the radius of the circle?

� 	 For each sector in Figure 2.15 �nd

…�†	 the arc length	 …�†	 the perimeter

…�†	 the area.

�Œ
3

3 cm

���Œ
4

4 cm


���
	�����

…�†

…��†

� 	 Each row of  Table 2.2 gives dimensions of 
a sector of a circle of radius r cm.

	 The angle subtended at the centre of the 
circle is u radians, the arc length of the 
sector is s cm and its area is A cm2. 
Copy and complete the table.

��†�	����

r (cm) u (rad) s (cm) A (cm 2)

4 2
�
3

�
2

5 10

0.8 1.5

2�
3 4�

� 	 In a cricket match, a particular cricketer 
generally hits the ball anywhere in a sector 
of angle 100°. If the boundary (assumed 
circular) is 80 yards away, �nd

…�†	 the length of boundary which the 
�elders should patrol

…��†	 the area of the ground which the 
�elders need to cover.

� 	 The perimeter of the sector in  
Figure 2.16 is (5� 1 2)�  cm.

� �

O

B

A

6 cm


���
	����•

	 Find the exact area of

…�†	 the sector AOB
…��†	 the triangle AOB
…���†	 the shaded segment.

� 	 A circle, centre O, has two radii OA and 
OB. The line AB divides the circle into 
two regions with areas in the ratio 3 : 1. The 
angle AOB is u (radians).

	 Show that

	 sin �
2u u� � .

� 	 …�†	� Show that the perimeter of the shaded 

segment in Figure 2.17 is r 2sin 2u u� �� .

� �

r
��


���
	���� 

…��†	 Show that the area of the shaded 

segment is �u ur ( sin )1
2

2 .

����
�������
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� 	 The silver brooch illustrated in Figure 2.18 is 
in the shape of an ornamental cross.

� � �����������

	 �The dark shaded areas represent where the 
metal is cut away. Each is part of a sector of a 

circle of angle �
4

 and radius 1.8 cm.

	 �The overall diameter of the brooch is 4.4 cm, 
and the diameter of the centre is 1 cm. The 
brooch is 1 mm thick.
Find the volume of silver in the brooch.

� 	 In the triangle OAB in Figure 2.19,  

OA = 3 m, OB = 8 m and angle AOB = �12.

� �

A

BO
8m

3m

�Œ
12

not to scale

�����������

	 Calculate, correct to 2 decimal places

���� the length of AB

����� the area of triangle OAB.

� 	 The plan of an ornamental garden in 
Figure 2.20 shows two circles, centre O, 
with radii 3 m and 8 m.

�

O

A

P

B

Q

not to scale

12
�›

4
�›

�����������

	 Grass paths of equal width are cut 
symmetrically across the circles.

	 The brown areas represent �ower beds.

	 BQ and AP are arcs of the circles.

	 Triangle OAB is the same triangle as 
shown in Figure 2.19.

	 Given that angle POA = �4 , calculate the 
area of

��� 	 sector OPA

���� 	 sector OQB

����� 	 the �ower bed PABQ.

� 	 ��� 	  �Find the area of the shaded segment in 
Figure 2.21.

	

5�
6 O B

A

4 cm

������  ����

����� Figure 2.22 shows two circles, each 
of radius 4 cm, with each one passing 
through the centre of the other.

	 

B

A

������  ����

	 Calculate the shaded area.

� 	 Figure 2.23 shows the cross-section of 
three pencils, each of radius 3.5 mm, held 
together by a stretched elastic band.

	 Find

���� the shaded area

����� the stretched  
length of the  
band.

 �����������
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�‚��������
Figure 2.24 shows the graphs of y � u, y � sin u and y � tan u on the same axes, 
for 0 ¯ u  ¯ �

2.

y = ��

y = sin ��

y = tan ��2

1

O �Œ
2 ��

In this graph, �� is measured
in radians, and the same scale
is used on both axes.

y


���
	����•

From this, you can see that for small values of u, where u is measured in radians, 
both sin u and tan u are approximately equal to u.

To prove this result, look at Figure 2.25. PT is a tangent to the circle, radius  
r units and centre O.

T
Q

r

rO P

r tan ��

��


���
	�����

Area of sector OPQ r1
2

2u�

Area of triangle OPQ r sin1
2

2 u�

Area of triangle OPT r tan1
2

2 u�

When u is very small, these three areas are very close in size.

��
r


���
	����•

So r r r rsin tan

sin tan

1
2

1
2

1
2

2 2u u u

u u u

� � � �

� � �

u ����  ��  ��  �������  •��  ����  
•������  ��  ���•˜

����  �•  �����
��  ��  12 ab sin C�

™���
  1
2  �  ����  �  ���
���

���•�������•����

� � „��  ����  u ����  ��  

��  ��  �������•
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™�����
���������������������
������
���•�������������� y�� �u��y�� ����� u�����
y�� ����� u��������������‚����•����� < �u�< ���ƒ����������š��������������������
������
����…����������������������������•��
����—�
����ƒ�ƒ	†���������

����������•���
��������������•� u������ u�� �u��������� u�� �u�

�•	������Œ����	��••
�‚��������•�
�•��� u
The result for cos u can be derived by considering a right-angled triangle drawn 
on a unit circle (Figure 2.27). The angle u is small and in radians.

O PR

1

Q

��

sin ��

cos ��

�� OP is the radius which
is 1, so RP = 1 �  cos ��.

1 �  cos ��.

The length of the arc
PQ is 1 × ����=������as 
the radius is 1 unit.


���
	���� 

In the right-angled triangle PQR, PQ � u when u is small.

Using right-angled trigonometry

 cos u uOR
1 OR cos� � �

and sin u u
RQ

1 RQ sin� � �

Pythagoras’ theorem gives PQ2 � PR 2 � RQ 2

   (1 cos ) sin2 2 2u u u� � �

 1 2cos cos sin2 2 2u u u u� � � �

 u u1 2cos 12 � � �

 u u2cos 2 2� �

 u ucos 1 2

2

� �

All of these approximations are very good for �0.1 <  u <  0.1 radians.

�������
���
�•������������
�����‚��������
������������
���������������
�•������
���

PQR.

sin2�u��� cos2�u�� �1��
������•�›�

��•�� cos�u��������œ����

���•�������•�����

� � „���������������•�
����������������

�‚���������Ž�����


���‘�����•

� � ž�����•�������

�������������
�

������‚�����

��������
��������

Ÿ‚���������•����
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Solution
(i)	 When u and 2u are both small

	    

cos 1 2

2

u u� �

	 and

cos2 1 (2 )
2

1 2

2

2

u u

u

� �

� �

	 Using these approximations, when u is small

	
cos cos2 1 2 1 2

3
2

2
2

2

u u u u

u

� �� � �
�
�
�

�
�
� � �

�

(ii)	 cos cos2 3
22

2

2
u u

u
u
u

� �

	 � 3
2

	 Hence  lim cos cos2 3
20 2

u u
uu

� �
�

”���•  ����  ������  ��  
�����������
  ��  ������  �•  u 
…�� �������†  �������
  ����  
u �  0.2 ���  ���������
  ��  
�����  �•  0.02�

����������� (i)	 Find an approximation for cos u �  cos 2u when u and 2u are both small.

(ii)	 Hence �nd

	 lim cos cos2
0 2

u u
u
�

� �
.

� 	 When u is small, �nd approximate 
expressions for the following.

…�†	 tanu u

…��†	 1 cosu�

…���†	 cos2u

…��†	 sin tanu u�

� 	 When u is small enough for u3 to be 
ignored, �nd approximate expressions for 
the following.

…�†	
sin

1 cos
u u

u�

…��†	 cos cos2u u

…���†	
tan

1 cos2
u u

u�

…��†	
cos4 cos2
sin4 sin2

u u
u u

�
�

� 	 …�† 	� Find an approximate expression for 
sin 2u � tan  3u when u is small enough 
for 3u to be considered as small.

…��†	 Hence �nd

	 	 lim sin2 tan3
0

u u
uu

�
�

� 	 …�†	� Find an approximate expression for  
1 � cos u when u is small.

…��†	 Hence �nd

		
u

u uu
lim 1 cos

4 sin0

�
�

����
�������

€����‚��������������������

����  �����  Ž���  �����  ��  
u �����  ��  ¡���‘�
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� 	 ��� 	� Find an approximate expression for 
1 � cos 4u when u is small enough for 
4u to be considered as small.

����� Find an approximate expression for 
tan2 2u when u is small enough for 2u 
to be considered as small.

�����  � Hence �nd

		
u

uu
lim1 cos4

tan 20 2
�

�

� 	 Use a trial and improvement method to 
�nd the largest value of u correct to 2 
decimal places such that sin tanu u u� �  
where u is in radians.

� 	 Use small-angle approximations to �nd the 
smallest positive root of

	 cos x � sin x � tan x � 1.2

	 Why can’t you use small-angle 
approximations to �nd a second root to this 
equation?

� 	 There are regulations in fencing to ensure 
that the blades used are not too bent. 
For épées, the rule states that the blade 
must not depart by more than 1 cm from 
the straight line joining the base to the 
point (see Figure 2.28a). For sabres, the 
corresponding rule states that the point 
must not be more than 4 cm out of line, i.e. 
away from the tangent at the base of the 
blade (see Figure 2.28b). 

	      

�1cm

�4cm

�� ��

O

BA

r

E

C

D

������������

	 Suppose that a blade AB is bent to form 
an arc of a circle of radius r, and that AB 
subtends an angle 2u at the centre O of the 
circle. Then with the notation of Figure 
2.28c, the épée bend is measured by CD, 
and the sabre bend by BE.

���� Show that CD � r (1 � cos u).

����� Explain why angle BAE � u.

������ Show that BE � 2r sin2 u.

����� Deduce that if u is small, BE � 4CD 
and hence that the rules for épée and 
sabre amount to the same thing.

���

���

���

����������
���
�	
��������������������
���
��������
�
	��������������������
��

�³�� ��
����
��
�����������
�	�����������������
��
������
�������
���������
�


�³�� ����
�
������������
����
����
�����������������
�����
������������	��������
����
�����


�P�� ���  u � �u

�P�� ���  u � �� �� � � 2

2
�P�� 
��  u � �u

�³�� �����������������
�������������������������
� 0, �
6 , �

4 , �
3, �

2 , � �������
������

��
���

�³�� �����������������
�����������
�����
� 0, �6 , �
4 , �

3, � ��������
������
��
����
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€����‚��������������������

–€‰�—‘“��‹
� 	 2�  �������  �  360°

	 ��  �������  ��
����  ����  �������  ���  ��������  ��  �
180

�

	 ��  �������  �������  ����  ��
����  ���  ��������  ��  180
�

�

� 	 ��†�	����

u ° 0° 30° 45° 60° 90°

u�radians 0
�
6

�
4

�
3

�
2

sin u 0
1
2

 2
2

3
2 1

cos u 1 3
2

2
2

1
2 0

tan u 0 3
3

1 3 unde�ned

�
	

–1

–2

0

2

1

y

2
�›

2
�›

2
2�›3�›

2
3�› �›�› –––

y = sin ��
Period is 2�› radians. Rotational symmetry of 
order 2 about the origin. Oscillates between 
–1 and 1, so –1�  sin �� �  1.

y = cos ��
Period is 2� radians. Symmetrical
about y-axis. Oscillates between 
–1 and 1, so –1 �  cos �� �  1.

y = tan ��
Period is     radians. Rotational
symmetry of order 2 about the
origin. Asymptotes at 

�›
2

�›
2

3
2
�›± ± ���,

•��•������­

� 	 ����  �•  �  ������
	 ���  ���
��  


 	 —�� �����  ��
���  �����  ���•  ¯  u  ¯  ��•  ��������  ���  ���  ���  ���  •�������
  
�����‚���������  

	 	  sin u � u
	 	 tan u �  u
	 	 u ucos 1 2

2

� �


”�”�€�”‹€‹
�Q�� “��  ����  �•���  ����  

��  ���  �������  ��  
���  ���
��������  
���•  ��  ”�������  
  
���  ­�

�Q�� ˆ������  ���  ����  
���������  ����  
���  ��••���������  
���  ����
����  
���
���������  
•��������  …�������  ��  
”�������  ¢ ���  •�†�

��

r

r

•��•������ 

u

u

r

r

=

=

1
2

2u

u

r

r

=

=

1
2

2
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Review: Algebra 1

�������������������
�����
Sometimes you need to simplify expressions 
containing surds. 

Remember

�Q�� �x x( )2

�Q�� �xy x y

Addition, subtraction and multiplication follow the same rules as any other 
algebraic manipulation.

�Q�� Addition: � � � � �(2 3) (3 4 3) 5 3 3

�Q�� Subtraction: � � � � � �(2 3) (3 4 3) 1 5 3

�Q�� Multiplication: � � � � � �

� � �

� � �

(2 3)(3 4 3) 6 3 3 8 3 4 3 3

6 5 3 12

6 5 3

When dividing by a surd you need to rationalise the 
denominator as shown in Example R.1 overleaf�

���������������
��������������������
�������������������
�������

�


������������������
��������
��������	�����
�����������������������
�����������������������
�����������������

Seeing that there 
is nothing that is 
so troublesome to 
mathematical practice, 
nor that doth more molest 
and hinder calculations, 
than the multiplications, 
divisions, square and 
cubical extractions of 
great numbers ... I began 
therefore to consider in 
my mind by what certain 
and ready art I might 
remove these hindrances.

������������
����
�	�����
������������������������•�
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Solution 

(i) � �

�

�

5
2 3

5
2 3

3
3

5 3
(2 3) 3

5 3
6

(ii)  To rationalise this denominator you can make use of the result 
  � � � �a b a b a b( )( ) 2 2�

 �
�

� �
�

� �
�

�
� �
� �

� � � �
�

� �
�

� �

2 3
1 3

2 3
1 3

1 3
1 3

(2 3)(1 3)
(1 3)(1 3)

2 3 2 3 3
1 3

5 3 3
2

3 3 5
2

6����������������������

� � �2 3 3 2 3 6

��������������������������� 3��

����������
���������

���������� �(1 3)�

Simplify the following by rationalising the denominator.

(i) 5
2 3

        (ii) �
�

2 3
1 3

•������
The rules for manipulating indices are:
�Q�� Multiplication: a a am n m n� � �

�Q�� Division: a a am n m n� � �

�Q�� Power of a power: a a( )m n mn�

�Q�� Power zero: a 10 �

�Q�� Negative indices: a
a
1m
m��

�Q�� Fractional indices: a an n1
�


���������������

���������������������

����������������������

����
������

Solution 
(i)� �x(2 )2 3�� � � �x2 ( )3 2 3

� �  �x8 6

Simplify the following.

(i) �x(2 )2 3� (ii)� x y16 4 6

(ii)� x y16 4 6 �� � � x y16 4 6

� � ���  x y4 2 3

����������������
����������������

••••� ­ €‚
����������������������
������•���•����������
��������
�������•��������
•������������������������
�������•���������•�
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����•����������•��������������
��������
�����•

�Q ����������������
������ x•�•������
������������

�Q� ���������������
������������ (0, 1)
�Q� ���������������������
�����������

������������

�����������


� Simplify the following.

	��� � � �(4 2 3) (2 3 3)

	���� � � �(2 3 2) (3 2 2)

	����� �(3 2 2)2

	����� � �(3 2 2)(3 2 2)

� Simplify the following by rationalising the 
denominator.
	��� 9

3
 	���� �5 5

5

	����� �
�

4 2 2
3 2

 	����
�

5
3 5 4

� Evaluate the following.

	���
�2 5

 	���� 27
1
3

	����� 25
3
2  	���� 16

9

1
2� �

�

� Simplify the following, writing your answers in 
the form xn.

	��� �x x4 3

	���� �x x4 3

	�����
�x( )3 2

	���� x8

	��� x123

� Simplify the following.

	��� �x y x y2 32 3 3 2

	���� �x y x y2 3 2 5

	����� �x y x y12 46 5 2 3

	���� � � �x x x(1 ) 2 (1 )3 2

ƒ�•„�����������������������•�
•„����������
Exponent�is another name for power or index: for example, when you write 

�x an , a is the base and n can be referred to using any of the names power, 

index or exponent.

A function of the form �y ax, where a is positive and x is the variable, is called 
an exponential function.

O

1

y = a 
x

x

y

…������†��
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A�logarithm is the inverse of an index:

x a n xlogn
a� � �   for�a�(the base) � 0 and� �x 0.

O 1

y = logax

x

y

…������†�ƒ

When using the same scale on both axes, the graphs of �y ax  and �y xloga  
are re�ections of each other in the line �y x. This is because xloga  and ax are 
inverse functions.

O

1

1

y = a 
x

x

y

y = loga x

…������†�‡

The rules of logarithms are derived from those for indices:

�Q�� Multiplication:	 � �xy x ylog log log

�Q�� Division:	 x
y x ylog log log�

�
�
� � �

�Q�� Powers:	 �x n xlog logn

�Q�� Logarithm of 1:	 �log1 0

�Q�� Reciprocals:	 y ylog 1 log�
�

�
� � �

�Q�� Roots:	 �x n xlog 1 logn

�Q�� Logarithm to its own base:	 �alog 1a

Any positive number can be used as the base for a logarithm, but the two most 
common bases are 10 and the irrational number 2.718 28…, which is denoted 
by the letter e. Logarithms to base e are written as ln and on your calculator you 
will see that, just as log and 10x are inverse functions and appear on the same 
button, so are ln and�ex.


�����
���������•��������������
��������
�����•

�Q	� ���������������
������ y•�•������
������������

�Q	� ��������������
������������ (1, 0)
�Q	� ��������������������
�����������

�������������

��
����•���������������••��

 �������������������
•���������������
��­€�
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Solution 
Taking logarithms of both sides:

	 3 2 log 3 log 2x x� � �   3 2 log 3 log 2x x� � �

	 x log 3 log 2� �  x log 3 log 2� �

	
x

log 2
log 3� �

	       
x

log 2
log 3� �

		           � 0.631 (3 s.f.)

•�������������
��
������������

Solve the equation �3 2x , giving your answer correct to�3 signi�cant �gures.

����
�����• The number of people infected with a disease varies according to the 
formula

	 � �N 200(e )t0.04

where N  is the number of people infected and t is the time in weeks from 
the �rst detection of the disease.

(i)	 How many people had the disease when it was �rst detected?

(ii)	� How many months did it take until there were only 10 people 
infected?

Solution 
(i)	 Initially, t � 0.

	 Substituting this into � �N 200(e )t0.04  gives �N 200.

(ii)	 When �N 10,

		    � �10 200(e )t0.04

	 � 	   � �0.05 e t0.04

	 � � �t0.04 ln(0.05)

	 � 	 �t 74.8933

	� So it took around 18 months for only 10 people to be infected.

†���������������������•
Logarithms are particularly useful when trying to �nd an equation to �t 
experimental data, since this often involves an exponential relationship, such as 

�y kxn  or � �y a bx. Equations of this form can be written in linear form,

which makes it easier to plot a graph and estimate its equation.
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����
�����• In an experiment,  Yuen obtains the data in Table R.1.

•�ˆ���†��

t 1 2 3 4 5 6

y 1.3 3.4 6.2 9.8 13.3 17.5

Yuen thinks that the relationship between y and t is given by an equation of 
the form  �y ktn.

(i)  Show that if  Yuen is correct, then plotting log y against log t will give 
an approximately straight line graph.

(ii) Plot this graph and use it to estimate the values of n and k.

Solution 
(i) Taking logarithms of both sides:

  

�

� �

� �

� �

y kt

k t

k n t

n t k

log log

log log

log log

log log

n

n

  This is of the form y � mx + c, so plotting a graph of log y against 
log t should give a straight line with gradient n and vertical axis 
intercept klog .

(ii) •�ˆ���†�ƒ

t 1 2 3 4 5 6

y 1.3 3.4 6.2 9.8 13.3 17.5

log t 0 0.301 0.478 0.602 0.699 0.778

log y 0.114 0.531 0.792 0.991 1.124 1.243

�

(17, 10)

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0.5

0
0

1

1.5

2

lo
g 

y

log t

x

x
x

x
x x

…������†�‰

Gradient of graph � 1.5 so �n 1.5�

Intercept � 0.1

 � �

� �

�

k

k

k

log 0.1

10

1.26(3s.f .)

0.1
 

� �

� �

�

k

k

k

log 0.1

10

1.26(3s.f .)

0.1
 

� �

� �

�

k

k

k

log 0.1

10

1.26(3s.f .)

0.1

� �

� �

�

k

k

k

log 0.1

10

1.26(3s.f .)

0.1

‚�
���������������� 10������
��������������ƒ��������������
������������

••••� ­ €‚
„��������������������

������
���•���������
����•��������������������
y���1.26 � t …�†������
����
����•����������
����������

��
����•���������������••��
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If the relationship is of the form � �y a bx, then taking logs of both sides gives

� �

� �

� �

y a b

a b

a x b

log log( )

log log

log log

x

x

In this case you would plot log y against x to obtain a straight line with gradient 
log b and intercept log a.

‡����������������� y��� mx�+�c�

������������

�  Write the following expressions in the form 
xlog  where x is a number.

	��� � �log 3 log 6 log 2

	���� �log 9 2 log41
2

	����� � �log1 log 2 log 3

�  Write the following expressions in terms of 
xlog .

	��� �x xlog 2log4

	���� �x x3 log log 3

	����� xlog( )3

�  Solve the following equations.

	��� ��10 5x2 3  	���  ��10 6x1

	����� ��e 5x3 2  	���  ��e 1x4 2

� Solve the following equations, giving exact 
solutions.

	��� � �xlog( 1) 5

	���� � � � �x xlog( 2) log( 2) 0

	����� � �xln( 3) 4

	���� � � � �x xln( 2) ln( 2) 0

� Make x the subject of the following formulae.
	��� � �a x blog ( )c  
	���� �� sepx q

�   The number N  of bees in a hive is given

 by �N 200e t0.1  where t is the number of days 
since observations began.

	��� How many bees were in the hive initially?
	���� Sketch the graph of N  against t.
	����� What is the population of the hive after 

30 days?
	���� How good do you think this model is? 

Explain your answer.

� During a chemical reaction, the concentration 
C (kg m�3 ) of a particular chemical at time t 
minutes is believed to be given by an equation 
of the form � �C p qt. The data in Table R.3 
are obtained.

•�ˆ���†�‡

t 0 1 2 3 4 5 6

C 1.32 1.23 0.95 0.76 0.62 0.51 0.38

	��� Explain why, if this relationship is correct, 
plotting a graph of log C against t will 
give an approximate straight line.

	���� Plot the graph and use it to estimate the 
values of p and q.

� The data in Table R.4 are obtained in an 
experiment.

•�ˆ���†�‰

r 1.2 2.3 2.8 3.2 3.9

s 5.4 7.6 8.3 9.0 9.8

 The relationship between r and s is believed to 
be of the form �s krn.

	��  Explain why, if this relationship is correct, 
plotting a graph of log s against log r will 
give an approximate straight line.

	���  Plot the graph and use it to estimate the 
values of k and n.
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�Q	 � � �a a am n m n

�Q	 � � �a a am n m n

�Q	 �a a( )m n mn

�Q	 �a 10

�Q	 ��a
a
1m
m

�Q	 �a an n
1

ƒ	 �Q	 �x x( )2

		  �xy x y

‡	 ˆ����������•���
��•�������������������
�������������������������
�Q	 ��•�������������������������������������������������������
�Q	 �����������������������������•�����������

‰	 
�•���������•�����•���� ax
������������������•����������

� 	 
���
�����������������������•��������••

	 � � �y x a xloga
y

	 	 ••��������•�������••���•���� �����
�Q	 � �xy x ylog log log

�Q	 � � � �x
y x ylog log log

�Q	 �log1 0

�Q	 �x n xlog logn

�Q	 y ylog 1 log�
�

�
� � �

�Q	 x x n xlog log 1 logn n
1

� �

�Q	 �alog 1a

� 	 ����•�������� e xƒ������� e��������������������������‰�Š…­  ‰­‹ƒ���������������
�•����������•���������
loge�x ������������������������
��������•� x������������������� ln�x�

Œ	 ‚�
����������������������������������������������������������������������
�����������•�����������

�Q	 � � � � �y kx y n x klog log logn
�

	 Œ������
� ylog ��
������ xlog �
������������
�������������� n �������
��������
���� klog �������� y•�•�������������

�Q	 y ka y x a klog log logx� � � �
	 Œ������
� ylog ��
������ x�
������������
�������������� alog ��������
��������

���� klog �������� y•�•�������������

��
����•���������������••��
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Population, when 
unchecked, increases 
in a geometrical 
ratio. Subsistence 
increases only in an 
arithmetical ratio. A 
slight acquaintance with 
numbers will show the 
immensity of the � rst 
power in comparison 
with the second.
������������������������
�

Sequences and series�

�
	������������������������������������ � �� ��
����
	����������������
��	����
��
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�

A

�������
��

�� �����������������������������������������
����������������������������������
	�	


�	 	 ��������  �������  �������  ������

��	 	 ���������������������������������

���	 	 ���
	�������
	��������
	������
	������
	����

��	 	 ����������������������

�� ���������������������������•


�	 	 �
�����•���������������������������

�	 	 ��•��������•��������••�������������������

�	 	 
�����•�������������������••���

�	 	 
���
���������������������������������������•���������•�����������	

A sequence is an ordered set of objects with an underlying rule. Each of the 
numbers or letters is called a term of the sequence. It can be �nite or in�nite.

Examples of sequences are:

�Q�� 1, 3, 5, 7, ...

�Q�� �1
2 , 1

4 , 1
8 , 1

16,

�Q��

�Q�� Monday, Tuesday, Wednesday, �

�����������  ���  ��������
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�
����������•������
��������
��
•�
�	
����������	�����������­
�
�����
•�
�	
�����
�
������
�����

�a a a a, , , ,1 2 3 4

Š�������	��
���
�­
�
�����
���	������
������
����� ak€

For the sequence 1, 3, 5, 7, � ,

the 3rd term is 5 � (2 × 3) � 1

the 4th term is 7 � (2 × 4) � 1.
Continuing this pattern, the general term ak is written as 2k � 1.

•��
��
When the terms of a sequence are added together, like

1 � 3 � 5 � 7 � �

the resulting sum is called a series. The process of adding the terms together is 
called summation and is indicated by the symbol �  (the Greek letter sigma), 
with the position of the � rst and last terms involved given as limits.

You can write � � � �a a a a a1, 2 3 4 5 as �
�

�

ak
k

k

1

5

 or just as �
�

ak
k 1

5

 or even � ak
1

5

.

If all the terms of a sequence are to be added, the sum may be written as � ak .

A sequence may have an in� nite number of terms, in which case it is called an 
in� nite sequence and the corresponding series is called an in� nite series.

For example

� � � � � � �x x x x x x1 5 10 10 5 (1 )2 3 4 5 5

4 1 �1
3

1
5

1
7 �� �� � � � �

and � � �x x x
3! 5!

3 5

�  � sin x.

�����
�	��� ������
De� nitions which give the value of ak directly are called deductive de� nitions 
(position to term). Alternatively, there is an inductive de� nition (term to 
term), where each term is de� ned by relating it to the previous one. Look 
at the sequence 5, 8, 11, 14, � . This sequence, and many others, can be 
written algebraically in more than one way. Try out the following formulae for 
yourself.

�Q�� � �a k2 3k  for k � 1, 2, 3, �

�Q�� � � �a k5 3( 1)k  for k � 1, 2, 3, �

�Q�� �a 51 ; � ��a a 3k k1

‹�����
��
��������
‚����
�����
���•�
�
����
��€

‹����•�������������
���‰����­
�
��������	���������������
�����
��
5�����	�������
�‚������
����������
�
����
��3�����	�������
���••
�
�	
�
�
��

����
��
���€

x�����
����
������������€�

������������
•�� ������
��
��
��•���
� �����•������� x€
�� ����������
����

����������
•�
	��
����

�����
�	��
�•���
�
����­�‰
���
�
������		����
����
2��
	��������	
�•

•� Œ

�����­���������

������
����
����
�����­��
�������
�����	��	������€

Š�������	��
�������������­� �k 1�­�‰
�� � � � � �a a 3 5 3 82 1 �
�����������­� �k 2�­�‰
�� � � � � �a a 3 8 3 113 2 ��
�	€

Ž�����•���
�
��
��
����‰
����
��‚����
�����
���•��
���€
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••�•�•�  ��� A sequence is de�ned deductively by � �a k3 1k  for k 1,2,3,��  .

(i)	� Write down the �rst six terms of the sequence, and describe the 
sequence.

(ii)	 Find the value of the series �
�

�

ak
k

k

1

6

.

­�
�����
���� ������
A sequence in which consecutive terms di�er by the addition of a �xed (positive 
or negative) number is described as arithmetic. This number is called the 
common di�erence.

The general form of an arithmetic sequence is a a d a d a d, , 2 , 3 ,�� � �  , where 
the �rst term is a and the common di�erence is d.

Thus the sequence  5  8  11  14 �   is arithmetic with �a 5 and �d 3.

You will look at arithmetic sequences in more detail later in the chapter.

€������
���� ������
A sequence in which you �nd each term by multiplying the previous one 
by a �xed number is described as geometric; the �xed number is called the 
common ratio.

The general form of a geometric sequence is a ar ar ar, , , ,2 3 �  , where the �rst 
term is a and the common ratio is r.

Thus the sequence  10  20  40  80 �   is a geometric sequence with �a 10 
and �r 2. �2 �2 �2

Solution

(i)	 Substituting k � 1, 2, 3, � 6 in � �a k3 1k  gives

	 � � �a 3(1) 1 21  

	 � � �a 3(2) 1 52  

	 � � �a 3(3) 1 83  

	 � � �a 3(4) 1 114  

	 � � �a 3(5) 1 145  

	 � � �a 3(6) 1 176

	� So the sequence is 2, 5, 8, 11, 14, 17, which starts with 2 and then 
adds 3 each time.

(ii)	 �
�

�

ak
k

k

1

6

 � � � � � �a a a a a a1 2 3 4 5 6

			     � 2 � 5 � 8 � 11 � 14 � 17

			     � 57

�3 �3 �3

�����������  ���  ��������
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••�•�•�  ��•
Find the common ratio for the geometric sequence 2, , , ,1

2
1
8

1
32 �� �

Geometric sequences are also dealt with in more detail later in the chapter.

‚��
��
���� ������
A sequence which repeats itself at regular intervals is called periodic. In the case 
of the pizza take-away in Figure 3.2, the number of hours it is open each day 
forms the sequence

�a 81 ,  �a 02 ,  �a 103 ,  �a 104 ,  �a 105 ,  �a 106 ,  �a 127 , 

 (Sun)      (Mon)      (Tues)       (Wed)        (Thurs)        (Fri)         (Sat)

�a 88 ,  �a 09 , � 

 (Sun)      (Mon)

There is no neat algebraic formula for the terms of this sequence but you can 

see that � �a a a a,8 1 9 2 and so on.

In general, this sequence can be written as

��a ak k7 		 for k �  1, 2, 3, �

This sequence is periodic with period 7 since each term is repeated after seven terms.

A sequence for which

��a ak p k 		 for k �  1, 2, 3, � (for a �xed integer p)

is periodic. The period is the smallest positive value of p for which this is true.

ƒ������
�	������������
�	��� ������
A sequence is increasing if each term of the sequence is greater than the term 
immediately preceding it.

For example

�Q�� 2, 5, 8, 11, �  is an increasing arithmetic sequence with a common di�erence of 3.

�Q�� 2, 6, 18, 54, �  is an increasing geometric sequence with a common ratio of 3.

Solution
The �rst term, a � 2 and the second term ar 1

2� � . Hence

	                             
�r ar

a

	
                               

 
�

�
2

1
2

� common ratio � � 1
4
.

It may be written algebraically as

 � �a 5 2k
k for �k  1, 2, 3, � 	 (deductive de�nition)

or as    �a 10;1  ��a a2k k1  for k � 1, 2, 3, � 	 (inductive de�nition).
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�Q�� 1, 4, 9, 16, � is the increasing sequence of the squares of positive integers.

�Q�� 0.9, 0.909, 0.90909, 0.9090909, � is an increasing sequence which converges 

to 10
11

.

Similarly a sequence is decreasing if each term of the sequence is less than the 
term immediately preceding it.

For example

�Q�� 9, 5, 1, �3, � is a decreasing arithmetic sequence with a common di� erence 
of �4. This sequence diverges.

�Q�� , , , ,1
2

1
4

1
8

1
16 �  is a decreasing geometric sequence with a common ratio of 1

2
.

�� This sequence converges to zero.

�Q�� 1
2

, 2
3

, 3
4 , 4

5 ,�  is an increasing sequence with general term � �a k
k 1k .

This sequence converges to 1.

••�•�•����� A sequence is de� ned by � �a ( 1)k
k  for k � 1, 2, 3, �

(i)  Write down the � rst six terms of the sequence and describe its 
pattern in as many ways as you can.

(ii) Find the value of the series � ak
2

5

.

(iii) Describe the sequence de� ned by � � � �b 5 ( 1) 2k
k  for k �  1, 2, 3, � 

Solution
(i) � � � �a ( 1) 11

1

 � � �a ( 1) 12
2

 � � � �a ( 1) 13
3

 � � �a ( 1) 14
4

 � � � �a ( 1) 15
5

 � � �a ( 1) 16
6

 

 The sequence is �1, �1, �1, �1, �1, �1, � .

 It is periodic with period 2.

 It is also geometric with � rst term �1 and common ratio �1.

(ii) � ak
2

5

 � � � �a a a a2 3 4 5

           � (�1) � (�1) � (�1) � (�1)
           � 0

‹�
��
�����
	��
���	�
����­������­
��
­���‰
������
��
���������	��‰
�­
€‹�
��
����­
��	���
������

	���
�����‘
�����������

‰
��­
����­���
�
€�
���
‰
��������������
��
����	������� ��•����
�
�
	��
������������
������
��
�����
•�
����
����
��
�	���
�����‘
��€

•���
•���������­����

•��
������•��� ak ���
(-1)k 
����
���������
�
��­����•���
��
����
���
����
��
��

��
������‰
������
­���‰
€�Š��
�����‰
�����
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There are many other possible 
patterns in sequences. Figure 3.3 
shows a well-known children’s toy  
in which blocks with a square  
cross-section are stacked to make a 
tower. The smallest square shape has 
sides 1 cm long, and the length of the 
sides increase in steps of 1 cm.

The areas of these squares, in cm2, 
form the sequence

12, 22, 32, 42, 52 �  
or 1, 4, 9, 16, 25, �

This is the sequence of square numbers and it does not �t any of the patterns 
described so far. If you subtract each term from the next, however, you will �nd 
that the di�erences form a pattern.

Sequence	 1	 4	 9	 16	 25 �

Di�erence	      3           5           7           9  �

These di�erences form an arithmetic sequence with common di�erence 2.  
The next di�erence in the sequence will be 9 � 2 � 11, and so the next term in 
the areas sequence will be 25 � 11 � 36, which is indeed 62.

Looking at the di�erences between the terms often helps you to spot the pattern 
within a sequence. Sometimes you may need to look at the di�erences between 
the di�erences, or go even further.

�
	�������

••�
	���  ���

� 	 Write down two things that these sequences 
have in common:

a1 = 1, ak+1 = -ak and a1 = 1, ak+1 = 3 - ak

� 	 For each of the following sequences, write 
down the next four terms (assuming the same 
pattern continues) and describe its pattern as 
fully as you can.


�� 	 7, 10, 13, 16, �


��� 	 8, 7, 6, 5, �


���� 	 4.1, 3.9, 3.7, 3.5, �


�‰�	 3, 6, 12, 24, �


‰�	 64, 32, 16, 8, �


‰��	 1, �2, 4, �8, �


‰���	 2, 2, 2, 5, 2, 2, 2, 5, 2, 2, 2, 5, �


‰����	 1, 3, 5, 3, 1, 3, 5, 3, …

�
�����
���•�
��
Š�
���•�����
����
�

•����
���•�
�	��
�•���
�
����
���•�
�
•�
�	
ˆ�������
��	��
­
��
���	���
�����	��
��	�
����­�����
�
	�
����­€�‹������‚���
���
�
•����
�������
‚����������
��������
�
	��
­���������•���
�	��
�•�������
•�
�	
��
�
‚�
� ak€

(iii)	 � � � � �b 5 ( 1) 2 31  

	 � � � � �b 5 ( 1) 2 72
2  

	 � � � � �b 5 ( 1) 2 33
3  

	 � � � � �b 5 ( 1) 2 74
4

	� and so on, giving the sequence 3, 7, 3, 7, � which is periodic with 
period 2.
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� 	 Write down the �rst four terms of each of the 
sequences de�ned deductively below. In each 
case, k takes the values 1, 2, 3, � .


�� 	 � �a k2 1k


��� 	 � �a 3 2k
k


���� 	 � �a k2 2k
k


�‰�	 a k
1

k �


‰�	 � � �a 5 ( 1)k
k

� 	 Write down the �rst four terms of each of the 
sequences de�ned inductively below.


�� 	 � ��a a 3k k1 ; a 51 � � 12


��� 	 � ��a ak k1 ; a 51 � �


���� 	 ��a ak k1
1
2 ; �a 721


�‰�	 � � ��a a k2 1k k1
; �a 11


‰�	 ��a ak k2 ; � �a a4, 61 2

� 	 Find the value of the series � ak
1

4

 in each of the 
following cases.


�� 	 � �a k2 5k


��� 	 � �a 3 2k
k


���� 	 �a k
12

k


�‰�	 � � �a 2 ( 1)k
k


‰�	 � ��a a a3 , 1k k1 1

� 	 Express each of the following series in the 

form � ak

n

1

, where n is an integer and ak is an 

algebraic expression for the kth term of the 
series.


�� 	 1 � 2 � 3 � � � 10


��� 	 21 � 22 � 23 � � � 30


���� 	 210 � 220 � 230 � � � 300


�‰�	 211 � 222 � 233 � � � 310


‰�	 190 � 180 � 170 � � � 100

� 	 Find the value of each of the following.


�� 	 � k
1

5


��� 	 � ��k k2

1

20
2

1

19


���� 	 � �k k( 5 )2

0

5


�‰�	 � � �k k( ( 1) )2 2

1

10


‰�	 � � � �k k(( 1) ( 1) )2 2

1

10

� 	 The Fibonacci sequence is given by 1, 1, 2, 3, 
5, 8, � .


�� 	 Write down the sequence of di�erences 
between the terms of this sequence, and 
comment on what you �nd.


��� 	 Write down the next three terms of the 
Fibonacci sequence.


������ 	 Write down the sequence formed by the 

ratio of one term to the next, �a
a
k

k

1 , using 

decimals. What do you notice about it?

� 	 The terms of a sequence are de�ned by

	
� � � �a 4 ( 1) 2k

k .


�� 	 Write down the �rst six terms of this 
sequence.


��� 	 Describe the sequence.


���� 	 What would be the e�ect of changing the 
sequence to

(a)	 � � �a 4 ( 2)k
k

(b)	 � � �a 4 ( )k
k1

2 ?

� 	 A sequence of numbers t t t, , ,1 2 3 �  is formed 
by taking a starting value of t1 and using the 
result

	 � ��t t 2k k1
2   for k � 1, 2, 3, �


�� 	 If �t 21 , calculate t2, t3 and t4.

	 Show that �t 25 , and write down the 
value of t100.


��� 	 If �t 21 , show that all the terms of the 
sequence are the same. 
Find the other value of t1 for which all the 
terms of the sequence are the same.


���� 	 Determine whether the sequence 
converges, diverges or is periodic in the 
cases where 

��   �t 31 	 
��   �t 11 	


	�   � �t 5 1
21 .� [MEI]

�����������  ���  ��������
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When the terms of an arithmetic sequence, or arithmetic progression, are added 
together, the result is called an arithmetic series.

•����
��
‹�
�•�������­�	��‰
�������������
���
�ˆ

�Q�� ‚������
���� �a a1

�Q�� ����
���•��
������ n
�Q�� ������
���� �a ln

�Q�� 	��������••
�
�	
��� d
�Q�� ��
�­
�
�����
����� ak���€
€���
��
��������
� kth���������€

For the arithmetic sequence 5, 8, 11, 14, 17, 20,

a � 5, n � 6, l � 20 and d � 3.  

To � nd an expression for the general term, look at how the terms are formed:

�a a1  � 5

� �a a d2  � 5 � 3 � 8

� �a a d23  � 5 � 2(3) � 11

� �a a d34
 � 5 � 3(3) � 14

� �a a d45
 � 5 � 4(3) � 17

In each case, the number of di� erences that are added is one less than the 
position number of the term you are � nding. This gives rise to the formula

 � � �a a k d( 1)k .

For the last term this becomes

� � �l a n d( 1) .

These are both general formulae which apply to any arithmetic sequence.

‹�
�†����
��������
�‚�����
�
���
�����������

����
��
��
�	��������••
�
�	
�
…�€

� Throughout time there have been many attempts 
to � nd a series that will calculate �, two of which 
are the following:

�� � � ��
4 1 1

3
1
5

1
7

� (James Gregory 1671 
and Gottfried Liebnitz 
1674)

 
� � � ��

6
1
1

1
2

1
3

1
4

.
2

2 2 2 2  + �

�   (Leonhard Euler 1748)


��� Which of these would you expect to 
converge more quickly? Why?


���� Use a spreadsheet to � nd out how many 
terms of each are needed to give an 
approximation to � which is correct to


��� one d.p.


��� two d.p.


	�� three d.p. 


��� four d.p.
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••�•�•�  ��  How many terms are there in the arithmetic sequence 14, 18, 22, � , 162?

Solution
This is an arithmetic sequence with �rst term a � 14, last term l � 162 and 
common di�erence d � 4.

Using the result � � �l a n d( 1)
 
gives

	           162 � 14 � 4(n � 1)

	     

n

n

n

148 4( 1)

37 1

38

� � �

� � �

� �

There are 38 terms.

••�•�•�  ��� Find the 25th term in the arithmetic sequence 7, 4, 1, � .

Solution
In this case a � 7 and d � �3 (negative since the terms are decreasing).

Using the result � � �a a k d( 1)k  gives

	               � � � � �a 7 (25 1) ( 3)25  
	                   � �65
The 25th term is �65.

��
��’����„��
���	��“�����
�”””��‡������������	������
������������•��	 ����
����
������
����	���•�
������€�•�
����������
�	�
��������­�•������•���������
�•��
�	
�����•��
������������	��������������������•���
�����
�����
���•���� 1����
100€�–�����������	
���
� 10—�
��—����“�����������	
��������
��������
��������
�������
�����
������ 5050€

“���������������•�	����
�����
����
��
������
������
€�Š���
����
�����
���
�
�
��
����������	
����	
������
�­�‰
�����
��������	
���	 ��������������
����
�
������­
��
�ˆ

	 S �   1  �   2  �   3  �   …   � 98  �  99  �  100 
	 S � 100 �  99 �  98 �   …   �  3   �   2   �    1
–����­� 	

	 2S � 101 � 101 � 101 � … � 101 � 101 � 101

Œ��	
���
�
���
� 100��
���������
��
��
��

	 � �S2 100 101

	 � �S 5050.
‹�
�����
��� 1, 2, 3, … , 100�•�������������
��	��
•�
�	
������	������
��••
�
�	
� 1€�“����̃ ��
�����­�‰
�����
������•����������	��	����
���
�����‚���
��
������•�����������
��	��
•�
�	
€

Historical note

�
���•���	  ���
��	��  ���  ��
���
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It is common to use the letter S to denote the sum of the terms of a sequence. 
When there is any doubt about the number of terms that are being summed, 
this is indicated by a subscript: S4 indicates 4 terms and Sn indicates n terms.

••�•�•����� Find the sum of the arithmetic series 10 � 7 � 3 � � � (�20).

Solution
This arithmetic series has a � rst term of 10 and a common di� erence of �3.

Using the formula � � �l a n d( 1) ,

       �20 � 10 � (n � 1)(�3)

           
n

n

30 ( 1)( 3)

10 1

� � � � �

� � �

so there are 11 terms.

Writing down the series both forwards and backwards gives

   S �    10  �     7     � … � (�17) �  (�20)
and    S � (�20)  � (�17)    � … �   7     �   10   

Adding gives 2S � (�10) � (�10) � … � (�10) � (�10) 

Since there are 11 terms this gives 

               2S � (�10) � 11

        � � �S 55.

Obviously it would be rather tedious to have to do this each time, so this 
method is generalised to give a formula for the sum of n terms of the arithmetic 
sequence that has a � rst term a and a common di� erence d:

  S �       [a]               �        [a �  d]          �  … �    [a �  (n �  2)d] �   [a �  (n �  1)d]
  S � [a � (n � 1)d]   �   [a � (n � 2)d]   � … �          [a � d]   �           [a]

2S �  [2a �  (n �  1)d]  �  [2a �  (n �  1)d]      �  … �  [2a �  (n �  1)d]  �  [2a �  (n �  1)d] 

Since there are n terms it follows that

� � �S n a n d[2 ( 1) ]1
2 .

This result may also be written as

� �S na l( )1
2 .

�†‡ˆ•‰Š‰€‹
™�
������
����

�����
­
�
���
����������
��	�
�
•�
�	
��������
	��	����
���
������•���
�
�
���€�š
��•���������
�
•�������­�‰
����
����
�
����
��€

l = a + (n � 1)d  �����
�
������
��€
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••�•�•�  ��� Catherine has just completed her degree and her starting salary with her 
�rst employer is £21 000 per annum. She has been promised an increase of 
£1200 each year for the �rst �ve years and then a salary review at that point.

(i)	 What is her salary in her �fth year?

(ii)	 What will her total earnings be after �ve years?

Solution

(i)	 Using � � �a a k d( 1)k 0 ,

	            a5 � 21  000 � 4(1200)
	     � 25  800. 

	 Catherine’s salary is £25 800.

(ii)	 Using    � �S na l( )1
2 ,

	 total salary � �(21000 25 800)5
2

	 � £117  000. 
	 Her total earnings are £117 000.

Solution
This is an arithmetic series of 60 terms with �rst term 2 and common 

di�erence � �� 1
3

.

Using � � �S n a n d[2 ( 1) ]1
2  gives

          S � � �� � ��� ��4 5960
2

1
3

          � �470. 

••�
	���  ��•

� 	 Are the following sequences arithmetic? If so, 
state the common di�erence and the tenth term.


�� 	 5, 8, 11, 14, �


��� 	 1, 4, 8, 12, �


���� 	 5, 2, �1, �4, �


�‰�	 3, 7, 11, 15, �


‰�	 �1, 2, 3, 4, �


‰��	 2, 3.5, 5, 6.5, �

� 	 The �rst term of an arithmetic sequence is �10 
and the common di�erence is 4.


�� 	 Find the twelfth term.


��� 	 The last term is 102. How many terms are 
there?

� 	 The �rst term of an arithmetic sequence is 3, 
the common di�erence is �2 and the last term 
is �71. How many terms are there?

� 	 The �rst term of an arithmetic sequence is �5 
and the sixth term is 10.


�� 	 Find the common di�erence.


��� 	 Find the sum of the �rst 20 terms.

� 	 The kth term of an arithmetic sequence is 
given by � � �a k7 4k

.


�� 	 Find the common di�erence.


��� 	 Write down the �rst four terms of the 
sequence.


���� 	 Find the sum of the �rst 15 terms.

••�•�•�  ��� The arithmetic sequence 2, 1 , 1 , 1,…2
3

1
3

 has 60 terms. Find the sum of the 
sequence.

�
���•���	  ���
��	��  ���  ��
���
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When the terms of a geometric sequence, or geometric progression, are added 
together, the result is called a geometric series.

•����
��
‹�
�•�������­�	��‰
�������������
���
�ˆ

�Q�� ‚������
��� �a a1

�Q� 	�������������� r
�Q� ����
���•��
������ n
�Q� ��
�­
�
�����
�����a k���€
€���
��
��������
�kth���������€

‚�
���Œ��„���	�
›����

����� ��������
�����
���­�������€�
‹�
�
���
�	�‰
�
�����
œ
‰�
�ˆ�–�­
����
������
��­
�…�€

� The sixth term of an arithmetic sequence is 
twice the third term and the � rst term is 3.


��� Find the common di� erence.


���� Find the sum of the � rst 100 terms.

� In an arithmetic sequence, the third term 
is 7 and the common di� erence is 2.


��� Find the sum of the � rst ten terms.


���� After how many terms does the sum equal 
528?

� 
��   Find the sum of all the odd numbers from 
49 to 149 inclusive.


���� Find the sum of all the even numbers 
from 50 to 150 inclusive.


����� Explain how you could deduce the answer 
to 
��� from the answer to 
��.

� A ball rolls down a slope. The distances it 
travels in successive seconds are 4 cm, 12 cm, 
20 cm, 28 cm, � .
How many seconds elapse before it has 
travelled a total of 36 metres?

� In an arithmetic sequence the 8th term is 
twice the 4th term and the 20th term is 40.


��� Find the � rst term and the common 
di� erence.


���� Find the sum of the terms from the 10th 
to the 20th inclusive.

� 50 m of adhesive tape is wound onto a reel of 
circumference 12 cm. Owing to the thickness 
of the tape, each turn takes 0.5 mm more tape 
than the previous one.

 How many complete turns are needed?

� A piece of string 10 m long is to be cut into 
pieces, so that the lengths of the pieces form 
an arithmetic sequence. The lengths of the 
longest and shortest pieces are 1 m and 25 cm 
respectively.


��� How many pieces are there?


���� If the same string had been cut into 
20 pieces with lengths that formed an 
arithmetic sequence, and if the length of 
the second longest had been 92.5 cm, how 
long would the shortest piece have been?

� The sum of the � rst n terms of a
 sequence is Sn where � �S n n2n

2 .


��� Prove that the sequence is arithmetic, 
stating the � rst term and the common 
di� erence.


���� Find the sum of the terms from the 3rd to 
the 12th inclusive.

� (i) Rewrite the formula 

   S n a n d1
2 [2 ( 1) ]n � � �  in the form 

� �S pn qn,n
2

 
where p and q are 

constants, stating the values of p and q in 
terms of a and d.


���� Explain why the nth term of the sequence 
is given by � �S Sn n 1

, and hence � nd a 
formula for the nth term in terms of p and 
q.


����� Show that any sequence where Sn is of 
the form �pn qn2  is arithmetic and � nd 
the � rst term and common di� erence in 
terms of p and q.

852893_03_AQA_Maths_Y2_4E_035-055.indd   47 16/11/17   8:11 PM



�

 �

For the geometric sequence 3, 6, 12, 24, 48,

a � 3, r � 2 and n � 5.

To �nd an expression for the general term, look at how the terms are formed:

�a a1 	 		     � 3

�a ar2 	 � 	 �3 2	    � 6

�a ar3
2 	� 	 �3 22 	    � 12

�a ar4
3 	� 	 �3 23 	    � 24

�a ar5
4 	� 	 �3 24 	    � 48

In each case, the power of r is one less than the position number of the term, for 

example �a ar4
3 . This can be written deductively as

� �a ark
k 1 	 (the general term). 

The last term is

� �a arn
n 1.

These are both general formulae which apply to any geometric sequence.

••�•�•�  ��• Find the eighth term in the geometric sequence 5, 15, 45, 135, � .

Solution
In the sequence the �rst term a � 5 and the common ratio r � 3.
The kth term is given by � �a ark

k 1.
	 � � �a 5 38

7

	 � 10  935

••�•�•�  ���­ How many terms are there in the geometric sequence 

0.2, 1, 5, 25 � , 390 625?

Solution
The last (nth) term of a geometric sequence is given by � � �a a rn

n 1.

In this case, a � 0.2 and r � 5, so

	

� �

� � �

� �

� � �

� � � �

� �

�

�

�

n

n

n

0.2 5 390 625

5
390 625

0.2 1953 125

log 5 log1953 125

( 1) log5 log1953 125

1
log1953 125

log 5 9

10

n

n

n

1

1

1

There are 10 terms.

›���	������‰
���
�
•�������
����� ��­���­���������•������
���
�€�–��
�����‰
��������	���
��
����������������‰
�
���
������‰
���
�
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The next example shows you how to derive a formula for the sum of a 
geometric sequence.

••�•�•������ Find the value of 2 � 6 � 18 � 54 � � � 1 062 882.

Solution
This is a geometric series with � rst term 2 and a common ratio of 3.

Let  S � 2 � 6 � 18 � 54 � … � 1 062 882   �

Multiplying by the common ratio 3 gives

   3S � 6 � 18 � 54 � … � 1 062 882 � 3 188 646  �

Subtracting � from �

   3S �            6 � 18 � 54 � … � 1 062 882 � 3 188 646
  �     S �   2 �  6 � 18 � 54 � …  � 1 062 882

�    2S � �2 �  0 �   0 �  0  �      �  0            � 3 188 646
�    2S � 3 188 644
�      S � 1 594 322

Applying this to the general geometric series to give a formula for the sum:

� � � � �S a ar ar ar... + n2 1     �

Multiplying by the common ratio r gives

� � � � �rS ar ar ar ar.... n2 3     �

Subtracting � from � as before gives

� � � �r S a ar( 1) n

 � �ar an

 � �a r( 1)n

�
  

�
�

�S
a r

r
( 1)

1

n

The sum of n terms is usually written as Sn and that for an in� nite sum as S or �S .

For values of r between �1 and �1, the sum of n terms is usually written as:

�
�
�S

a r
r

(1 )
1n

n
. ‹�����
���������������
���� ��­������

������‰
�����
��������
���
����	 
��€
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������
����
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��•���������
�•�������­�‰
����
����
�����
��€

852893_03_AQA_Maths_Y2_4E_035-055.indd   49 16/11/17   8:11 PM



�

�­

ƒ����
���	������
�����
��
In the general geometric series �� � �a ar ar2  , the terms become 
progressively smaller in size if the common ratio, r, is between �1 and �1.

For �1 < r < 1, �r 0n  as � �n
 
and so the formula for the sum of a 

geometric series,

�
�
�S

a r
r

(1 )
1n

n

may be rewritten for an in� nite series as

� �S a
r1

 or � ��S a
r1 .

For an in� nite series to have a � nite sum, the value of r must be such that �1< r <1.

Solution

(i)  nth term     arn 1� �

n

n

n

4 2 1024

2 256

log 2 log256

( 1) log2 log256

1
log256
log 2

1 8

n

n

n

1

1

1

� � �

� �

� �

� � �

� � �

� � �

�

�

�

 There are 9 terms in the sequence.

(ii) �
�

�S
a r

r
( 1)

1

n

 �
�

�
4(2 1)

2 1

9

 � 2044

a�� �4��r�� �2����� n����
��� � �1024€

�
�����
���•�
��

�� ���������
���������
��‚����
��
��
���•� r �� �� 1�
��� r �� �� 1•

••�•�•������
Find the sum of the in� nite series � � � � �2 1 1

2
1
4

1
8 �  .

Solution
This series is geometric with a � 2 and �r 1

2 so the sum is given by 

� �S a
r1  where a ��2 and �r 1

2.

 �
�

S 2
1 1

2

� �  2
1
2

� �  4. 

›������������
•����
����

’����
�� 1�������­
��€

••�•�•�����• A geometric sequence has terms 4, 8, 16, � 1024.

(i) How many terms are there in the sequence?

(ii) Find the sum of the terms in this sequence.

•���

� �� � �r�� ���������
���
��

�����
�����ž r ž�� ��€�žr ž������
�

���������•� r�
������� r ��
���������
��������
�‰���
�

�����­�����
��•� r€
„���
•����
��ž � �ž�� ����

ž�� 1
2ž�� �12�����ž�ž� � ��€�
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••�•�•�����  The � rst term of a geometric progression is 20 and the sum to in� nity is 131
3

. 
Find the common ratio.

Solution

 

� �

� � �
� � �

� � � �

�

� � �

S a
r

r
r

r

r

1

13 20
1

(1 ) 20

1 20

1
3

40
3

3
40

3
2

1
2

••�•�•������ The � rst three terms of an in� nite geometric sequence are 2, 1.6 and 1.28.

(i) State the common ratio of the sequence.

(ii) Which is the � rst term of the sequence with a value less than 0.5?

(iii) After how many terms will the sum be greater than 9?

Solution

(i) �a 2  and �ar 1.6

 
� �r 1.6

2 
� �r 1.6

2

 � �r 0.8 � �r 0.8

(ii) The nth term � � �2 0.8n 1 .

 � ��2 0.8 0.5n 1

 � � �n( 1) log0.8 log0.25 � ��0.8 0.25n 1

 � � �n( 1) log0.8 log0.25 � ��log 0.8 log 0.25n 1

 � � �n( 1) log0.8 log0.25 � � �n( 1) log0.8 log0.25

 � � �n( 1) log0.8 log0.25 
� � �n( 1)

log 0.25
log 0.8

 � � �n( 1) log0.8 log0.25 �� �n( 1) 6.21

 � � �n( 1) log0.8 log0.25 ��n 7.21

 So it is the 8th term. �

1

2

2

12

1–2

1–8
1–6

1–16

1–4

�
	������
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(iii) �
�
� � �S

2(1 0.8 )
(1 0.8) 10(1 0.8 )n

n
n

 � �10(1 0.8 ) 9n

 � � �1 0.8 0.9n
 � � �1 0.8 0.9n

 � � �1 0.8 0.9n
 � �0.1 0.8n

 � � �1 0.8 0.9n
 � �log 0.1 log 0.8n

 � � �1 0.8 0.9n
 � � nlog 0.1 log 0.8

 � � �1 0.8 0.9n
 

� � n
log 0.1
log 0.8

 � � �1 0.8 0.9n
 �n 10.31�

 The sum will be greater than 9 after 11 terms.

��­� 0.8 ����
­���‰
����
�
‰
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���
���
•������€
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������
�‰
���	��
•�����
���
����­��������‚����
��
•�
�	
�€

‹��� ���������
�•�������­���­��
���ˆ

�
�� � � �������S���1���2���4���8���16���32���64����

� ������ �����S���1���2(1���2���4���8���16���32���

� ������ � �S S1 2�� � �S S1 2

� ������� � �S S1 2��� �S3 1

� � � � �S 1
3�

�

�� � ����������S���1���(�2���4)���(�8���16)���(�32���64) ���

� ������� � �S S1 2����S 1 2 8 16� � � � � �

� �����Œ��S���‰
�­
����������� ` €
�


�� � ���������S���(1���2)���(4���8) ��(16���32)����

� ����� �� � � � � �S 1 4 16
��

�� � � � � �S 1 4 16

� ������Œ��S���‰
�­
���������� � ` €

�� ����������
������•���
��
��
�ˆ������� ` `� �, ,1
3

�������
����­�
��
•�

������
�	���
�	��� ��������������
��
Compound interest is an example of geometric growth: investing £100 at a rate 
of interest of 4% p.a. compounded annually will yield £100 × 1.04 after one 
year, £100 × 1.042  after two years and so on. In this example it is the geometric 
sequence that is important; the series has no practical relevance.

Although population growth may be thought to follow a similar pattern, the 
annual percentage rate is unlikely to be constant, since it is a� ected by many 
external factors.

Radioactive decay can also be modelled by a geometric sequence, as shown in 
the next example.

�
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��

••�•�•�  ���� A sample of radioactive material is decaying. Initially, the sample contains N 
nuclei. The probability that any nucleus will decay in the course of one year 
is p. What is the expected number of nuclei remaining after y years?

Solution
At the end of the �rst year N0 � p nuclei will have decayed.

Number remaining,	 N1 � N 0 � N 0 p

	  � N 0 (1 � p).

Similarly, after the second year, N N p(1 )2 1� �

					            = N 0(1 � p)2.

Continuing this, the expected number of nuclei remaining after y years is  

N0(1 �  p)y.

••�
	���  ���

� 	 Are the following sequences geometric? If so, 
state the common ratio and the sixth term.


�� 	 5, 10, 20, 40, �


��� 	 1, �1, 1, �1, 1, �


���� 	 2, 4, 6, 8, �


�‰�	 1, 1.1, 1.11, 1.111, �

‰�	 6, 3, 11

2
, 3

4
, �


‰��	 2, �4, 8, �16, �

� 	 Write down the �fth term, the common ratio 
and the nth term of the following geometric 
progressions.


�� 	 3, �6, 12, �

��� 	 2, 1, 12, �


���� 	 �a ab ab, , ,2

� 	 Which of the following geometric series 
converge? For each one that converges, �nd 
the sum to in�nity.

�� 	 First term 8 and common ratio 1

2�

��� 	 First term 4 and second term 2


���� 	 First term 0.1 and second term 1

�‰�	 First term 3 and sixth term 1

81

‰�	 First term 4 and common ratio �1

� 	 Explain why the geometric series with a = 1 
and r = -1 does not converge.

� 	 (i)	� Find how many terms there are in the 
geometric sequence 2, 4, 8, � 2048.


��� 	 Find the eighth term of this sequence.


���� 	 Find the sum of all the terms of this 
sequence.

� 	 For each of the geometric sequences below, 


�� 	 �nd the common ratio and the 
number of terms


�� 	 �nd the sum of the sequence.


�� 	 5, 10, 20, � 10  240	


��� 	 2, 6, 18, � 118  098	

���� 	 8, �4, 2, ��  � 1

4096
� 	 The value of a car when new is £10 000 and 

each year its value depreciates by 15%. Use 
logarithms to �nd how many complete years it 
will be before the car is worth less than £500.

� 	 The �fth term of a geometric sequence of 
positive numbers is 48 and the ninth term is 768.


�� 	 Find the common ratio.


��� 	 Find the �rst term.


���� 	 Find the sum of the �rst ten terms.


�‰�	 How many terms are needed if the sum is 
greater than a million?

� 	 The �rst three terms of an in�nite geometric 
sequence are 9, 6 and 4.


�� 	 Find the common ratio.


��� 	 Find the position of the �rst term in the 
sequence that is less than 1.


���� 	 After how many terms is the sum greater 
than 25?


Š‰�	 Find the sum to in�nity of the terms of 
the sequence.
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� 	 A geometric series has �rst term 20 and 
common ratio r. Find how many terms of the 
series are required for the sum to be within  
1 � 10 �6  of the sum to in�nity in each of the 
following cases.


�� 	 r � 0.8


��� 	 r � �0.8

� 	 Find the sum to n terms of each of the 
following series.


�� 	 �� � �x x x2 3


��� 	 �� � � �y y y1 2 3


���� 	 �� � � �a a a1 2 4 82 3

� 	 The �rst three terms of an arithmetic 
sequence, a, a � d and a � 2d, are the same 
as the �rst three terms a, ar, and ar 2 of a 
geometric sequences. (�a 0). 
Show that this is only possible if r � 1 and  
d � 0.

� 	 A tank is �lled with 20 litres of water. Half the 
water is removed and replaced with antifreeze 
and thoroughly mixed. Half this mixture is 
then removed and replaced with antifreeze. 
The process continues.


�� 	 Find the �rst �ve terms in the sequence of 
amounts of water in the tank at each stage.


��� 	 After how many operations is there less 
than 5% of water remaining in the tank?


���� 	 Find the �rst �ve terms of the sequence of 
amounts of antifreeze in the tank at each 
stage.


�‰�	 Is either of these sequences geometric? 
Explain your answer.

� 	 A pendulum is set swinging. Its �rst oscillation 
is through an angle of 30° and each succeeding 
oscillation is through 95% of the angle of the 
one before it.


�� 	 After how many swings is the angle through 
which it swings less than 1°?


��� 	 What is the total angle it has swung 
through at the end of its tenth oscillation?


���� 	 What is the total angle it has swung 
through before it stops?

� 	 The �rst two terms of a geometric sequence 
are sin u and tan u where u� �0 �

2.


�� 	 State the common ratio.


��� 	 When �
3�u , �nd the sum of the �rst 

�ve terms, leaving your answer in surd 
form.

	 A second series has �rst term tan�  and second 
term sin u where 0 �

2� �u .


���� 	 Find the sum to in�nity of this series 

when �
3�u , leaving your answer in surd 

form.
	 A third series has �rst term sec u and second 

term cos u where 0 �
2� �u .


�‰�	 Find the sum to in�nity of this series.


‰�	 Is it possible for this sum to equal 1?

� 	 Figure 3.5 shows the steps involved in 
constructing a snow�ake pattern.

	
�
	������Ž


�� 	 This shows an equilateral triangle 
with each side of length 9 cm.


�� 	 Here each side is trisected and the 
centre section replaced with an 
equilateral triangle.


	� 	 The procedure is repeated for each of 
the six small triangles around 
�� .


�� 	 This construction is repeated until 
you have an in�nite sequence.


��	 Calculate the length of the perimeter of the 
�gure for the �rst �ve steps, starting with the 
original equilateral triangle.


��� 	 What happens to the length of the 
perimeter as the number of steps increases?


���� 	 Does the area of the �gure increase 
without limit? Justify your answer.


��


	�


��


��

€��•��
�	  ���
��	��  ���  ��
���
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Review: Algebra 2�

Algebra is generous; she 
often gives more than is 
asked from her.

������������������������
�����
����


��	�������������������������
���������������������������������
A quadratic equation is any equation which can be 
written in the form ax bx c 02 � � �  with a � 0 .  
There are a number of ways of solving these:

�Q�� Factorising: � � �x x3 8 4 02

x x x3 ( 2) 2( 2) 0� � � � �      x x x3 6 2 4 02� � � � �  

x x x3 ( 2) 2( 2) 0� � � � �     x x x3 ( 2) 2( 2) 0� � � � �  

x x x3 ( 2) 2( 2) 0� � � � �              � � � �x x(3 2)( 2) 0

x x x3 ( 2) 2( 2) 0� � � � �           x 2
3� �  or �x 2

�Q�� The quadratic formula: The roots of the general quadratic 

equation � � �ax bx c 02  are given by � � � �x b b ac
a

4
2

2

.

�� In the quadratic formula, the expression �b ac42  is referred to 
as the discriminant, since it discriminates between the types 
of solutions:

�P�� If � �b ac4 02  then the square root can be found and 
there are two distinct roots.

�P�� If � �b ac4 02  then both roots of the equation are equal.

�P�� If � �b ac4 02  there is no real value of the square root, so there are no 
real roots.

�Q�� Drawing a graph: The roots of the equation � � �x x2 5 02  
can be found by drawing the graph of � � �y x x2 52  and 
� nding the x coordinates of the points where it crosses the 
x-axis.

�Q�� Using your calculator: Some calculators have the facility to solve quadratic 
equations. If you have such a calculator, make sure you know how to use it. It 
will be helpful for checking your answers. However, the three methods given 
above are all important and you must be able to carry them out without a 
calculator.

���•�����•��•��������
Example R.1 shows how the method of completing the square can be used to � nd 
the line of symmetry of a quadratic curve and the coordinates of its turning point.

3���4���12

�����������������������������
��������� 12�

���������������� �8 
�	��������� �6� ���� �2 


•	�•• ­ €‚
������������������
������
�������������������������
������������������������
���������������������
��������
�������������
���������������������


	������������
�����������
����������
����������
�����������
����������


	�����������
��������
�
����������
�
������������
��������


852893_03A_AQA_Maths_Y2_4E_056-063.indd   56 16/11/17   8:12 PM



�

��

����������������

Find the coordinates of the turning point and the equation of the line of 
symmetry for the curve � � �y x x2 4 72  and hence sketch the curve.

Solution

� � �y x x2 4 72
 � � � �y x x2[ 2 ] 72

 y x x2[ 2 1 1] 72� � � � � �

 y x2[( 1) 1] 72� � � � �

 � � � �y x2( 1) 92

So there is a minimum turning point at �(1, 9).

The line of symmetry passes through the turning point, and so it is the line 
�x 1.

When x � 0, y � �7, so the graph passes 
through (0, �7).

���� 1���������

x2��� 2x��������
��������������•�

������������� 1�
�������������


•����

�� •��������������������
��� x2������������•�
���������������������
����•������������������
�������������������
�������������


ƒ� 	���������������
����������������
��������������������
���������������������
���������������������
���� x•����


���
������


	�����������������������
�������������������������
���•���•��
�
������ �x 1
���� � �y 9


x

y

O 1

(1, –9) 
–7

„�•�����…�
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Sometimes an equation needs to be re-written to form a quadratic equation 
before you can solve it.

Solve the equation 52x�� �5x ��6 = 0

Solution
This is a quadratic equation in disguise.
Let y ��5x

 So y 2 ��y ������0
���(y ���)(y ���) = 0
��� �y ���� or y ���
 y ����� 5 x ���
 So log 5x ��log �
 x log 5  ��log �

 x
log 2
log 5

0.431� �  (3 s.f.)

y�� �� 3��� 5x �� �� 3�
����������������������
�

5x �������
����������
�

���
�������

52x�� �(5x)2

(5x)2 ��5 x � 6 � y 2 ��y � 6
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The elimination method is suitable for solving two linear simultaneous equations.

(i)	 Solve the simultaneous equations	 � �x y3 2 17

		  � �x y7 3 28

(ii)	 Check your answer.

Solution
(i)	 � �x y9 6 51

	 � �x y14 6 56

	

� � �

�

x

x

5 5

1

	 Substituting �x 1 into either of the original equations gives � �y 7.
	 The solution is x � 1, y � �7.

(ii)	 Substitute x � 1, y � �7 into 7x � 3y � 28.
	    LHS = (7 � 1) ��(3 � �7) � 7�� (�21)
	    � 28
	    � RHS as required

��������������������������
���������������������
����������������������
�����������


•������
��������������������
� 3�����
������������
� 2�������������������
����������������������������y


•�������


���
�������

The substitution method is used to solve simultaneous equations for which 
one is linear and the other is quadratic, although it may be used to solve two 
linear simultaneous equations.

To �nd the point(s) of intersection of two curves or lines you need to solve their 
equations simultaneously, using one of these two methods.

Solution
Make x the subject of the �rst equation:	 � �x y 1

Substitute into the second equation:	 � � �y y( 1) 2 172 2

Expand and simplify:        � � � �y y y2 1 2 172 2 	

	 � � � �y y3 2 16 02

          � � � �y y3 2 16 02

	

y y y

y y y

3 6 8 16 0

3 ( 2) 8( 2) 0

2� � � � �

� � � � � 

y y y

y y y

3 6 8 16 0

3 ( 2) 8( 2) 0

2� � � � �

� � � � �

	 � � � �y y(3 8)( 2) 0         � � � �y y(3 8)( 2) 0

	 y 8
3� � �  or �y 2

Substituting each value in turn into the original linear equation gives the 
points of intersection as (3, 2) and ,5

3
8
3� �� � .

 ������� x�

����� y��� 1


Find the points of intersection of the line � �x y 1 and the curve 
� �x y2 172 2 .

���
�������
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Notice that the points where x � �1 and x � 6 are marked with a solid circle 
in Figure R.2, to show that these values are included in the solution set. If you 
were asked to solve � � � �x x x6 2 82  then the values �6 and �1 would not be 
included in the solution set and you would show those points using an open circle.

Inequalities may also be used to de� ne regions, as in Example R.6.

Solve >x x x6 2 82 � � � .

Solution

       x x x6 2 82 � � �>

x x5 6 02� � � >   x x5 6 02� � � >

>x x( 6)( 1) 0� � �

•������������������
� � �y x x( 6)( 1)

The solution is x 6�<  or x 1> .

­������������������������


���������


•���
	������
���������
�������������

{x :  x <  � 6} �  {x :  x >  1}.

Sketch the curve � � �y x x5 62  and indicate by shading the region where 
y x x5 62 � �> .

Solution
� � � � � �y x x x x5 6 ( 6)( 1)2

x

y

O 1–6

This curve cuts the
x-axis when x = –6
and when x = +1.

You need the region
where y �  0.

„�•�����…ƒ

���
�������

���
�������

‡�����������
The rules for solving inequalities are similar to those for solving equations, but if 
you multiply both sides of an inequality by a negative number, then you need to 
change the direction of the inequality.

When dealing with quadratic inequalities, the easiest method is to sketch the 
associated graph.

x1–6

–6

y

The curve cuts the x-axis at x = –6 and
 x = 1, and cuts the y-axis at y = –6.

For all the points on the graph 
itself, the y coordinate is equal 
to the value of x² + 5x – 6.

For all the points in the shaded region,
the y coordinate is greater than the 
value of x² + 5x – 6.

„�•�����…�
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� Solve the following equations by factorising.

€�‚� � � �x x8 12 02

€��‚� � � �a a11 30 02

€���‚� � �x16 02

€��‚� � � �p p2 5 2 02

€�‚� � � �c c4 3 7 02

€��‚� � �x x3 14 82

� Solve the following equations by using the 
quadratic formula, giving your answers correct 
to 2 d.p.

€�‚� � � �x x 8 02

€��‚� � � �x x2 8 5 02

€���‚� � �x x 102

� Write in the form a(x + b)2 � c.
€�‚ 3x�  � 12x � 7
€��‚ 2x�  � 6x � 5
€���‚ 5 � 8x � x 2

� Find the equation of the line of symmetry 
and the coordinates of the turning point for 
the following curves and sketch their graphs, 
including the line of symmetry.

€�‚� � � �y x x4 82

€��‚� � � �y x x2 8 32

€���‚� � � �y x x4 2 2

� Solve the following pairs of simultaneous 
equations using the elimination method.

€�‚� � �

� �

x y

x y

3 2 6

5 6 38

€��‚� � �

� �

x y

x y

3 2 12

4 11

€���‚� � �

� �

x y

x y

4 3 2

5 7 9

� Solve the following pairs of simultaneous 
equations using the substitution method.

€�‚� �

� � �

x y

x y xy

2

202 2

€��‚� � �

� �

x y

x y

5

172 2

€���‚� � � �

� �

x y

y x

2 3 0

5 202 2

� Express the following inequalities using set 
notation and illustrate them on number lines.

€�‚� � � �x2 4

€��‚� x1 7� �> >
€���‚� x 0>  or x 4�<

� In each case draw a sketch of the associated 
curve and identify the interval(s) on the x-axis 
where the inequality is true. Illustrate the 
interval(s) on number lines.

€�‚� � � �x x2 8 02

€��‚� x x2 02� � >
€���‚� � � �x x6 13 6 02

� €�‚  Sketch the curve � � �y x x2 12  and 
the line � �y x2 9 on the same axes 
and � nd their points of intersection.

€��‚� On your graph, shade the region for 
which � � �y x x2 12  and � �y x2 9.

� Solve the following equations.
€�‚ x�  � 5x �  ��4�� 0
€��‚ 4x�  � 13x �  ��3�� 0

€���‚ 2x �� x13  ��15�� 0
� Solve the following equations. 

€�‚ 32x ��4 ��3 x � 3�� 0
€��‚ 3 ��2 2x � 5 ��2 x � 2�� 0
€���‚ 6 ��7 2x � 7 ��7 x � 3�� 0

������������•�������������

The region where y x x5 62 � �>  includes the shaded region and the 
curve itself, so the curve is drawn with a solid line in Figure R.3. If the 
inequality had been > and not �  then the curve would have been drawn 
with a broken line.
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ˆ����•�‰��•�•��‰�������
� � � � � � � � �

� � � � � �

� � � �

x x x x x x x x

x x x x x

x x x

( 2)( 3 4) ( 3 4) 2( 3 4)

3 4 2 6 8

5 2 8

2 2 2

3 2 2

3 2

Š�‹����•�•��‰�������
You can divide one polynomial by another to give a lower order polynomial.

•������
������
�����������������
���
��������
������
������������������


���
�������
Divide � � �x x x(2 5 7 12)3 2  by �x( 3).

Solution
Method 1: By inspection

� � � � � � �

� � � �

x x x x x ax

x x x

2 5 7 12 ( 3)(2 4)

( 3)(2 4)

3 2 2

2

x x x x x x(2 5 7 12) ( 3) 2 43 2 2� � � � � � � �

Method 2: Long division

�x x x x

x x

x x

x x

x

x

x x

3 2 5 7 12

2 6

7

3

4 12

4 12

2 4

0

3 2

3 2

2

2

2

� � � �

�

�

�

� �

� �

� �

�x x x x

x x

x x

x x

x

x

x x

3 2 5 7 12

2 6

7

3

4 12

4 12

2 4

0

3 2

3 2

2

2

2

� � � �

�

�

�

� �

� �

� �

�x x x x

x x

x x

x x

x

x

x x

3 2 5 7 12

2 6

7

3

4 12

4 12

2 4

0

3 2

3 2

2

2

2

� � � �

�

�

�

� �

� �

� �

x x x x x x(2 5 7 12) ( 3) 2 43 2 2� � � � � � � �

x��� 2x2�� �2x3

� 3���� 4�� �12

•������������
������������������
�������������
�
�������������������
��������� x2


	��������������������


••����������•�����
The factor theorem is given by:

	 af ( ) 0� �  �x a( ) is a factor of xf ( ).

The factor theorem is useful in solving polynomial equations.

ƒ�Œ��‰�������
�����•���������������•�•��‰�������

� � � � � � � � � � � � �

� � � �

x x x x x x x x x x

x x x

(3 2 4) ( 5 6) 3 2 5 4 6

4 2 4 2

3 2 3 3 3 2

3 2
�

x x x x x x x x x x

x x x

(3 2 4) ( 5 6) 3 2 5 4 6

2 2 6 10

3 2 3 3 3 2

3 2

� � � � � � � � � � � � �

� � � �

­�����������������
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Solution
(i)   x x x xf ( ) 4 63 2� � � �

 

f ( 1) ( 1) 4( 1) ( 1) 6

1 4 1 6

0

3 2� � � � � � � �

� � � � �

�

 So x 1� � is a root of xf ( ) 0� , and hence (x � 1) is a factor of xf ( ).

 

x x x

x x x

x x x

4 6 0

( 1)( 5 6) 0

( 1)( 2)( 3) 0

3 2

2

� � � �

� � � � �

� � � � �

 The roots of the equation are x x x1, 2, 3� � � � .

(ii)  The graph crosses the x-axis at x x x1, 2, 3� � � � .
The graph crosses the y-axis at y 6� .

 

O 2 3–1

6

y

x

„�•�����…Ž

	�����������������������
�
����������������•�
����������������������
�
���������������������


�����������•�������

� €�‚  Add x x(3 2 4)2 � �  to x x( 3)3 � � .

€��‚��  Add x x x(5 2 1)4 2� � �  to 
x x x( 2 3)3 2� � � .

€���‚� Subtract x x(2 3 4)2 � �  from 
x x( 3 2)3 2� � .

€��‚� Subtract x x(3 7 2)3 � �  from 
x x x(6 7 10 3)3 2� � � .

� €�‚  Multiply x x(2 3 4)2 � � by x( 3)� .

€��‚� Multiply x x( 2 1)2 � �  by x x( 2 1)2 � � .

€���‚� Divide x x x( 2 2)3 2� � �  by x( 1)� .

€��‚�  Divide x x x(2 5 11 4)3 2� � �  by x(2 1)� .

� Sketch the following polynomial curves.

€�‚� y x x x( 1)( 2)( 3)� � � �

€��‚� y x x( 3)2� �

€���‚� y x x x(2 )( 3)� � �

� €�‚  Show that x 2� �  is a root of the 
equation x x x2 7 4 4 03 2� � � �  and 
hence solve the equation.

€��‚� Sketch the graph of 
y x x x2 7 4 43 2� � � � .

���
������	 (i)  Show that x 1� �  is a root of the equation x x x4 6 03 2� � � �  
and hence solve the equation.

(ii) Sketch the graph of y x x x4 63 2� � � � .

•��•��
����
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‘	‚�Œ ‡••†
�� �������������������������� ax bx c 02 � � � •����������������������������


b ac42 � 

�Q� ƒ������������������������������•��������������������������������


ƒ��������������������������������������•����������������������������������
��������������������������


�Q� ƒ����������������������•���•��������������������������������������

�Q� ƒ������������������������������•�������������������������������


ƒ� „����������������������������������

�Q� �����������•����������������������������������������������������

�Q� ���������������������������� x b b ac
a

4
2

2

� � � �



�� 	���������������������������
�����
������������������������������������
�
���������������������


Ž� •������������������������
������������
�
�Q� ������������
�Q� �����������
�Q� ��������������


’� …�������������������������������������������������but����
����������
������������
�
�����������������•�
�����������������������������
�����†���������������������
< ���� > 


“� •���������������������������������
•�������������������������
������������������

�� 	��������•����������•���������
���������� x������������������������� x�������

������������������
������

�� 	��������������������������������� x a( )� ���������������������
������� xf ( ) ������

af ( ) 0� ����� a��������������������������� xf ( ) 0� 


� Find the equation of the curve shown in 
Figure R.5. Give your answer in the form 
y ax bx cx d3 2� � � � .

 

O 3–1

–24

–4

y

x

„�•�����…’

� Solve the following cubic equations.

€�‚� x x x4 8 3 03 2� � � �

€��‚� x x x3 2 19 6 03 2� � � �

� Leanne is dividing x4 � 16 by x � 2.

 She draws this table.

x3

x x4

�2 �16

 Copy and complete the table and hence write 
down the result of dividing x4 � 16 by x � 2.
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Functions

��

�

Still glides the stream 
and shall forever glide;
The form remains, the 
function never dies.

 �������������������
�������
���

�����������������������������������������������
��������
������������������
	���������������
�

���������������������
�����������������������������
��������������	����

� � ��	�	��
������������	��������������������������������������������������
��������


	��	�����������������������������
������������������������•�����
The order of any polynomial function is the highest power of the variable, so 

x xf ( ) 3 42� �  is of order 2 and x x xf ( ) 5 3� �  is of order 3, etc.

The graph of a polynomial function of order n can have up to n 1�  turning 
points, although often not all of these materialise. The general shape of a 
polynomial curve is as in Figure 4.1.
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If a polynomial function xf ( ) can be factorised, then each factor will give a root 
of the associated polynomial equation xf ( ) 0� . If there is a repeated factor then 
this will correspond to a repeated root.


����
���	� (i) (a) Solve x x x( 2)( 4) 0� � � .

 (b) Sketch y x x x( 2)( 4)� � � .

(ii) (a) Solve x x( 1) (5 ) 02� � � .

 (b) Sketch y x x( 1) (5 )2� � � .

��������������������������•�����
�����������������������������	��
������
�•������������
�����	�����
�������������•��������������������
	���������������������������
������������•���

••••• ­ �€
•������������	���������
��������
���
��
��������
�����
������•�
����������
���������������������
�����������������������
��	����•�
�������
�����
����
����	������������������
�
����������������������
�������������	��������•����
�����
�����������������
����������������	�������
������������
��
�

n even n odd

coefficient of
xn positive

coefficient of
xn negative

‚�ƒ��	�„…�

Solution
(i) (a) x x x x( 2)( 4) 0 0, 2� � � � �  or �4.

 (b) y

O 2–4 x

Cubic with +ve x3 term.
Crosses x-axis at –4, 0 
and 2.

y = x(x �í 2)(x + 4)

� ‚�ƒ��	�„…†�

(ii) (a) x x x( 1) (5 ) 0 12� � � � � �  (repeated) or x 5� .

 (b) 

5

y

O 5-1 x

Cubic with –ve x3 term.
Crosses x-axis at
5 and touches  at –1.
Crosses y-axis at 5 
(when x = 0).

y = (x + 1) 2 (5 �í x)

� ‚�ƒ��	�„…‡
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�����������	•����•������•�����
Reciprocal functions have the form x a

x x a
x

f ( ) ,f ( ) ,2� �  etc. 

x

y

y =

O

x

y

O

For both these functions, the 
lines x = 0 and y = 0 are 
asymptotes for the curve. 
The curve approaches an 
asymptote ever more closely, 
but never actually reaches it.

Asymptotes are usually shown 
on a sketch using a dotted line 
but in this case the asymptotes 
are already there as the 
coordinate axes.

x
1

y =x2
1

‚�ƒ��	�„…„

ˆ��•������������
�� �•�����  •�•  ���	�  

������  ��  ���  ����  

y
x
1
n�  ���  

� ����  �����  n �  1 ���  �
n �  2� •�������  ���  
������  ��  ���  ������  
���  �����  ��������  
�������  ��
���  ��  n�

‰�������������	������������������	���ƒ�����
Two variables x and y are said to be (directly) proportional if y kx�  where k 
is a constant. They are inversely proportional if y k

x� .

The relationship y kxn�  can be described by saying that y is proportional to xn.  
In the same way, the statement ‘y is inversely proportional to xn, is represented 

by the equation y k
xn� .

•Š���	������������ƒ�������•����•�����
An exponential function is a function of the form y ax� , where a 0� , which 
has the variable as the power. (An alternative name for ‘power’ is ‘exponent’.)  
All exponential functions a( 0)�  have graphs that have a similar shape.

�Q	 They all cross the y-axis at the point (0, 1).

�Q	 They all have the x-axis as an asymptote.

O

y = 0.5x

y = 1x = 1

y = 1.5x
y = 2xy = 3x

y = e 
x

x

y

Notice that the function 

y = 0.5x, i.e. y =          , 
can also be written as 
y = 2–x.

1
2

x

‚�ƒ��	�„…�

 �  ����  �����  k ��  
���  ������������
�����������
��•�
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Although there are many exponential functions, the function y ex� , where 
e is an irrational number approximately equal to 2.718, is referred to as the 
exponential function; the curve y ex�  has the special property that for any 
value of x the value of y is the same as the gradient of the curve.

A relationship of the form y ekx� , where k 0� , is described as exponential 
growth. If k 0�  the relationship is described as exponential decay.

Just as exponential graphs for a positive index are all very similar, so are the 
graphs of the logarithm function for di� erent bases.

O x

y

1

2

–2

–1

3

4

1 2 3 4 5 6 7 8

y = log3x

y = logex
y = log2x

y = log0.5x

y = log1.5x

‚�ƒ��	�„…‹

The logarithm function is the inverse of the exponential function.

•�������
 ��������
���������������� y ax� ����
	���������� y xloga� ����������������	��
������
������­

�Q  ��������������� y ex� ���� y xloge� �
	�������������������	����������
y xln� �

�Q  ��������������� y 10x� ����
y xlog10� �	��������������	�������
€������� y xlog� � O

y = ln x

y = x

y = e 
x

x

y

‚�ƒ��	�„…�
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•������������������ƒ�����
A transformation is a relationship that is used in curve sketching.  You can use 
stretches, translations and re� ections to transform the graph of any function.
•�Œ�	�„…�

Function Transformation

x x t sf ( ) f ( )� � �
Translation 

t
s

�

�
�

�

�
�

x a xf ( ) f ( )� One-way stretch, parallel to y-axis, scale factor a

x axf ( ) f ( )� One-way stretch, parallel to x-axis, scale factor a
1

Re� ection in x-axis

Re� ection in y-axis

x xf ( ) f ( )� �
x xf ( ) f ( )� �


����
���	• Starting with the curve y � cos x, show how transformations can be used to 
sketch the curves

(i) y � cos 3x (ii) y xcos 2���  (iii) y xcos �
3� �� �  (iv) y xcos 2� � .

Solution
(i)  The curve with equation y � cos 3x is obtained from the curve with 

equation y � cos x by a stretch of scale factor 1
3 parallel to the x-axis.

         

0

1

–1

y

x

y = cos 3x y = cos x 

�›
  2

3�›
2

2�›�›

y = cos 3x  has a period

of        instead of 2�›.  2�›
3

��•�����	•

(ii)  The curve of y xcos 2���  is obtained from that of y � cos x by a

stretch of scale factor 2 in the x direction.

0

1

–1

y

y = cos x 

x4�›2�› 3�›�›�›
  2—

3�›
2—

5�›
2

7�›
2

y = cos 2
x—

y = cos       has a period

of 4�›  instead of 2�›.  

x
2

‚�ƒ��	�„…Ž

••••• ­ �€
‚����������������	����
����•�
����������
����������������
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(iii)  The curve of y xcos �
3� �� �  is obtained from that of y � cos x 

 by a translation of 
�

�

�
�

�

�

�
�

�
3
0

.

0

1

–1

y

y = cos x

x4�›�›
  2

3�›
2

2�› 3�›�›— — 5�›
2

7�›
2

y = cos x �í
3
�›—

‚�ƒ��	�„…��

(iv) The curve of y xcos 2� �  is obtained from that of y xcos�  by a 

 translation of 
�

�

�
�

�

�
�

0
2

.

0

1

–1

–2

–3

y

y = cos x

y = cos x–2

x4�›�›
  2

3�›
2

2�› 3�›�›— — 5�›
2

7�›
2

‚�ƒ��	�„…��

� Sketch the following curves.

ƒ�„� y x x x( 1)(2 1)( 3)� � � �

ƒ��„� y x x x(2 )(2 )(3 )� � � �

ƒ���„� y x x( 1) ( 3)2 2� � �

� Sketch the following pairs of curves on the 
same axes, taking care to clearly label each 
graph of the pair.

ƒ�„� y x
1�  and y x

3�

ƒ��„� y
x
1

2�  and y
x
1
4�

� Sketch, using the same scale on both axes, the 
following sets of curves.

ƒ�„� y x y, ex� �  and y xln�

ƒ��„� y y1 , 2x x� �  and y 3x�

� Sketch, on the same axes, the following sets of 
curves.

ƒ�„� y x y x, 32 2� � �  and y x( 3)2� �

ƒ��„� y xsin� , y xsin 2� �  and 

y xsin �
2� �� �

���������������
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� Each part of Figure 4.12 shows the curve 
y x x( 2) ( 1)2� � �  (in red) and one 
other curve which has been obtained from 
y x x( 2) ( 1)2� � �  by one of the following 
transformations: translation, stretch or 
re� ection. In each case write down the 
equation of the blue curve and state the 
relationship between the two curves.

ƒ�„�

–3 x

y

O

ƒ��„� �

12

y

O x

ƒ���„� �

2

y

xO

ƒ��„� �

–4

y

xO

��•�����	�•

� A new moisturiser is being marketed in cubical 
jars which have di� erent sizes: 30 ml, 50 ml and 
100 ml. The price £C is directly proportional 
to the height of the jar and the price of the 
50 ml jar is £36.
ƒ�„� Find the height of the 30 ml jar.
ƒ��„ Find the price of the 30 ml jar.
ƒ���„� Find the price of the 100 ml jar.

ƒ��„� Sketch a graph to show the relationship 
between price and volume.

� The cost £C of my electricity bill varies 
inversely with the average temperature C� �  
over the period of the bill. One winter, when 
the average temperature was 8 C� , my bill was 
£365 for the 3-month period.

ƒ�„� How much would I expect to pay in the 
summer, when the average temperature is 
20 C� ?

ƒ��„� Sketch a graph to show the relationship 
between temperature and electricity cost.

ƒ���„� How realistic is this model?

� A curve has the equation x xf ( ) 1 ln� � .

ƒ�„� Sketch the curve.

ƒ��„� Find the exact coordinates of the point 
where the curve crosses the x-axis.

ƒ���„� Verify that the curve meets the line y x�  
at the point (1, 1).

�  ƒ�„    On a single set of axes, sketch the curves 
y e 1x� �  and y 2e x� � , indicating any 
asymptotes.

ƒ��„� Find the exact coordinates of the point of 
intersection of these two curves.

� Starting with the curve y xsin� , show how 
transformations can be used to sketch the 
following curves.

ƒ�„� y xsin 2�

ƒ��„� y xsin �
2� �� �
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A mapping is any rule which associates 
two sets of items, which are referred to 
as the object and image or the input 
and output.

For a mapping to make sense or to have 
any practical application, the inputs and 
outputs must each form a natural collection or set. 

The set of possible inputs is called the domain of the mapping and the set of 
possible outputs is called the range of the mapping.

‘�����ƒ�
In mathematics, many (but not all) mappings can be expressed using algebra. A 
mapping can be one-to-one, one-to-many, many-to-one or many-to-many.

Here are some examples of mathematical mappings.

(a)  Domain: integers 	 Range: integers
Objects	 Images
�1 	 3
  0	 5
  1	 7
  2	 9
  3	 11

General rule:    x	 2x � 5

…���������

(b)  Domain: integers 	 Range: real numbers
Objects	 Images
	 1.9
2	 2.1
	 2.33
	 2.52
3	 2.99

	 �
General rule:  Rounded whole numbers  Unrounded numbers

…���������


(c)  Domain: real numbers 	 Range: real numbers
	 y: �1 ¯  y ̄  1
Objects	 Images
� 	
45	 0
90	 0.707
135	 1
180	

General rule:  x� 	 sin x�

†��
�������

object
(input)

image
(output)

mapping

��•�����	�­
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(d) Domain: quadratic Range: real numbers
equations with real roots 
Objects Images
x2 ��4x � 3 � 0 0
x2 ��x � 0 1
x2 ��3x � 2 � 0 2
 3

General rule: ax2 ��bx � c � 0 

†��
�������


x b b ac
a

x b b ac
a

4
2

4
2

2

2

� � � �

� � � �

‚��•�����
Mappings which are one-to-one or many-to-one are of particular importance, 
since in these cases there is only one possible image for any object. Mappings 
of these types are called functions. For example, x � x� and x � cos x are 
both functions, because in each case for any value of x there is only one possible 
output.

The mapping of rounded whole numbers on to unrounded numbers is not a 
function since, for example, the rounded number 5 could map to any unrounded 
number between 4.5 and 5.5.

•�������
����������������
���������������������
����	�
�����	�������������������•����•���
�•�
�������������	���������� x������� x2��������	������������
����������

�	����	�
�­

�Q f(x) = x2

�Q f: x � x 2

 �������
������	���������� y���x 2�����������������������������������������

�������������‡ f������ x������� x2ˆ�

A function y xf ( )�  may be de� ned for all values of x or only for a restricted 
set of values.

Strictly, when a function is written it should always be accompanied by its 
domain. When you write this, it is often helpful to use one of the following 
symbols to denote di� erent types of numbers:

�Q�� � �  is the set of counting numbers: 1, 2, 3, … .

�Q�� � is the set of natural numbers: 0, 1, 2, 3, … .

�Q�� �  is the set of integers: … �3, �2, �1, 0, 1, 2, 3, … .

�Q��  �  is the set of rational numbers, i.e. fractions such as � 3
4 and 23

5 , together 
with everything in � .

�Q��  � is the set of real numbers, i.e. irrational numbers such as � and 2 , 
together with everything in � .

If a function is written without its domain, the domain is usually taken to be the 
real numbers.

It is often helpful to represent a function graphically, as in the following example, 
which illustrates the importance of knowing the domain.

•��	
 ���������•���
���	�

�
����‰��•�
�����������a�

€���
��•��•��������������
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Solution
(i)	� When �x � , all values of y are possible. The 

range is therefore � , also.

(ii)	� When x �� � , so that x is restricted  
to positive values, all the values of y  
are greater than 2, so the range is  
y > 2.

(iii)	� When �x � , the range is the set of points  
{2, 5, 8, …}. These are all of the form  
3x � 2 where x is a natural number  
(0, 1, 2, …). This set can be written  
neatly as {3x � 2 : �x � }.

��•�����	��

y

xO

y = 3x + 2, x �D +

The open circle
shows that (0, 2) is
not part of the line.

��•�����	��

y

xO

y = 3x + 2, x �D 


����
���	­ Sketch the graph of y � 3x � 2 when the domain of x is given by

(i)	 �x �

(ii)	 x �� �

(iii)	 �x � .

��•�����	��

y

xO

y = 3x + 2, x �D 

����  �����  ‡x ��  ��  ���  ���  ��  ���
  �������̂ �

����  �����  ‡x ��  ��  ���  ���  ��  ��������  ���
  �������̂ �
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When you draw the graph of a mapping

�Q�� the x coordinate of each point is an input value

�Q�� the y coordinate is the corresponding output value.

Table 4.2 shows this for the mapping x ��x�, or y � x�, and Figure 4.17 shows 
the resulting points on a graph.

•�Œ�	�„…†

Input ( x) Output ( y) Point plotted

–2 4 (–2, 4)

–1 1 (–1, 1)

  0 0 (0, 0)

  1 1 (1, 1)

  2 4 (2, 4)

If the mapping is a function, there is a unique value of y for every value of x 
in the domain. Consequently the graph of a function is a simple curve or line 
going from left to right, with no doubling back.

Figure 4.18 illustrates some di�erent types of mapping.

y

y = 2x + 1

xO

y y = x3 – x

x
–1

O 1

y

y = ±2x

xO

–1

1

y

x–5

–5

5

5O

y = ±   25 – x2 �¥

��•�����	�•

(a) One-to-one

(c) One-to-many

(b) Many-to-one

(d) Many-to-many

��•�����	�•

y

x00 1

1

2

3

4

–1–2 2

�����  �	�  ��������  
���  ���  ���������  ��  
��  ����  ����  �����  ���  
�	�  ������
�  ��
���  

��  y �������������  
��  ����  ��  �

  ��
���  

��  x�

�����  �	�  ��������  
���  ����������

€���
��•��•��������������
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Š��
  ���  ������
�  ��  •�����  •�‹Œ ���•  ���  ����  ��  �����  ƒ�„ ��  
ƒ�„• �������  ���  ���������������  ��  ����  ��  ���  ������  ������
 �  ����  ����  �������  ��  	������  ���  ���  ����
��  ���  ���  
����  ��  ����������

��� 	 ���� �����
���  ���  ������
�  �
  
�

�
��

�

�
��

3
0

 ���  ����  �������  ���  

	 � ������  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  x��•���

	 �Œ�� ��������  ���  ������
�  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  x��•��  ���  

����  �����
���  ���  �����  �
  
�

�
��

�

�
��

3
0

�

���� 	 ���� ������
���  ���  ������
�  �
  
�

�
��

�

�
��

3
0

 ���  ����  �������  ���  �����  	���  �  

	 � ���
�  ������  ��  2 ����

�
  ��  ���  y��•���
	 �Œ�� ��������  ���  ������
�  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  y��•��  ���  

����  �����
���  ���  �����  �
  
�

�
��

�

�
��

3
0

�

���������� ������
���  ���  ������
�  �
  
�

�
��

�

�
��

0
3

 ���  ����  �������  ���  �����  	���  �  

	 � ���
�  ������  ��  2 ����

�
  ��  ���  x��•���

	 �Œ�� ��������  ���  ������
�  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  x��•��  ���  

����  �����
���  ���  �����  �
  
�

�
��

�

�
��

0
3

�

���� 	���� ������
���  ���  ������
�  �
  
�

�
��

�

�
��

0
3

 ���  ����  �������  ���  �����  	���  �  

	 � ���
�  ������  ��  2 ����

�
  ��  ���  y��•���
	 �Œ�� ��������  ���  ������
�  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  y��•��  ���  

����  �����
���  ���  �����  �
  
�

�
��

�

�
��

0
3

�

��� 	 ���� ��������  ���  ������
�  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  x��•��  ���  
����  �������  ���  �����  	���  �  ���
�  ������  ��  3 ����

�
  ��  ���  y��•���

	 �Œ�� ��������  ���  ������
�  	���  �  ���
�  ������  ��  3 ����

�
  ��  ���  y��•��  ���  
����  �������  ���  �����  	���  �  ���
�  ������  ��  2 ����

�
  ��  ���  x��•���

y
3

2

y

O x

��•�����	�•

Activity 4.1 
should have 
emphasised to 

you the importance 
of performing the 
transformations in the 
correct order. It is a 
good idea to check 
your results using a 
graphical calculator 
or graphing software 
whenever possible. €

’���ƒ���������������������“	�•����	�•���	�����
���•�����
In the review section you used translations and one-way stretches to relate the 
equation of a function to that of a standard function of the same form. This then 
allowed you to sketch the curve of your function.

It is possible to combine translations and stretches, but you must be careful over 
the order in which these are applied, as you will see in Activity 4.1.
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����
���	� Starting with the curve y �  cos x, show how transformations can be used to 
sketch the following curves.

(i)	 y � 2cos 3x    (ii)  y xcos 2 �
3� �� �

€���
��•��•��������������

Solution
(i) 

0

1

–1

x

y

�›
  2

3�›
2

2�›�›

0

–1

–2

1

2

�›
  2

3�›
2

2�›�›

The curve with equation 
y = cos 3x is obtained 
from the curve with 
equation y = cos x by 
a stretch of scale factor 
parallel to the x-axis. 
There will therefore be 
one complete oscillation 
of the curve in 
(instead of 2�›).

The curve of y = 2cos 3x 
is obtained from that of 
y = cos 3x by a stretch of 
scale factor 2 parallel to 
the y-axis. The curve 
therefore oscillates 
between y = 2 and 
y = –2 (instead of 
between y = 1 and y = –1).

y = cos 3x

y = cos 3x

y = 2cos 3x

y = cos x

x

y

2�›
3

1
3

��•�����	• 

(ii) 

0

1

–1

y

y

x

0

–1

1

The curve with equation
 

is obtained from the curve 

with equation y = cos x 

by a transation of        .

      �›
      3

y = cos x

y = cos

y = cos x –

     �›
     3
x–

y = cos       �›
      3

2x–

y = cos      �›
     3

  —x –

     �›
     3

  —

0

The curve of 

is obtained from that of  

by a stretch of scale factor
parallel to the x-axis.

y = cos      �›
     3

2x –  —

y = cos      �›
     3

x –  —

1
2

x

�›
  2

3�›
2

2�›�›— —

�›
  2

3�›
2

2�›�›— —

��•�����	•�

852893_04_AQA_Maths_Y2_4E_064-095.indd   76 16/11/17   8:14 PM



••

Solution
(i)	 If � � � � �x x a x p q1 4 [( ) ]2 2

	 then � � � � � � �x x ax apx a p q4 1 2 ( )2 2 2 .

	 Comparing coe�cients of x2:		  a � �1.

	 Comparing coe�cients of x:		 2ap � 4, giving p � �2.

	 Comparing constant terms :		 a(p2 � q) � 1, giving q � �5.

	 The equation is y � �[(x � 2)2 � 5].

(ii)	� The curve y � x 2 becomes 
the curve y � (x � 2)2 � 5 by 
applying the translation  

�

�

�
�
�

�

�
�
�

2
5

 as shown in Figure 4.22.

	� The curve y � (x � 2) 2 � 5  
becomes the curve  
y � �[(x � 2) 2 � 5] by  
applying a re�ection in  
the x-axis (see Figure 4.23).

	    

(iii)	 The blue curve in Figure 4.23 shows the graph.


����
���	�
(i)	 Write the equation � � �y x x1 4 2 in the form � � �y a x p q[( ) ]2 .

(ii)	� Show how the graph of � � �y x x1 4 2 can be obtained from 
the graph of y � x2 by a succession of transformations, and list the 
transformations in the order in which they are applied.

(iii)	 Sketch the graph.

x

y

y = x 2

y = (x-2) 2 -5

(2,-5)

O

��•�����	••

x

y

y = (x-2) 2 -5

(2,-5)

(2,5)

y =-[(x-2) 2 -5]
= 1 + 4x-x 2

O

��•�����	•­

ˆ��•������������

� �  �  Ž•���
�  •�‘•  

��  ���
�  	����  
���  ��������  

� � �y x x1 4 2  
��  ���  ����  

� � �y x5 (2 )2 ��
•�������  �  
���������  ���  ��  
���������������•  
���������  �
  ����  
����•  	����  	��
�  
���  �y x2 ��  

� � �y x x1 4 2� 
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� 	 Describe each of the mappings in Figure 4.24 
as either one-to-one, many-to-one, one-to-
many or many-to-many, and say whether it 
represents a function.

   

	

	

	

��•�����	•�

ƒ�„ ƒ��„

ƒ���„ ƒ��„

ƒ�„ ƒ��„

� 	 For each of the following mappings:
ƒ�„� �write down a few examples of inputs 

and corresponding outputs
ƒ�„� �state the type of mapping  

(one-to-one, many-to-one, etc.).

ƒ�„� Words � number of letters they  
contain

ƒ��„� Side of a square in cm � its perimeter  
in cm

ƒ���„� Natural numbers � the number of 
factors (including 1 and the number  
itself  )

ƒ��„� x � 2x � 5

ƒ�„� x � x  

� 	 For each of the following mappings:
ƒ�„� state the type of mapping (one-to-

one, many-to-one, etc.)
ƒ�„� suggest suitable domains and ranges.

ƒ�„� �The volume of a sphere in cm� � its 
radius in cm

ƒ��„� �The volume of a cylinder in cm� � its 
height in cm

ƒ���„� �The length of a side of a regular hexagon 
in cm �  its area in cm�

ƒ��„� x �  x�

� 	 ƒ�„	� A function is de�ned by f(x) �  2x �  5. Write 
down the values of

ƒ�„� f(0)  ƒ�„    f(7)  ƒ�„    f(�3).
ƒ��„� �A function is de�ned by  

g:(polygons) � (number of sides).  
What are the following:

� ƒ�„	 g(triangle)    ƒ�„    g(pentagon)

� ƒ�„	 g(decagon)
	 ƒ���„	 �The function t maps Celsius temperatures 

on to Fahrenheit temperatures.It is

	 	 de�ned by t: C � �C9
5 32. Find

		  ƒ�„	 t(0)  ƒ�„    t(28)  ƒ�„    t(�10)

	 	 ƒ�„	 the value of C when t(C ) � C.

� 	 Find the range of each of the following 
functions.

	 (You may �nd it helpful to draw the graph 
�rst.)

ƒ�„� f(x) � 2 � 3x 	 x >  0

ƒ��„� y � x� � 2 	 x � {0, 1, 2, 3, 4}

ƒ���„� f : x ��x� � 4 	 �x �

ƒ��„� y � tan ��	 0° < �� < 90°

ƒ�„� y � cos x 	 x�
4

�
4� � <  

� 	 Find the range of each of the following 
functions.  
(You may �nd it helpful to draw the graph 
�rst.)

ƒ�„� f : x �  2x           x �  { � 1, 0, 1, 2}

ƒ��„� f(x) � 
� x
1

1 2	      �x �

ƒ���„� f(x) �� � �x 3 3  x > �3

� 	 The mapping f is de�ned by
	

< <
< <

�
�
�
�

��
x x

x

x
xf ( )

3

0 3
3 10.

2

	 The mapping g is de�ned by

	

< <
< <

�
�
�
�

��
x x

x

x
xg( )

3

0 2
2 10.

2

 
	 Explain why f is a function and g is not.


���������	�
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� 	 Starting with the graph of y � x2, state the 
transformations which can be used to sketch 
each of the following curves. Specify the 
transformations in the order in which they are 
used and, where there is more than one stage 
in the sketching of the curve, state each stage.

	 In each case state the equation of the line of 
symmetry.

ƒ�„� y � (x � 2) 2	 ƒ��„	 y � 3(x � 2) 2

ƒ���„� y � 3x 2 � 6x � 2

� 	 Figure 4.25 shows a sketch of the graph of  
y � f(x), where f(x) � x2 � 4x.

	

y

O x–4

(–2, –4)

y = f(x)

��•�����	•�

	 Draw separate sketches of the following 
functions.

	 In each case describe the transformations from 
y �  f(x).

ƒ�„� y � f(x) � 2 	 ƒ��„	 y � f(x � 2)

ƒ���„� y � 2f(x) � 3 	 ƒ��„	 y � f(2x) � 3

ƒ�„� y � 3f(x � 2)

� 	 Figure 4.26 shows a sketch of the graph of  
y � f(x), where f(x) � 6x � x 2.

	

O

y

x

(3, 9)

y = f(x)

6

��•�����	•�

	 Use this graph to sketch the following curves 
on separate diagrams.

	 In each case indicate clearly where the graph 
crosses the x-axis and the coordinates of its 
highest point.

ƒ�„� y � f(x � 2) 	 ƒ��„	 y � 2f(x � 2)

ƒ���„� y � 1
2f(x)	 ƒ��„	 y � �� xf 2

� 	 The circle with equation x2 �  y2 �  1 is stretched 
with scale factor 3 parallel to the x-axis and with 
scale factor 2 parallel to the y-axis.

	 Sketch both curves on the same graph, and 
write down the equation of the new curve. (It 
is an ellipse.)

� 	 Figure 4.27 shows the graph of y � f(x).

	

y

1 2

1

y = f(x)

x

(1, 1)

0

��•�����	••

	 Sketch the graph of each of these functions.

ƒ�„� y � f(2x)	 ƒ��„	 y � f(x � 1)

ƒ���„� y � 2f(x � 1) 	 ƒ��„	 y � 3f(x)

ƒ�„� y � f(3x)	 ƒ��„	 y � f(3x � 1)

� 	 Starting with the curve y � cos x, state how 
transformations can be used to sketch these 
curves.

ƒ�„� y � 3 cos x	 ƒ��„	 y � cos 3x � 1

ƒ���„� y � cos(3x � 30°)

� 	 For each of the following curves:
ƒ�„� sketch the curve
ƒ�„� �identify the curve as being the same 

as one of the following:  
y � ±sin  x, y � ±cos x or  
y � ±tan  x.

ƒ�„� y � cos(�x) 	 ƒ��„	 y � tan(�x)

ƒ���„� y � sin(� � x) 	 ƒ��„	 y � tan(� � x)

ƒ�„� y � sin(�x)

� 	 ƒ�„	� Write the expression x2 � 6x � 14 in 
the form (x � a)2 � b where a and b are 
numbers which you are to �nd.

ƒ��„� Sketch the curves y � x2 and  
y � x 2 � 6x � 14 and state the 
transformation which maps y � x2 on to  
y � x 2 � 6x � 14.

ƒ���„� The curve y � x2 � 6x � 14 is re�ected in 
the x-axis. Write down the equation of 
the image.
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†�•�������	����•�����
It is possible to combine functions in several di�erent ways, and you have already 
met some of these. For example, if f(x) � x2 and g(x) � 2x, then you could write

f(x) � g(x) � x 2 � 2x.

Similarly if f(x) � x and g(x) � sin x, then

f(x).g(x) � x sin x. 

Sometimes you need to apply one function and then apply another, so that the 
output of the �rst function is the input for the second one.

You are then creating a composite function or a function of a function.

����•  �	�  ���������  ���  ������

����•  �	�  ���������  ���  ��
���
����


����
���	� New parents are bathing their baby for the �rst time. They take the 
temperature of the bath water with a thermometer which reads in Celsius, 
but then have to convert the temperature to degrees Fahrenheit to apply the 
rule for correct bath water temperature taught to them by their own parents. 

At one o �ve 
He’ll cook alive 
But ninety four 
Is rather raw. 

Write down the two functions that are involved, and apply them to readings of

(i)  30°C    (ii)  38°C    (iii)  45°C.

� 	 Starting with the graph of y � x2, state the 
transformations which can be used to sketch  
y � 2x � 1 � x 2.

	 Specify the transformations in the order in 
which they are used.

	 State the equation of the line of symmetry.

� 	 In Figure 4.28, y � f(x) is a translation of the 
curve y � x2(x � 2) and curve  
y � g(x) is the re�ection of y � f(x) in the 
x-axis.

	 Write down the equations of the two curves.

	

y = g(x)

y = f(x)

x

y

O

(1, –4)

��•�����	••

� 	 In Figure 4.29, y � f(x) is the curve  
y � ln(2x � 1) and y � g(x) is its re�ection in 
the line x � 2.

	

O 2

x = 2

x

y

y = g(x)y = f(x)

��•�����	••

	 Write down the equation of y � g(x).
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In algebraic terms, a composite function is constructed as

input x    output f(x)

    input f(x)      output g[f(x)]  (or gf(x))
Thus the composite function gf(x) should be performed from right to left: start 
with x then apply f and then g.

•�������
����������������� f�������������
�����	�����������������•�
������
��	����  ff(x)�����
���
	��
������


����� f 2(x)��������������
��

� g 3(x)����������������
������������ g�

In order to apply a function repeatedly its range must be completely contained 
within its domain.

 ��	��������•�����
It is often the case that the order of the individual functions in a composite 
function matters.

For example, if f(x) � x� and g(x) � x � 1, then

  f(3) � 9  g(9) � 10 so gf(3) � 10
g(3) � 4    f(4) � 16 so fg(3) � 16. 

f

g

�������������’����������x�’

Solution
The � rst function converts the Celsius temperature C into a Fahrenheit 
temperature, F.

� �F C9
5 32

The second function maps Fahrenheit temperatures on to the state of the 
bath.

F <  94  too cold
94 < F < 105  all right
F >  105  too hot

This gives

(i) 30°C � 86°F � too cold

(ii) 38°C � 100.4°F � all right

(iii) 45°C � 113°C � too hot.

In this case the composite function would be (to the nearest degree)

C <  34°C  too cold
35°C <  C <  40°C all right
C > �41°C  too hot. 
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More generally,

x        x2        x2 � 1.
square

g

add 1
f

So  gf(x) � x 2 � 1.

To �nd an expression for fg(x) you must apply g �rst. In the example above, this 
would give:

x        (x � 1)         (x � 1) 2

add 1

f

square
g

and so  fg(x) � (x � 1) 2.

Clearly this is not the same result.

Figure 4.30 illustrates the relationship between the domains and ranges of the 
functions f and g, and the range of the composite function gf.

g

range of gf

gf

range of gf

domain of g

range of fdomain of f

��•�����	­ 

Notice that the range of f must be completely contained within the domain of g.


����
���	•
Given that f(x) � 2x, g(x) � x 2, and h(x) � x

1, �nd the following.

(i)  fg(3)      (ii)  gh(2)      (iii)  gf(x)      (iv)  hfg(x)

Solution
(i)	 �

�

�

fg(3) f[g(3)]

f (9)

18

    (ii)	 gh(2) g[h(2)]

g 1
2

1
4

� �
�

�

�

(iii)	 �

�

�

�

x x

x

x

x

gf( ) g[f( )]

g(2 )

(2 )

4

2

2

    (iv)	   x x

x

x

fg( ) f [g( )]

f ( )

2

2

2

�

�

�

			   So	 �

�

x x

x

hfg( ) h(2 )

1
2

2

2
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Look at the mapping x � x � 2 with domain and range the set of integers.

Domain 	 Range
	 . . .	 . . .
	 . . .	 . . .
	 � 1	 �1
	   0	 0
	   1	 1
	   2	 2
	 . . .	 3
	 . . .	 4
	 x	 x � 2

The mapping is clearly a function, since for every input there is one and only 
one output, the number that is two greater than that input.

This mapping can also be seen in reverse. In that case, each number maps on 
to the number two less than itself: x � x � 2. The reverse mapping is also a 
function because for any input there is one and only one output. The reverse 
mapping is called the inverse function, f �1 .

Function:		    f : x � x � 2 		  �x �

Inverse function:	 f �1  : x � x � 2 	  	 �x � .

For a mapping to be a function that also has an inverse function, every object in 
the domain must have one and only one image in the range, and vice versa. This 
can only be the case if the mapping is one-to-one.

So the condition for a function f to have an inverse function is that, over the 
given domain and range, f represents a one-to-one mapping. This is a common 
situation, and many inverse functions are self-evident as in the following 
examples, for all of which the domain and range are the real numbers.

	

 f : x � x � 1; 	    f �1 : x � x + 1

g : x � 2x; 	 g�1 : x � 1
2x

h : x � x 3;	  h�1 : x � x3

ˆ��•�������������
����  ��  �����  ��������  ƒ��
�	„  ���  ���������  ����  ����  �������  ���������•  ���  
������  ���  ����

��  �•�����  	����  ��������  ��

  ����  ����  �������
•  ���  ���  �����  ����  ��  ���  
����  �������  ���������•  �•�
���  	�
�

��  �•��  �����  ����  ����  �������  ���������•  ��	  ���  ���  ���������  ���  �����  
��������  ��  	������  ��	�  �
��������


�

ƒ�„� ������������  ��������  ��  Š�
����  �  �����������  ��������  ��  •����������

ƒ��„� †����  ��  ��  �•���������  �  �����  �	������

ƒ���„�•�������  ��������  ��  
����  
����  �  ��������  ��������  ��  �������

ƒ��„�“�����  ��  �����  �����

��  ��  ���  ”�����  ‚����������  �  �����
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You can decide whether an algebraic mapping is a function, and whether it has an 
inverse function, by looking at its graph. The curve or line representing a one-to-one 
mapping does not double back on itself, has no turning points and covers the full 
domain. Figure 4.31 illustrates the functions f, g and h given on the previous page.

y

xO
–1

1

y = f(x)

y

xO

y = g(x)

y

xO

y = h(x)

��•�����	­�

Now look at f(x) � x2 for �x �  (Figure 4.32). You can see that there are two 
distinct input values giving the same output: for example f(2) � f(�2) � 4. When 
you want to reverse the e�ect of the function, you have a mapping which for a 
single input of 4 gives two outputs, �2 and �2. Such a mapping is not a function.

f(x) f(x) = x2

4

2–2 O x

��•�����	­•

If the domain of f(x) � x2 is restricted to � �  (the set of positive real numbers), 
you have the situation shown in Figure 4.33. This shows that the function which 
is now de�ned is one-to-one. The inverse function is given by f �1 (x) �� x , since 
the sign means ‘the positive square root of ’.

y

xO

has a single 
input value.

has a single
output value.

f –1(x)=�¥x

f(x) = x2, x �D +

f –1(x)=�¥x

��•�����	­­
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It is often helpful to restrict the domain of a function so that its inverse is 
also a function. When you use the inverse sin (i.e. sin�1  or arcsin) key on your 
calculator the answer is restricted to the range �90° to 90°, and is described as 
the principal value. Although there are in� nitely many roots of the equation 
sin x � 0.5 (…, �330°, �210°, 30°, 150°, …), only one of these, 30°, lies in the 
restricted range of �90° to 90° and this is the value your calculator will give you.

•�	�ƒ�������������•����������������	��	

You have probably realised by now that the graph of the inverse function is the 
same shape as that of the function, but re� ected in the line y � x. To see why this 
is so, think of a function f(x) mapping a on to b; (a, b) is clearly a point on the 
graph of f(x). The inverse function, f �1 (x), maps b on to a, and so (b, a) is a point 
on the graph of f �1 (x).

The point (b, a) is the re� ection of the point (a, b) in the line y � x. 
This is shown for a number of points in Figure 4.34.

x

y

A(0, 4)

A�(4, 0)

B�(1, –1)

B(–1, 1)

C(–4, 2)

C�(2, –4)

y = x

��•�����	­�

This result can be used to obtain a sketch of the inverse function without having 
to � nd its equation, provided that the sketch of the original function uses the 
same scale on both axes.

‚�����ƒ���	���ƒ	Œ���•�����������	����	��	����•����
To � nd the algebraic form of the inverse of a function f(x), you should start by 
changing notation and writing it in the form y � … .

‚�€ƒ„ƒ€…��	•
•�����������������

�	�������������•�	����������������������������•��������	�����
��������������������������
������������������������������•��•����������������
���
�����������•���

���� f(x) � x 2•�x �� � � ������� f(x) � 2x � �������� f(x) � x � 2 � ������� f(x) � x 3 � 2
”�������
������������•����������������
����������������
��
���������	�������������������
�����	�����������
����������
†���������€�������������������
�������������	��������������������������������
��������������������

••••• ­ �€
–��������������������
����	�����������������
�
��
��
�����
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Since the graph of the inverse function is the re�ection of the graph of the 
original function in the line y � x, it follows that you may �nd its equation by 
interchanging y and x in the equation of the original function. You will then 
need to make y the subject of your new equation. This procedure is illustrated in 
Example 4.8.

Solution
The function f(x) is given by	 y � 2x � 1

Interchanging x and y gives	 x � 2y � 1

Rearranging to make y the subject:	 � �y x 1
2

So		   f �1 (x) � 
�x 1
2 .


����
���	• Find f �1 (x) when f(x) � 2x � 1.

Sometimes the domain of the function f will not include the whole of � .  
When any real numbers are excluded from the domain of f, it follows that they 
will be excluded from the range of f �1 , and vice versa.

f

domain of f and
range of f–1

range of f
and domain of f–1

f –1

��•�����	­�

Solution
		  Domain 	 Range

Function: y � 2x � 3 	 x >  4	 y >  5

Inverse function: x � 2y � 3	 x >  5	 y >  4

Rearranging the inverse function to make  
y the subject:

� �y x 3
2

The full de�nition of the inverse function  
is therefore

f �1 (x) � �x 3
2   for x >  5. 

You can see in Figure 4.36 that the inverse  
function is the re�ection of a restricted 
part of the line y � 2x � 3.


����
���	• Find f �1 (x) when f(x) � 2x � 3 and the domain of f is x >  4.

y

O x

y = x

y = f(x)

y = f
–1

(x)
(4, 5)

(5, 4)

��•�����	­�
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����
���	�  (i) Sketch the graph of y � f(x) where f(x) � x2 � 2, x >  0.
 Sketch the graph of the inverse function on the same axes.

(ii) Find f �1 (x) algebraically.

(iii) Find f(7) and f �1 f(7). What do you notice?

Solution

(i) y

O
x

y = f(x)

y = f
–1

(x)

y = x

��•�����	­•

 (ii)  Domain Range

 Function: y � x 2 � 2 x >  0 y >  2
 Inverse function: x � y2 � 2 x >  2 y >  0

 Rearranging the inverse function to make y its subject:

y2 � x � 2. 

  This gives � � �y x 2, but since you know the range of the inverse 
function to be y >  0 you can write:

� � �y x 2 or just � �y x 2.

 The full de� nition of the inverse function is therefore:

f�1 (x) � �x 2 for x >  2. 

(iii) f(7) � 7� � 2 � 51

 f �1 f(7) � f �1 (51) � �51 2 � 7

  Applying the function followed by its inverse brings you back to the 
original input value.

•��	
—����ƒ���„����Ž•���
��•�‹‰��

����������������������������
�����
���•�����
�
��������� f(x)�	��������������� f �1 (x)•�f �1 f(x) � x ������
��

� f f �1 (x) � x ��������������
��������������������������������������������������������

�������������������
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� Simplify ln ex 2

� The functions f and g are de� ned by 
f(x) � x� and g(x) � 2x � 1.

 Find each of the following.

ƒ�„�f(2)� ƒ��„�g(2)� ƒ���„�gf(2)� ƒ��„� fg(2)

� The functions f, g and h are de� ned by 
f(x) � x 3, g(x) � 2x and h(x) � x � 2.

 Find each of the following, in terms of x.

ƒ�„�fg� ����ƒ��„�g f� �����ƒ���„�f h� ������ƒ��„�hf �

ƒ�„�g 2� ���ƒ��„�h2

� Find the inverses of the following functions.

ƒ�„�f(x) � 2x � 7 � � ƒ��„�f(x)�� 4 � x

� The function f is de� ned by 
f(x) � (x � 2) 2 � 3 for x >  2.

ƒ�„� Sketch the graph of f(x).

ƒ��„ On the same axes, sketch the graph 
of f � 1(x) without � nding its equation.

� Express the following in terms of the functions 
f: x � x  and g: x � x � 4.

ƒ�„ x � �x 4 ƒ��„ x � x � 8

ƒ���„ x � �x 8  ƒ��„ x � �x 4

� The functions f and g are de� ned by 
f(x) � sin x and g(x) � cos x where x is 
measured in radians.

ƒ�„� Find the smallest positive value of �  so 
that f(x) � g(x � � ).

ƒ��„ Find the smallest positive value of �  so 
that g(x) � f(x � � ).

� The functions f, g and h are de� ned by 
f(x) � x 3, g(x) � 2x and h(x) � x � 2. Find each 
of the following, in terms of x.

ƒ�„�fgh� � ƒ��„�ghf� � ƒ���„�(f  h)2

Solution
The function f(x) is given by y � 10x.

Interchanging x and y, the inverse function 
is given by

x � 10 y. 

This can be written as log10x � y, so 
the inverse function is

f �1 (x) � log 10 x. 

The function and its inverse function are 
shown in Figure 4.38.


����
���	�� Find the inverse of the function f(x) � 10x, and sketch f(x) and f �1 (x) on the 
same diagram.

ˆ��•�������������
†��
���
��
����������������������������������������������������
•������•���
�  
log ���� 10x•� ����� x2•�sin����� arcsin•�ln����� ex�

ƒ�„� ��•�����������
��
������
���������������������•����

� x2���������� •�����
���������	�������
����

���������������������	���������������
��

ƒ��„� Ž•�
����	���������������
����̃��� sin 199°�����������̃��� arcsin�����������	���

y

O

1

1 x

y = log 10 x 

y = 10 x y = x

��•�����	­•


���������	•

•��	

�����������������������
�����������������������
���������� �����	����������
��� ™‹������
��

��������
�������������������
�������������������������
������������������

��
���������������������
����������
����Š�������š�
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� 	 Find the inverses of the following functions.

ƒ�„	 f(x) � � x
4

2
ƒ��„� f(x) � x 2 � 3 for x 0>

� 	 The functions f, g and h are de�ned by

	 f(x) � 
�x
3

4
  g(x) � x 2

	 h(x) � � x2 .

ƒ�„� For each function, state any real values of x 
for which it is not de�ned.

ƒ��„	 Find the inverse functions f �1   
and h�1 .

ƒ���„	 Explain why g�1  does not exist when the 
domain of g is� .

ƒ��„	 Suggest a suitable domain for g so that g�1  
does exist.

ƒ�„	 Is the domain for the composite function 
fg the same as for the composite function 
gf? 
Give reasons for your answer.

� 	 A function f is de�ned by:

	 	 f: x � 
x
1	 �x x, 0� � .

	 Find

ƒ�„� f 2(x)	 ƒ��„  f 3(x) 

ƒ���„� f �1 (x)	 ƒ��„  f 999(x).

� 	 Two functions are de�ned as f(x) � x2 and  
g(x) � x 2 � 4x � 1.

ƒ�„� Find a and b so that  
g(x) � f(x � a) � b.

ƒ��„	 Show how the graph of y � g(x) is related 
to the graph of y � f(x) and sketch the 
graph of y � g(x).

ƒ���„	 State the range of the function g(x).

ƒ��„	 State the least value of c so that g(x) is 
one-to-one for x >  c.

ƒ�„	 With this restriction, sketch y �  g(x) and  
y �  g� 1(x) on the same axes.

� 	 ƒ�„	� Write � �x x2 4 12  in the form 
� �a x b( 1)2  where a and b are to be 

determined.

ƒ��„	 Sketch the graph of  
y � � �x x2 4 12 , giving the equation of 
its line of symmetry and the coordinates 
of its vertex.

	 The function f is de�ned by  
f : �x  � �x x2 4 12  and has as its domain 
the set of real numbers.

ƒ���„	 Find the range of f.

ƒ��„	 Explain, with reference to your sketch, 
why f has no inverse with its given 
domain and suggest the largest domain of 
positive values of x for which f(x) has an 
inverse.

ƒ�„	 For this domain, sketch f(x) and f �1 (x) on 
the same axes together with their line of 
symmetry.

ƒ��„	 Find the exact value of the coordinates of 
the point where  
f(x) � f  �1 (x).

� 	 The functions f(x) and g(x) are de�ned by  
f(x) �  x2 and g(x) �  2x �  1 for all real values of x.

ƒ�„� State the ranges of f(x) and g(x) and 
explain why f(x) has no inverse.

ƒ��„	 Find an expression for g�1 (x) in terms of x 
and sketch the graphs of y � g(x) and  
y � g �1 (x) on the same axes.

ƒ���„	 Find expressions for gf(x) and fg(x) and 
solve the equation gf(x) � fg(x). 

	 Sketch the graphs of y � gf(x) and  
y � fg(x) on the same axes to illustrate 
your answer.

ƒ��„	 Find the range of values of a such that the 
equation f(x � a) � g 2(x) has no solution.
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Look at the graph of y � f (x), where f (x) � x (Figure 4.39). 

y = f(x) = x

x

y

O

��•�����	­•

The function f(x) is positive when x is positive and negative when x is negative.

Now look at Figure 4.40, the graph of y � g(x), where g(x) � |x|.

y = g(x) = |x|

x

y

O

��•�����	� 

The function g(x) is called the modulus of x. g(x) always takes the positive 
numerical value of x. For example, when x � �2, g(x) � 2, so g(x) is always 
positive. The modulus is also called the magnitude of the quantity.

Another way of writing the modulus function g(x) is

g(x) � x 		  for x >  0

g(x) � �x 		  for x < 0. 

The graph of y � g(x) can be obtained from the graph of y � f(x) by replacing 
values where f(x) is negative by the equivalent positive values. This is the 
equivalent of re�ecting that part of the line in the x-axis.

ˆ��•�������������

�� •���  ��  ���  ��
��  ��  
g(3) ���  g(� 3)�

�� •���  ��  ���  ��
��  ��  �
|3 �  3| • |3 �  3| • 
|3| �  |3|  ���  �
|3| �  |� 3| �
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You will often meet inequalities involving the modulus sign.

Solution
(i)	� y � 1 � x is the straight line through (0, 1)  

and (1, 0).

(ii)	� y � |1 � x | is obtained by re�ecting  
the part of the line for x > 1 in the  
x-axis, because that part is below the 
x-axis and so is negative.

(iii)	� y � 2 � |1 � x| is obtained from  
Figure 4.41 by applying the  

translation 
0
2

�

�
��

�

�
�� .

ˆ��•������������
”���  ����  ��  ���  �����  
��  y �  |x|  ��  •�����  •�•‰�

�� ��	  ����  ����  ���	  
����  |x| < 2  ��  
������
���  ��  �
� 2 < x < 2�


����
���	�­ Solve the following.

(i)	 | x � 3 |  <  4

(ii)	 | 2x � 1|  > 9

(iii)	 5 � | x � 2 |  > 1
�

y = 1 – x

xO

1

1

y

��•�����	��

y = |1 – x|

xO

1

1

y

��•�����	�•

y = 2 + |1 – x|

xO

3

1

y

(1, 2)

��•�����	�­


����
���	�• Sketch the graphs of the following on separate axes.

(i)	 y � 1 � x

(ii)	 y � |1 � x|

(iii)	 y � 2 � |1 � x|
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Solution
(i)	 | x � 3| <  4  �   �4 <  x � 3 <  4

		   �   �7 <  x <  1

(ii)	 |2x � 1| > 9   �   2x � 1 < �9   or  2x � 1 > 9

	 �   2x < �8 	 or  2x > 10

	 �   x < �4 or x > 5

	

x

9

O

y

y = |2x  – 1|

y = 9

1
2—

��•�����	��

(iii)	 5 � | x � 2| > 1   �   4 > |x � 2|

	   �   |x � 2| < 4

	   �   �4 < x � 2 < 4

	   �   �2 < x < 6

	

x

4

2O

y

y = |x  – 2|

y = 4

��•�����	��

 �  ��  ��
���
  ��  ������  ���  
�����  ��  �����  ����  
���  
��
�����  
����  ������

x

4

O–3

y

y = |x  + 3|

y = 4

��•�����	��

���  ��
�����  
����������  �	�  
��������  �������
�•  
��  ��  ������  ��  
	������  ��  �  ����
�  
������
��
�
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Solution
| x � a| < b     �   �b < x � a < b 
	 �   a � b < x < a � b

Comparing this with �2 < x < 6 gives

a � b � �2

a � b � 6. 

Solving these simultaneously gives a � 2, b � 4, so |x � 2| < 4.

x

4

–2 62 4O

y

y = 4

��•�����	�•


����
���	�� Express the inequality �2 < x < 6 in the form |x � a | < b, where a and b are 
to be found.

Solution
(i)	

x

2

–2 O

y

y = 2x + 1

y = |x + 2|

��•�����	�•

(ii)	� From the graph, the critical point is where the line y � 2x � 1 meets 
the line y � x � 2. Solving these equations simultaneously:

2x � 1 � x � 2

�    x � 1

	 From the graph, the region required is given by x > 1.

���  ��
�����  ��  ���  
������
��
  ��  ���  
������  ���  	����  ���  
���  �����  
���  ��
�	  
���  �
��  ������


����
���	�� (i)	� Sketch the graphs of y � |x � 2| and y � 2x � 1 on the same axes.

(ii)	� Hence solve the inequality |x � 2| < 2x � 1.

������  ���  �����  ��  
�����  
���  ��
������
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­•–
•”•�� ’•• ‘•—
•���  
��  ����  ����
����  ����  �������•  
��  ����
�  ��  ��
�  ��­

�³�� ����������  ���  ������  ��  ����
�  ���������������•  ���  ������������  ��  
���������������•  

�P�� ��  ���  �����  ��  �ƒx„ 

�P�� ��  ���������  ����������  ������

� ›  
  œ a�ƒx„

� ›  
  œ �ƒx„ ž a

� ›  
  œ �ƒx ž a„

� ›  
  œ �ƒax„

�³�� ����������  ���  ���­

�P�� ���������  ���������

�P�� �������  ���������  ���  �����  ������

�³�� ������  ������  ��˜���  �
  ����
�  ���������  ����
����  ���  ����
��  ��������

�³�� ���  ���������  ��  ����

���­

�P�� �������������  ��  
����������  ��  ���  ����


�P�� �������������  ��  ��˜�������  ��  ���  ����
�

� 	 Express �3 < x < 3 using modulus notation.

� 	 Sketch each of the following graphs on a 
separate set of axes.

ƒ�„� y � |x � 2|

ƒ��„� y � |2x � 3|

ƒ���„	 y � | x| � 1

� 	 Solve the following inequalities.

ƒ�„� |x � 3| < 5

ƒ��„� |x � 2| < 2

ƒ���„� |x � 5| > 6

ƒ��„� |x � 1| > 2

� 	 Express each of the following inequalities in 
the form | x � a  | < b, where a and b are to be 
found.

ƒ�„� �1 < x < 3

ƒ��„� 2 < x < 8

ƒ���„� �2 < x < 4

� 	 Solve the following inequalities.

ƒ�„� |2x � 3| < 7

ƒ��„� |3x � 2| < 4

ƒ���„� |2x � 3| > 5

ƒ��„� |3x � 2| > 8
� 	 Express each of the following inequalities in the 

form |x  �  a| < b , where a and b are to be found.

ƒ�„� �1 < x < 6

ƒ��„� 9.9 < x < 10.1

ƒ���„� 0.5 < x < 7.5

� 	 Sketch each of the following graphs on a 
separate set of axes.

ƒ�„� y � |x � 2| � 2

ƒ��„� y � |2x � 5| � 4

ƒ���„� y � 3 � |x � 2|

� 	 ƒ�„	� Sketch the graphs of y � |x � 3| and  
y � 3x � 1 on the same axes.

ƒ��„� Hence solve |x � 3| < 3x � 1.

� 	 ƒ�„	� Sketch the graphs of y � |x � 3| and  
y � 3x � 1 on the same axes.

ƒ��„� Hence solve |x � 3| < 3x � 1.

� 	 Insert one of the symbols �, �, or �, if 
appropriate, between these pairs of statements.
ƒ�„� a2 � b 2	 |a| � |b|
ƒ��„� |x � 3| > 4 	 (x � 3) 2 > 16
ƒ���„� 2x < |x � 1| 	 (2x)2 < (x � 1) 2

� 	 Solve |x| > 2x � 1.

� 	 Solve |2x � 1| > |x � 2| by �rst sketching 
appropriate graphs.

� 	 Solve |3x � 1| < |2x � 3|.


���������	­
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� 	 †�����•���������������

n	 Ÿ �������  ��  ��
  ��
�  ����������  �����  ��
���  ƒ��€����„  ���  ������  ��
���  
ƒ������„��
 �  ���  ��  ���
�������•  ����������
•  ����������  ��  ���
�������
�

n	 Ÿ ���
�������  ��  ����������  �������  ��  ��

��  �  ���������   �  ��  �  �������  
���  	����  ����  �����  ��
��  �����  �•���

  ���  ������  ��
���

n	 ���  ������  ��  �  �������  ��  ��������  ��  ���  ���  ��  ������
�  �����  ��
���  
ƒ��
���  ��  x„�

n	 ���  �����  ��  �  �������  ��  ��������  ��  ���  ���  ��  ������  ��
����
†� €����������������������•���������������������� y���f( x)

•�Œ�	�„…‡

Function Transformation

� � �x x t sf ( ) f ( ) Translation t
s

�

�
�

�

�
�

�x a xf ( ) f ( ) One-way stretch, parallel to y-axis, scale factor a

�x axf ( ) f ( ) One-way stretch, parallel to x-axis, scale factor�
a
1

� �x xf ( ) f ( ) Re�ection in x-axis

� �x xf ( ) f ( ) Re�ection in y-axis

� •���  �	�  ���������������  ���  ��������•  ���  �����  ��  	����  ���
  ���  �������  
���  �������  �� ���
  ���  ����  ��  ���  ����  ����������

‡� �������������������
� Ÿ ���������  ��������  ��  ��������  	���  ���  ��������  ƒ��
  g„ ��  ���
���  ��  ���  

������  ����  �������  ��������  ƒ��
  f „� ���  ��������  ����  ��  g[f(x)] ��  gf(x)�
„� ƒ����������������

n	 •� �  ��
  ����������  ��������  f(x)• �����  ��  ��  �������  �������� f �1 (x)�
n	 ���  ������  ��  �  ��������  ���  ���  �������  ���  ��¡�������  ��  ����  �����  ��  ���  


���  y � x ��
��  �

�������  ����  ��  ��  ��������
  ����  ���  ����  ���
�  ��  ����  ��  ����  �•���

� 	 €�������
�����������
n	 ���  ����
��  ��  x• 	������  ¢ x ¢• �����  ���  ��������  ��
��  ��  x�
n	 ���  ����
��  ��������  ��­

� � ¢ x ¢ � x•� ���  x >  0
� � ¢ x ¢ � �x•� ���  x < 0�

n	 ��  ������  ���  ����
��  ��������•  ��
  ����  ��  ���  �����  ��  ���  ��������  ����  
��  ��
�	  ���  x��•��  ��  ��¡�����  ��  ���  x� �•�� �

‚’•’
•�’—•—
–��  	�

  ���  ���  
�������  ���  ��������  ��  ���������  ���  ���������������  
����������  ����  ����•  �������
��

  	���  
��  ����  ����  ��	  �������������  
���������  ��  Š������  š�
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Almost everything 
that distinguishes the 
modern world from 
earlier centuries is 
attributable to science, 
which achieved its most 
spectacular triumphs in 
the seventeenth century.

�����������������������
���
���

	�

Differentiation�

�������������������������������������������
���������������������������� V ������
������������
���������������������������� h


	���������
���������
�������������
������������������������������������� V
t

d
d




�� �������
��������������������� h
t

d
d �������� V

h
d
d �

�� �������
��������������������� V
h

h
t

d
d

d
d� �
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�Q�� The gradient of a curve at a point is 

given by the gradient of the tangent 
at the point.

�Q The gradient of the tangent at a point 
A on a curve is given by the limit 
of the gradient of chord AP as P 
approaches A along the curve.

�Q�� The gradient function of a curve is 
the rate of change of y with respect 

to x and can be written as y
x

d
d

.

�Q�� This is also called the derived function or derivative.

�Q In function notation, the derivative of xf ��  is written as xf � �� .

y kx
y
x nkx

d
d

n n 1� � � �� ���y kx
y
x nkx

d
d

n n 1� � � �

y x x
y
x x xf g

d
d f g� � � � � � � �� � � � � � �

For example, � � �y x
y
x x

d
d 44 3  � � �y x

y
x x

d
d 44 3

 � � � �
� �

y x
y
x x

d
d

1
2 1

2

3
2.

•�����•����•������������•���
You can use di� erentiation to � nd the equation of a tangent or a normal to a 
curve at any point.

A curve has equation y x x20 14� � � .

(i) Find the gradient of the curve at the point where x 2� .

(ii) Find the equation of the tangent to the curve at this point.

(iii) Find the equation of the normal to the curve at this point.

�
�������
	

Solution
(i)        y x x20 14� � �

  
y
x x

d
d 4 203� � �

  At x 2� , y
x

d
d 4 2 203��� �

        12�

 Therefore the gradient of the curve at the point where x 2�  is 12.

����������������������� x 2� 


�

•�•����•��

��������

�������������������������������
�������
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(ii) When x y2, 2 20 2 14� �� �� � � �

                23� �

 Equation of tangent is

      y x23 12 2� �� �� � � �

   x y12 47 0� � � � .

(iii) Gradient of normal is � 1
12.

 Equation of normal is

        � � � �� � � � �y x23 21
12

 y x12 274 0� � � � .

��������� y������������
����� x 2� 


������ y y m x x1 1 1��� � � 


������ m m
1

2
1

� � 


•�•������•�������•������•����•����� �
�������������­�€�����
A function is increasing for a x b� �  if xf 0� �� �  for a x b� � , 
and it is decreasing for a x b� �  if xf 0� �� �  for a x b� � .

At a stationary point, 
y
x

d
d 0� . 

One method for determining the 
nature of a stationary point is to look 
at the sign of the gradient on either 
side of it.

Another method for determining the nature of the stationary point is to 

consider the sign of the second derivative, 
y

x
d
d

2

2 , which is the rate of change of 

y
x

d
d

 with respect to x.

�Q�� If 
y

x
d
d

0
2

2 � , the point is a minimum. If the second derivative is positive at 

the turning point then it means that the gradient function is increasing – it 
goes from being negative to zero and then positive.

�Q�� If 
y

x
d
d

0
2

2 � , the point is a maximum. If the second derivative is negative at 

the turning point then it means that the gradient function is decreasing – it 
goes from being positive to zero and then negative.

�Q�� If 
y

x
d
d

0
2

2 � , it is not possible to use this method to determine the nature of 

the stationary point.

•���������
��������
���������������������
�������������������
���������������
������������������
�����������������


0

0

Maximum Minimum

� �� �

0

0

Maximum Minimum

� �� �
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Solution

(i)	
y
x x x

d
d 3 6 92� � �

		          x x3 6 9 02 � � �

		  x x3 3 1 0� �� �� � � �

		  x x3, 1� � � � x x3, 1� � � �

	 When x y3, 3 3 3 9 3 20 73 2� � � � � � � � � . 
	 When x y1, 1 3 1 9 1 20 253 2� � � � � �� � � � � � � � � � .

	 The turning points are 3, 7�� �  and 1,25�� � .

		
y

x
x

d
d

6 6
2

2 � �

	 At x
y

x
3,

d
d

12 0
2

2� � �

	 Therefore 3, 7�� �  is a minimum.

	 At x
y

x
1,

d
d

12 0
2

2� � � � �

	 Therefore 1,25�� �  is a maximum.

(ii)

	

x

y

20

O

Maximum
(–1, 25)

Minimum
(3, –7)

y-intercept
(0, 20)

� •�•���  •��

(iii)	 From the sketch, xf ��  is increasing for x x1, 3� � � .

��������

���������

	������������������������

y
x

d
d 0� 


•�

�����������������������
���������������������


•���������� x������������� y
x

d
d

2

2
�

��������
��������������������
��•�����������������������
������


•���������� x��������
����������•��������
�����
������������� y�������


A function xf ��  is given by x x x xf 3 9 203 2�� � � � � .

(i)	� Find the turning points of the curve y xf ��� , and determine their 
nature.

(ii)	 Sketch the curve.

(iii)	 State the range of values of x for which the function is increasing.

�
�������
�
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���������������  ���•  ‚���  €���•�€���
y

x

Q(x + h, f(x + h))

f(x + h) �í f(x)

hP(x, f(x))

y = f(x)

O

•�•���  •�ƒ

The gradient of the chord PQ in Figure 5.3 is given by x h x
h

f f�� ��� � .

The derivative of y xf ���  is de�ned as the limit of the gradient of the chord as 
h tends to 0.

This can be written formally as � �� �
� �

� �
� ��

�
�

�

�
�

�
x

x h x
hf lim

f f
h 0

.

This can also be expressed as � ��
�
�
�

�
�
�

�

y
x

y
x

d
d lim

x 0

d
dd

� ��
�
�
�

�
�
�

�

y
x

y
x

d
d lim

x 0

d
dd

, where dy is a small change in y and 

dx is a small change in x.

Di�erentiate y x x52� �  from �rst principles.
�
�������
�

Solution

� � � �� � � �
�

� � � � ��

�
�

�

�
�

�

y
x

x h x h x x
h

d
d lim

5 5
h 0

2 2

� � � � � � ��
�

�
��

x xh h x h x x
hlim 2 5 5 5

h 0

2 2 2

� � ��
�

�
��

xh h h
hlim 2 5

h 0

2

� �� � �
�

x hlim 2 5
h 0

x2 5� �
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� Find the gradient of each of the following 
curves at the point given.

•�•� y x x2 1, 3,42 ��� � �

•��•� y x x5 6 7, 1,63 ��� � �

•���•� y x x2 1, 1,1��� �

� After t seconds, the number of thousands 
of bacteria, N, is modelled by the equation 
N t t t20 8 50 33 2� � � � .
Find the rate of change of the number of 
bacteria with respect to time after 
10 seconds.

� Find the equations of the tangent and normal 
to the curve y x x2 ��� �  at the point on the 
curve where the gradient of the curve is 4� .

� Find 
y
x

d
d  and 

y
x

d
d

2

2  in the following 
cases.

•�•� y x x3 2
4

2

� �

•��•� y x x2 3 74� � �

•���•� y x x x2 12� � �

� Di� erentiate y x x3 22� � �  from � rst 
principles. 

� Sketch the gradient function of the curve in 
Figure 5.4.

O x

y

�í6 �í5 �í4 �í3 �í2 �í1

�í10

�í20

•�•����•�„

� In each case, � nd the set of values of x for 
which y is increasing.

•�•� y x x2 4 2� � �

•��•� y x x483� �

•���•� y x x2 3� �

� Find 
y
x

d
d  and 

y
x

d
d

2

2  in the following 
cases.

•�•� y x x2 42 ��� �

•��•� y x x
x

10 3
2

5 3

2� �

� Given that y x x3 3� �

•�•� � nd 
y
x

d
d  and 

y
x

d
d

2

2

•��•� � nd the coordinates of any stationary points 
and identify their nature

•���•� sketch the curve.

� Find the equation of the normal to the curve 

y
x

x2 4� �  at the point where x 4� .

� Find the coordinates of the turning point of 
the curve y x x x2 9 6� � � , x 0> , and 
determine its nature.

� Given that y ax bx x15 23 2� � � �  and that 

when x �  1, y 17�  and 
y
x

d
d 24�

•�•� � nd a and b

•��•� show that the curve has no stationary points.

� Given that y x x3 24 6� �

•�•� � nd 
y
x

d
d  and 

y
x

d
d

2

2

•��•� � nd the coordinates of any stationary points 
and identify their nature

•���•� sketch the curve.

� Find the values of c for which the line 
y x c5� �  is a tangent to the curve

 y x x x3 2 4
3 2

� � � � .

� A rectangular sheet of cardboard measures 
24 cm by 15 cm. Equal squares of side x cm are 
removed from each corner of the rectangle. 
The edges are then turned up to make an open 
box of volume V cm3.

 Find the maximum possible volume of the box 
and the corresponding value of x.

••

••
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�  …†� �†�€�  ��  •�����
‡��������­  €�����  ��  ��ˆ�•����

Figure 5.5 shows the curve y x x x3 3 13 2� � � � .

O x

y

�í1 1 2 3

4

6

8

10

2

�í2

•�•���  •�•

To understand the behaviour of the curve better, look at the �rst and second 
derivatives.

y x x x
y
x x x3 3 1

d
d 3 6 33 2 2� � � � � � � �

At the point 1,2�� , 
y
x

d
d 3 6 3� � �

                                   � 0

So the gradient is zero at this point.

                           
y

x
x

d
d

6 6
2

2 � �

At the point 1,2�� , 
y

x
d
d

6 6
2

2 � �

                                   � 0

So the second derivative is also zero at this point.

You can see from the graph that the gradient is positive on both sides of (1, 2). 
You can verify this by working out the gradient of the curve at a point just to 
the left of (1, 2) and a point just to the right of 1,2�� .

At x
y
x0.9,

d
d 3 0.9 6 0.9 3 03� �� �� � � � � .

At x
y
x1.1,

d
d 3 1.1 6 1.1 3 02� �� �� � � � � .

The point (1, 2) is neither a maximum point nor a minimum point. It is a 
stationary point of in�ection.

Having located stationary points, you can use the method of �nding the gradient 
of the curve close to, and on either side of, the stationary point to identify 
whether a stationary point is a point of in�ection.

���•������  €����
�«�������������������

�������������������
����������(1, 2 )�

 ����������������
�������������
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If a stationary point is a point of in�ection then the gradient will be either

�Q�� positive just before and positive just after  
the stationary point, as in Figure 5.6

�Q�� or negative just before and negative just  
after the stationary point, as in Figure 5.7.

You are given that y x x3 5 25 3� � � .

(i)	 Find the stationary points on the curve.

(ii)	 Identify the nature of the stationary points.

(iii)	 Sketch the curve.

�

Solution

(i)	 y x x
y
x x x3 5 2

d
d 15 155 3 4 2� � � � � �

	 At stationary points, x x15 15 04 2� �

		        x x15 1 02 2 ��� � �            x x15 1 02 2 ��� � �

		        x x x15 1 1 02 � �� �� � � � x x x15 1 1 02 � �� �� � � �

		        � � �x 0,1, 1 � � �x 0,1, 1.

	 When x y0, 3 0 5 0 2 25 3� �� �� � � � � �     x y0, 3 0 5 0 2 25 3� �� �� � � � � � .

	 When x y1, 3 1 5 1 2 45 3� �� �� � � � � �      x y1, 3 1 5 1 2 45 3� �� �� � � � � � .

	 When x y1, 3 1 5 1 2 05 3� �� �� � � � � � � � .

	 Stationary points are � � � � � �� � �0, 2 , 1, 4 and 1, 0 .
�

•�����������������

����������
y
x

d
d 0� 


•���������� x�������������
��������������•�������
������� y��������������
�
�����������������


•����������•������


�
�������
 

dy
dx 0>

dy
dx 0>

Stationary point
of inflection:
dy
dx 0,= 0=

d2y
dx2

•�•���  •�‰

dy
dx 0<

dy
dx 0< Stationary point

of inflection:
dy
dx 0,= 0=

d2y
dx2

•�•���  •�
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(ii)	
y
x x x

y
x

x x
d
d 15 15

d
d

60 304 2
2

2
3� � � � �

	 At x
y

x
1,

d
d

30 0
2

2� � �	 x
y

x
1,

d
d

30 0
2

2� � �

	 so 1, 4�� �  is a minimum.

	 At x
y

x
1,

d
d

30 0
2

2� � � � �	  x
y

x
1,

d
d

30 0
2

2� � � � �

	 so 1,0�� �  is a maximum.

	 At x
y

x
0,

d
d

0
2

2� �	                x
y

x
0,

d
d

0
2

2� � .

	 At x
y
x0.1,

d
d 15 0.1 15 0.14 2� � � �� � � � � � 	  x

y
x0.1,

d
d 15 0.1 15 0.14 2� � � �� � � � � �

					            0.1485 0� � � .

	 At x
y
x0.1,

d
d 15 0.1 15 0.14 2� � � �� � �	  x

y
x0.1,

d
d 15 0.1 15 0.14 2� � � �� � �

					             0.1485 0� � � .

	� The gradient is negative just before and just  
after the point, so 0, 2�� �  is a point of in�ection.

(iii)

	
x

y

�í1 1 2�í2

�í4

�í2

O

1

Maximum

(–1, 0)

Minimum

(1, –4)

Point of
inflection at 

(0, –2)

•�•���  •��

����������������
����������


•��������������� x �

������������
y

x
d
d

2

2 


•���������������������������
�
��������������������­������
��������
­�����
���������������������������
������������������•��������
��������������������
���€������


‚�����������
���������­����
��
�������������


‚�����������
���������­����
�
�������������
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­�•€‚€•ƒ��
	
	������������
�����������������������ƒ
„������������������������������������������
�
	����������������������������� x����������


•�•���  •�


��� 	 •…���������������
�����������������
�������������������†
���� ����������������������������������������������������������•�
�
����������

�����������������������
������������������������•
�Œ�����������������������������������������������������������
�•�� ����������������������������������������������������������•�
�
����������

�������������•

���� 	 •�������������������
†

���� ���������������•�����������������ƒ
„•�������������������������
�Œ�����������������������������������������
  

When the gradient is increasing, the rate of change of the gradient is positive:

y
x

x
y

x

d
d
d

d
d
d

0
2

2

�
�

�
�

� � .

When the gradient is decreasing, the rate of change of the gradient is negative:

y
x

x
y

x

d
d
d

d
d
d

0
2

2

�
�

�
�

� � .

A section of curve with y
x

d
d

0
2

2 �  is concave upwards (or convex downwards). 

If you join the points at the two ends of the curve with a straight line then the 
curve is under the line, as in Figure 5.10.

or

•�•���  •��	

A section of curve with 
y

x
d
d

0
2

2 �  is concave downwards (or convex upwards). 

If you join the points at the two ends of the curve with a straight line then the 
curve is above the line, as in Figure 5.11.

or

•�•���  •���

���•������  €����

�«��‡����������
�����������

�
y

x
d
d

0
2

2 �������

	 ������
�ˆ���������
�����������������
‰����
�������������
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You have already met stationary points of in�ection. However, a point of 
in�ection does not have to be a stationary point. More generally, a point of 
in�ection is a point at which a curve goes from being concave upwards to 
concave downwards, or vice versa. So a point of in�ection is a point at which 

y
x

d
d

2

2  goes from being positive to being negative, or from being negative to being 

positive. At the point of in�ection itself, 
y

x
d
d

0
2

2 � .

���•������  €����

	������������� ‘Š����� A�������������
���€������� � �
y

x
d
d

0
2

2 � ���������� A’��������


� 	� �������������������������� ‘
y

x
d
d

0
2

2 � ���������� A � ������� A�������������
�

��€������ ’�����������

d2y
dx2 <0

d2y
dx2 >0

d2y
dx2 =0

•�•���  •���

In Figure 5.12, on the left the gradient is decreasing; the curve is concave 
downwards. On the right the gradient is increasing; the curve is concave 

upwards. 
y

x
d
d

2

2  goes from negative to positive, and in between there is a point 

where it is zero. This is a point of in�ection. However, it is clear from the 
diagram that the gradient of the curve is not zero at this point, and therefore it is 
a non-stationary point of in�ection.

Find the set of values of x  for which the curve y x x x6 6 53 2� � � �  is 
concave upwards.

�
�������
�

Solution

          y x x x6 6 53 2� � � �

	
y
x x x

d
d 3 12 62� � � �

  
y
x x x

d
d 3 12 62� � � �

	

y
x

x
d
d

6 12
2

2� � �

The curve is concave upwards when 
y

x
d
d

0
2

2 �

	 x6 12 0� �

	 x6 12�

	 x 2�

The curve is concave upwards when x 2� .

•�

�����������������������
y

x
d
d

2

2 


•���������������

�•���������
���
y

x
d
d

2

2 


•������������•������
�
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You are given that y x x x6 15 103 2� � � � .

(i)  Find the coordinates of the point at which the second derivative is 
zero, and show that it is a point of in� ection.

(ii) Find the gradient of the curve at the point of in� ection.

(iii) Show that the curve has no turning points.

(iv) Find the coordinates of the point where the curve crosses the x-axis.

(v) Sketch the curve.

�
�������
�

Solution
(i)            y x x x6 15 103 2� � � �

   y
x x x

d
d 3 12 152� � � �   y

x x x
d
d 3 12 152� � � �

   
y

x
x

d
d

6 12
2

2� � �

 At the point of in� ection,

       �
y

x
d
d

0
2

2

  � �x6 12 0

           �x 2

 When �x 2, � � �� � �� � � � �y 2 6 2 15 2 10 43 2 .

 The point where �
y

x
d
d

0
2

2  is 2,4�� .

 At x
y

x
1.9,

d
d

6 1.9 12 0
2

2� � � � � .

 At x
y

x
2.1,

d
d

6 2.1 12 0
2

2� � � � � .

  Therefore the curve goes from being concave downwards to concave 
upwards at (2, 4), and so it is a point of in� ection.

(ii) When � �� �� � � � �x
y
x2,

d
d 3 2 12 2 15 32 .

 The gradient of the curve is 3 at the point of in� ection.

(iii)                         � � �
y
x x x

d
d 3 12 152

      
� � �x x3 12 15 02

      x x4 5 02� � � � x x4 5 02� � � �
                 

b ac4 4 4 1 5

4

2 2��� � � � � �

� �                               ���4

  Since the discriminant of the quadratic is negative, it has no real 
solutions. So the curve has no turning points.

�

•�

������������������������
y

x
d
d

2

2 


•�������������� x����������������
����������•������������������� y�
������������
��������
���€�������


	����������������������������

�
���€������������������
y

x
d
d

2

2
��

�����������­������
����������

������­�����
���� (2, 4)


‡������������������� �
y
x

d
d 0
�

…ŽŠ‘’“”“•–
���������������
������
������������������
�‡���
�������������������������
��������������������
������������������
�‹����
��������������������
�����
�����������������
�������������������������
�������������������
�
��€��������
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(iv) x x x6 15 10 03 2� � � �

	 x x x xf 6 15 103 2�� � � � �

	 f 0 10�� � �

	  f 1 0�� �

	� Because the curve has no turning points it only crosses the x-axis in 
one place. So the curve crosses the axis at 1,0�� .

(v)	� You know that the curve has a non-stationary point of in�ection at 
(2, 4) and that it has no turning points.

	� You also know that the curve crosses the y-axis at 0, 10�� � , and the  
x-axis at 1,0�� .

	

x

y

1 2 3

�í10

O

10

Curve is concave

upwards for  x > 2

Curve is concave

downwards for x < 2

Curve crosses

y-axis at (0, –10)

Point of inflection

at (2, 4) 

Curve crosses

x-axis at (1, 0)

	 •�•���  •��ƒ

	��������������������� xŒ�•�������� y 0� 


����������
��������������
��������������������•������
x 0� ��������������


x 1� ����������


You are given that y x x24 3� � .

(i)	� Find the coordinates of the stationary points of the curve and 
determine their nature.

(ii)	� Find the coordinates of the point at which the second derivative is 
zero, and show that it is a point of in�ection.

(iii)	 Sketch the curve.

�
�������
�

Solution

(i)	 y x x
y
x x x2

d
d 4 64 3 3 2� � � � �

		      x x4 6 03 2� �

		   x x2 2 3 02 �� � �

		         � �x x0, 3
2

•���������������������

������
y
x

d
d 0� 
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 When x y0, 0� � .

 When � � �x y,3
2

27
16 .

 The curve has stationary points at (0, 0) and ,3
2

27
16� �� .

 
y
x x x

y
x

x x
d
d 4 6

d
d

12 123 2
2

2
2� � � � �

  When � � �x
y

x
,

d
d

9 03
2

2

2         � � �x
y

x
,

d
d

9 03
2

2

2

 therefore � ��,3
2

27
16

 is a minimum point.

 When x
y

x
0,

d
d

0
2

2� �           x
y

x
0,

d
d

0
2

2� � .

 When � � � � �x
y
x0.1,

d
d 08

125
     � � � � �x

y
x0.1,

d
d 08

125
.

 When � � � �x
y
x0.1,

d
d 07

125        � � � �x
y
x0.1,

d
d 07

125 .

  The gradient is negative before and after the stationary point, so (0, 0) 
is a stationary point of in� ection.

(ii)     
y

x
x x

d
d

12 12
2

2
2� �

 x x12 12 02 � �

  

� �� �

� � �

x x

x x

12 1 0

0, 1

 When � � � �x
y

x
0.9,

d
d

027
25

2

2 .

 When � � �x
y

x
1.1,

d
d

033
25

2

2 .

 So x 1�  is a non-stationary point of in� ection.

 When x y1, 1� � �

 so the coordinates of the non-stationary point of in� ection are 1, 1�� � .

 

x

y

1-1 2 3
�í1

�í2

O

1

2

3
Stationary point of

inflection at (0, 0) 

Non-stationary point

of inflection at (1, –1) 

Minimum
point at

 �3
2

27
16,

 •�•����•��„

’���
�������������������
����������������������
��������
���€������������
�����������������


�	�����������������Œ
����������������������
�������
���€���������������
�������������������

�����
y

x
d
d

0
2

2 � ��������

�����†���������������

���������������
�
y

x
d
d

2

2 �

���������
����������������
�������������������������
������������


	������…������������������������
�
��€����������� x 1,� ����������

���…��������������
�
y

x
d
d

2

2
������

������­������
����������������
­�����
���� x 1� 


•������������ x �������������
��������������•������


	�����������������������
�
�����������������������
��������������������������


•�����
y

x
d
d

0
2

2 � �����������

����������������
����…����
���������������������������
­������
����������������­����
�
�������������������������
�����������������������


 �����������…���������
����������������������������
�
���€����������� x 0� 


	�����������������

������������������
�������������������
�������������������
x 1� 
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•���•������•��

�  …†� •†���  ����

�
��•�•���
	

� 	 Explain the di�erence between a stationary 
point of in�ection and a non-stationary point 
of in�ection.

� 	 Find the set of values of x for which the 
following curves are concave downwards.

•�•	 y x x x9 6 13 2� � � �
•��•	 y x x x21 24 93 2� � � �
•���•	 y x x x2 3 23 2� � � � �

� 	 Find the set of values of x for which the 
following curves are concave upwards.

•�•	 y x x x19 413 2� � � �
•��•	 y x x x12 11 53 2� � � �
•���•	 y x x x2 7 173 2� � � � �

� 	 For each of the following, �nd the coordinates 
and nature of any stationary points and sketch 
the curve.

•�•	 y x x x3 3 33 2� � � � �

•��•	 y x x x8 12 6 23 2� � � �
•���•	 y x x x6 123 2� � � �

� 	 Find the set of values of x for which the 
following curves are concave upwards.

•�•	 y x x x x4 18 11 14 3 2� � � � �
•��•	 y x x x x2 12 5 74 3 2� � � � � �

� 	 Given that y x x3 2� �

•�•	 �nd y
x

d
d

 and y
x

d
d

2

2

•��•	 �nd the coordinates of the stationary 
points and determine their nature

•���•	 show that there is a point of in�ection 
and �nd its coordinates

•��•	 �nd the gradient of the curve at the point 
of in�ection

•�•	 sketch the curve.

� 	 Given that y x x4 3 4� �

•�•	 �nd the stationary points on the curve 
and determine their nature

•��•	 sketch the curve

•���•	 �nd the coordinates of the non-stationary 
point of in�ection.

� 	 Given that y x x x3 8 6 34 3 2� � � �

•�•	 �nd the stationary points on the curve 
and determine their nature

•��•	 sketch the curve

•���•	 �nd the coordinates of the non-stationary 
point of in�ection.

� 	 Find the coordinates of all the turning 
points and points of in�ection of the curve 
y x x x3 25 605 3� � � , and sketch the curve.

	

••

���•������  €����

�« ��̂ ���������������

�����������������•����������

•�•	 y x 12 2��� �

•��•	 y x 12 12��� �

•���•  y x 12� �

•��•   y x 12 1��� �
�

You can di�erentiate the �rst two expressions by expanding the brackets, 
although in the case of part •��• this would be very tedious! However, you 
cannot use this approach in parts •���• and •��•. Instead you need to think of the 
expression as a composite function, that is, a ‘function of a function’.

You can separate out the two functions, and use the notation u for the �rst 
function to be applied.

In the case of part •���•, u x 12� �  and y u
1
2� .
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�

			

��������������������������

­�•€‚€•ƒ��
�
Ž�����������������	�����ƒ
‘


•�„����
	

y � f (x) u y � f (u)

 
y

x
tan 1

3� �� u
x
1
3� y utan�

(i) y x 33 4��� �

(ii) y xsin 42 ��� �

(iii) � �y e x2 5

(iv) y x xln 22 ��� �

	�����������������
�•�����


You can di� erentiate composite functions such as these using the chain rule.

In the review section you saw that

y
x

y
x

d
d lim

x 0

d
dd

�
�
�
�

�
�
�

�
,

where dy is a small change in y and dx is a small change in x.

Think about the hourglass shown at the beginning of the chapter. A small 
change in time, dt, leads to a small change in the height of sand in the bottom 
bulb, dh, and to the volume of sand in the bottom bulb, dV.

You can see that

d
d

d
d

d
d

V
t

V
h

h
t� �

Taking the limit as � t
 
tends to zero gives us the relationship

� �V
t

V
h

h
t

d
d

d
d

d
d

This is usually written using the variables x, y and u:

y
x

y
u

u
x

d
d

d
d

d
d� �

‰�����������������������
����������������’����“�

��������


	��������������…��������
����•������•��


‡������������������������
������������…����������
������������������
�������������������������
���������
��������


(i) Di� erentiate � �� �y x 33 2

 (a) by expanding the brackets

 (b) by using the chain rule.

(ii) Show that the two methods give the same result.

�

�
�������
�

 �����������������
��

����������
���������
�����������•������������
���������������
��������������
���������
���Ž�������„


��������������������������������������� y
x

d
d

�������

‘�y ������������ dx’�� y
x

d
d

����������
�����������������������


�������������
���������
� y����������������� x
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		�

•���•������•��

Solution
(i)	 (a)	        y x 33 2��� �

		
            x x3 33 3� �� �� � �

		              x x6 96 3� � �

		
� � �

y
x x x

d
d 6 185 2

	 (b)	 Let u x 33� � , then y u2� .

		                   

y
u u

d
d 2�

		                     
x2 33 ��� �

		                   
u
x xd

d 3 2�

	 By the chain rule

	
y
x

y
u

u
x

d
d

d
d

d
d� �

	

y
x x x

d
d 2 3 33 2��� � �

	     
x x6 32 3 ��� �

(ii)	 x x x x6 3 6 182 3 5 2�� � � �

	 Therefore the two methods do give the same result.

�������•�������������…���


”�����

���������


••��������� y x 33 2��� � �
�����
���������
���
�������


•�

������������ y 
���������������� u


•�

������������ u�

���������������� x


••����������������������•�•�•�•


�
�������
�

Solution

Let u x 12� � , then y u
1
2� .

	 y
u u

d
d

1
2

1
2�

�

u
1

2
�

x
1

2 12
�

�

 
�u

x xd
d 2

By the chain rule

	
y
x

y
u

u
x

d
d

d
d

d
d� �

	

y
x x

x
d
d

1
2 1

2
2

�
�

�

                

x
x 12

�
�

••��������� y x 12
1
2��� � ������


���������
���
�������


Di�erentiate y x 12
1
2��� � .

•�

������������ y����������������� u


•�

������������ u����������������� x


•���������•����������������������
� y�����

x����� u������������������������������������

�������
� x
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		�

In the following example you need to �nd the gradient at a point, so you must 
�rst �nd the gradient function. You could do this by expanding x 23 4�� � , but it 
is much quicker to use the chain rule.

�
�������
	�

Solution

Let u x 23� � , then y u4� .

y
u u

d
d 4 3�

 
x4 23 3��� �

u
x xd

d 3 2�

By the chain rule

 
y
x

y
u

u
x

d
d

d
d

d
d� �

y
x x x

d
d 4 2 33 3 2��� � � �

 
x x12 22 3 3��� �

x
y
x1

d
d 12 1 1 2 12 1 122 3 3��� �� �� � � � � � � � �

Therefore the gradient of the curve y x 23 4��� �  at the point where 
x 1�  is 12� .

�������•���������������������

�������������
���������
���
�������


–�����������������������������
� x


•������������ x 1� ������

�����•���������
���
y
x

d
d




Find the gradient of the curve y x 23 4��� �  at the point where x 1� .

	��������������������
���������
�
���������
� ����������������
���������������� x 1� 


With practice, you may �nd that you can do the necessary substitution mentally, 
and just write down the answer, leading to the result below. If you have any 
doubt, however, you should write down the full method.

���•������  €����
	����������������
�����

������������������������
�������������������������

y x
y
x x xg f

d
d g f f� � � �� � � � � �� � � � � � 


�«��Š�����������������������


�«��•������������������������
����������������������� y
x

y
u

u
x

d
d

d
d

d
d� � �
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•���•������•��

�
��•�•���
�

� 	 Which of these two functions would you 
di�erentiate using the chain rule? Explain your 
answer.

	 f(x) 5 2x(1 1 x) 9    f(x) 5 2(1 1 x) 9 

� 	 To di�erentiate each of the following 
functions, decide whether you

‡	 must use the chain rule

—	 could use the chain rule

Ž	 would not use the chain rule.

	 If you choose — or Ž, describe an alternative 
method for di�erentiating the function.

•�•	 y x2 5 4��� �

•��•	 y x x3 23� � �

•���•	 y
x

1
32

�
�

� 	 Use the chain rule to di�erentiate the 
following functions.

•�•	 y x3 2 1��� � �

•��•	 y x2 62 7��� �

•���•	 y x6 2� �

� 	 y x 22 3��� �

•�•	 By �rst expanding the brackets,  

�nd y
x

d
d

.

•��•	 Now use the chain rule to �nd 
y
x

d
d .

•���•	 Show that your answers to�•�• and •��•�are 
equal.

� 	 •�•	   �Figure 5.15 shows the curve 
y x4 32 6��� � .

x

y

1O

20

40

     •�•���  •��•

	   �Find the gradient of the curve at the point 
where x 1� .

•��•	 Figure 5.16 shows the curve y x6 8� � .

x

y

2 4 6 8 10O

6

8

10

2

4

�   •�•���  •��‰

	 �Find the gradient of the curve at the point 
where x 2� .

•���•	 Figure 5.17 shows the curve y
x

1
23�

�
.

x

y

2–2 O

2

–2

•�•���  •��


	 Find the gradient of the curve at the point 
where x 1� � .

� 	 Figure 5.18 shows the curve y x3 5 3��� � .
y

2 31O

10

5

–10

–5

•�•���  •���

•�•	 Use the chain rule to �nd y
x

d
d

.

•��•	 Find the equation of the tangent  
to the curve at the point where x 2� .

•���•	 Show that the equation of the normal to 
the curve at the point where x 1�  can be 
written in the form y x36 287 0� � � .

••
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		�

� 	 •�•	  Given that x t 1
4��� � , �nd x

t
d
d .

•��•	 Given that z y y1� � , �nd z
y

d
d

.

•���•	 Given that p
r r

1
2 6

�
�

, �nd p
r

d
d

.

� 	 Given that y x2 1 4��� �

•�•	 �nd y
x

d
d

•��•	 �nd the coordinates of any turning points 
and determine their nature

•���•	 sketch the curve.

� 	 Given that y x x 22 4��� � �

•�•	 �nd 
y
x

d
d

•��•	 �nd the coordinates of any turning points 
and determine their nature

•���•	 sketch the curve.

� 	 The graph of y x x 23 2 3��� � �  is shown in 
Figure 5.19.

y

x–1 aO

•�•���  •��


•�•	 Find the gradient function 
y
x

d
d .

•��•	 Verify, showing your working clearly, that 
when x 1� �  the curve has a stationary 
point of in�ection and that when x 0�  
the curve has a maximum.

•���•	 The curve has a minimum when x a� . 
Find a and verify that this corresponds to 
a minimum.

•��• 	 Find the gradient at 1,8��  and the equation 
of the tangent to the curve at this point.

� 	 Some students on an expedition reach the 
corner of a large rectangular area of heathland, 
which is 4 km long and 2 km wide. They need 
to reach the opposite corner as quickly as 
possible as they are behind schedule.

4km

2km

start

finish

•�•���  •��	

	 �They estimate that they could walk along the 
edges of the heath at 5 km h�1  and across the 
heath at 4 km h�1 .

	 �Giving your answers to the nearest minute, 
how long will it take the students to cross the 
heath if

•�•	 they walk along the edges of the heath

•��•	 they cross the heath diagonally from start 
to �nish?

	 The students decide to walk some of the 
way along the longer edge, and then cross 
diagonally to the �nish point, in such a way as 
to make their time as small as possible.

•���•	 To the nearest metre, how far along the 
edge should they walk and, to the nearest 
minute, how long does it take them to 
reach the �nish point?

••

••
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		�

�����•��…�����•����•���†�

ƒ�Š����•�������������•†��•�

…†�����������†�€�Œ������� y
x

d
d

����� x
y

d
d

The general rule connecting y
x

d
d

 and x
y

d
d

 is

x
y y

x

d
d

1
d
d

�

���•�������€����

y
x

d
d

��������������
���������
� y����������������� x������ x
y

d
d

��������������
���������
�

x����������������� y
�����������ƒ
˜‘���������� y x2� �������������������

������������
����������������•���������������������������������������������•���������������
�

�«��ˆ������������������������������������ x
y y

x

d
d

1
d
d

� �

y

x

1

–1

–2

–3

–4

2

3

4

O–2–4 2 4

x

y

1

–1

–2

–3

–4

2

3

4

O–2–4 2 4

•�•����•���

­�•€‚€•ƒ��
�

���� •�

���������� y x3� ���������
y
x

d
d 


����� –��������������…�� x��������­�������������� x
y

d
d

�����������
� y


������–��������� y x3� ������…�� x �������­���


����� ������������������������������������
y
x

d
d �����

x
y

d
d �
��� y x3� 


���� �–������������������������������
����������������� y x y x,2 4� � �����
y x2� 
�•������������������������������������
���•��•����������������������
�����

™��������������������
������������…����������
������������������
�������������������������
���������
��������
�
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•�����•  •����•���  �����  ��  •†��•�
The chain rule makes it possible to di�erentiate with respect to a variable that 
does not feature in the original expression. For example, the volume V of a 

spherical balloon of radius r is given by V r4
3 � 3� . Di�erentiating this with 

respect to r gives the rate of change of volume with radius, V
r rd

d 4� 2� . 

However, you might be more interested in �nding the rate of change of volume 
with time, t.

To �nd this, you would use the chain rule:

V
t

V
r

r
t

d
d

d
d

d
d� �

r r
t4� d

d
2� �

You have now di�erentiated V with respect to t.

�
�������
		

Solution

When r 25� , r
t

d
d 8� .

 A r� 2�  
A
r rd

d 2��

You want to know A
t

d
d

, the rate of change of area with respect to time.

You know that	 A
t

A
r

r
t

d
d

d
d

d
d� �

so		  A
t r r

t
d
d 2� d

d� � .

When r 25�  and r
t

d
d 8� ,	 A

t
d
d 2� 25 8 1260� � � � .

The area is increasing at a rate of 1260 cm2 s�1  (3 s.f.).

��
����������������������•�������


�������������������������…�����
��
��������������������������
�������������������������


The radius r cm of a circular ripple 
made by dropping a stone into 
a pond is increasing at a rate of 
8 cm s�1 .

At what rate is the area A cm2 
enclosed by the ripple increasing 
when the radius is 25 cm?

•�•���  •���

	���������������������
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•������…••����…�‡•��������•��•

„  …†� €����•�  ���  —�������  �����
…†� €����•�  ����
Figure 5.23 shows the curve y x x20 ( 1)6� � .

x

y

•�•���  •��ƒ

�
��•�•���
�

� 	 Given that dy
dx

 5  2
3
, write down x

y
d
d

.

� 	 Given that 
y
x

x
t

d
d 6 and d

d 2� � � , �nd 

	 the following.

•�•	 x
y

d
d

  •��•  t
x

d
d

  •���•  y
t

d
d

� 	 Given that � � �
y
x

z
x

d
d , d

d 11
3  and � �

yd
dt

1
2
, 

�nd the following.

•�•	
y
z

d
d   •��•  x

t
d
d   •���•  z

t
d
d

� 	 Given that A x5 2�  and �x
t

d
d

1
2
, �nd the 

following.

•�•	
A
x

d
d

•��•	 An expression for A
t

d
d

 in terms of x.

•���•	The value of A
t

d
d

 when x 6� .

� 	 The lengths of the sides of a square are 
increasing at a rate of 2 cm s�1 .

	 Find the rate at which the area of the square  
is increasing when the square has sides of  
length 4 cm.

� 	 The radius of a circular fungus is increasing at 
a uniform rate of 0.5 cm per day. At what rate 
is the area increasing when the radius is 1 m?

� 	 The force, F newtons, between two magnetic 

poles is given by the formula F
r

1
500 2� , 

where r m is their distance apart.

	 Find the rate of change of the force when the 
poles are 0.2 m apart and the distance between 
them is increasing at a rate of 0.03 m s�1 .

� 	 The area of a circular oil slick is increasing at a 
constant rate of 4 m2 s�1 . 
Find the rate of increase of the radius when 
the area is 100� m 2.

� 	 The volume, V m3, of water in a container is 
given by the expression V h8 2� , where h m 
is the depth of water in the container. The 
volume of water in the container is increasing 
at a rate of 2 m3 per hour.

	 Find the rate of increase of the depth of water 
in the container when h 6� .

� 	 The lengths of the sides of a cube are 
increasing at the rate of 0.1 cm s�1 .

	 Find the rate of increase of the volume of the 
cube when the outer surface area is 24 cm2.

� 	 The volume of a sphere is decreasing at a rate 
of 60 mm3 s�1 . Find the rate of decrease of the 
surface area when the volume is 800 mm3.

••

••

••

••

••

••••
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If you wanted to �nd the gradient function, y
x

d
d

, for the curve, you could 

expand the right-hand side then di�erentiate it term by term, but this is long 
and tedious.

There are other functions like this, made up of the product of two or more 
simpler functions, which you cannot expand. One such function is

y x x1 2 3
1
2 4� �� �� � � .

Clearly you need a technique for di�erentiating functions that are products of 
simpler ones, and a suitable notation with which to express it.

When di�erentiating products, the most commonly used notation involves 
writing y uv� , where u and v are functions of x.

In the example above, u x 1
1
2��� �  and v x2 3 4��� � .

­�•€‚€•ƒ��
 

‰��…������������
� y uv� ��
y
x

u
x

v
x

d
d

d
d

d
d� � 


��������
�������� y x x3 6� � ��������������‰��…���������


��� 	 •�����
������
��������������

�����������������
y
x

d
d




���� 	 ������
�� u ���� v���������� u
x

d
d

����� v
x

d
d




����� 	Ž��������������������������
y
x

u
x

v
x

d
d

d
d

d
d� � 


To �nd the rule to di�erentiate products, you can look at the change in area of a 
rectangle with increasing sides (see Figure 5.24).

u du

v A

dv

•�•���  •��„

The original (blue) rectangle has an area of y uv� .

When you make a small increase to u and to v, the increase in the area of the 
rectangle is given by the sum of the areas of the red, green and yellow rectangles:

dA = udv + vdu + dudv.

Because both du and dv are small, the yellow rectangle has a very small area. So

d
d

d
d

d
d d d

d
A
x u v

x v u
x u v

x� � � .•����������������� dx
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Taking the limit as dx, du and dv tend to zero leads to

A
x u v

x v u
x

d
d

d
d

d
d� � .

y uv
y
x u v

x v u
x

d
d

d
d

d
d� � � �	���������������������

�������…••���•��


…†��—������������
Suppose you want to di� erentiate a function that is the quotient of two simpler 

functions, for example y x
x
3 1

22 2� �
� �

�
.  You can write this in the form y u

v� , 

where u and v are functions of x. In this example, u x3 1� �  and 

v x 22 2��� � .

To � nd the rule to di� erentiate quotients, you can rewrite y u
v�  as y uv 1� � , 

and use the product rule.

Because v is a function of x, to di� erentiate v 1� , you must use the chain rule.

v
x v v

x
d

d
d
d

1
2� �

� � �
�

�

 ������������������������
�������������
���������
����…��������������� v †�
v v1 1���� � 


�
�������
	�

Solution

u x20� v x 1 6��� �

u
x

d
d 20� v

x xd
d 6 1 5��� �

Using the product rule

� �
y
x u v

x v u
x

d
d

d
d

d
d

y
x x x x

d
d 20 6 1 1 205 6� �� �� � � � � �

To simplify the answer, look for common factors. In this case both terms 
contain 20 and x 1 5�� � .

 

y
x x x x

d
d 20 1 6 15 � �� �� �� � � � �

y
x x x

d
d 20 1 7 15� �� �� � � �

������������
�� u ����� v


•�

���������� u ����� v��
����������������������
�
���������


Di� erentiate y x x20 1 6��� � .

���������������…����������
�������
����������


­�•€‚€•ƒ��
�

�
� y u
v� �������

y
x

u
x
v
x

d
d

d
d
d
d

� �

��������
�������� y x
x

7

3� ��

��������������
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��������������������������

u v 1�

u
x

d
d v v

x
d
d

2� �

So y u
v

y
x v u

x v v
x u

d
d

d
d

d
d

1 2� �� � � � �� �

v
u
x

u
v

v
x

1 d
d

d
d2� �

 

v u
x u v

x
v

d
d

d
d

2�
�

 

y
x

v u
x u v

x
v

d
d

d
d

d
d

2�
�

y u
v

y
x

v u
x u v

x
v

d
d

d
d

d
d

2� � �
�

 

‡��������������������
����


Š�������
����������������
������������������


	�������������������������
‡•��������•��


�
�������
	�

Solution

u x 12� � v x3 1� �

u
x xd

d 2� v
x

d
d 3�

Using the quotient rule

 

y
x

v u
x u v

x
v

d
d

d
d

d
d

2�
�

y
x

x x x
x

d
d

3 1 2 1 3
3 1

2

2

� �� �
� �

�
� � � � �

�

y
x

x x x
x

d
d

6 2 3 3
3 1

2 2

2� �
� � � � �

�

y
x

x x
x

d
d

3 2 3
3 1

2

2� �
� � � �

�

������������
�� u����� v


•�

���������� u����� v


Given that y x
x

1
3 1

2

� �
�

, � nd y
x

d
d

 using the quotient rule.

••�������������…�������
�������������


•�����
�������������������
������


���•�������€����
 ���������������������
��������������������
��������������������������
�������������
��������
��������� u����������� v


�«��•��������������������

����������������� u�
���������� v������
����������•��������
�����
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�
��•�•���
 

� 	 Copy and complete Table 5.2 to show how you would di�erentiate the following functions. 

…�Œ�� •��

Function Product rule, quotient 
rule or neither?

u v

	
y

x
x

1
1

6

3

��
�

�
�

Quotient u x 1 6��� � v x 13� �

•�•	 y x x1 32 3 2� �� �� � �

•��•	 y x2 33 5��� �

•���•	 y x
x

1
2� �

•��•	 y x x 22� �

� 	 Use the product rule to di�erentiate the 
following functions.

•�•	 y x x2 12 4��� �

•��•	 y x x1 1��� � �

•���•	 y x x 3 3��� �

� 	 Use the quotient rule to di�erentiate the 
following functions.

•�•	 y x
x3 1

2

� �

•��•	 y
x

x
1 2 3

3

��
�

�

•���•	 y x
x 1

�
�

� 	 •�•	� Figure 5.25 shows the curve 

	 	
y x

x
1
2� �

�
.
 

	 Find the gradient at the point � �0, 1
2 .

•�•���  •��•

y

x

–2

2

4

–2 O–4–6 2

	������������������•�����


­�•€‚€•ƒ��
�

 ����������������

����������� y x
x

1
3 1

2

� �
� ����

���������������� y x x1 3 12 1�� ��� � � � �

��������������������������


š���
������������������������������������������������••������ƒ
‘›
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�
•��•	 Figure 5.26 shows the curve 

>y x x x1 2 , 03 ����� � � .
 

Find the gradient at the point � ��1, 8 .

x

y

2 4 6
�í10

�í20

�í30

O

10

20

30

•�•���  •��‰

•���•	 Figure 5.27 shows the curve 

	
>y x

x
x1, 12� � � .

 

Find the gradient at the point � �3, 2
9 .

x

y

1�í1 2O

2

4

6

•�•���  •��


� 	 Given that y x x1 2 2� �� �� � �

•�•	 �nd y
x

d
d

•��•	 �nd the coordinates of the turning points 
of the curve y x x1 2 2� �� �� � �  and 
determine their nature

•���•	 sketch the curve.

� 	 Figure 5.28 shows the curve y x
x
3

2 3� � .

x

y

2�í2�í4 4O

2

�í2

�í4

4

6

•�•���  •���

•�•	 Find 
y
x

d
d .

•��•	 Find the equation of the tangent to the 
curve at the point where x = 1.

•���•	 Find the equation of the normal to the 
curve at the origin.

•��•	 Find the coordinates of the point where 
the normal to the curve at the origin cuts 
the curve again.

� 	 Figure 5.29 shows the curve 

	
y x x

x
2 5

2 3

2

� � �
� .

	 •�•���  •��


x

y

2�í2�í4 4O

2

�í2
�í4

�í6

�í8

4

•�•	 Find 
y
x

d
d .	 •��•	 Find 

y
x

d
d

2

2 .

•���•	 Find the coordinates of the  
turning points of the curve 

	 y x x
x

2 5
2 3

2

� � �
� .
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”Ž��’•’•  “˜…Š“™Ž‡
�����������������������������������������������������������†

�³�� ����������������������������������������†

�P�� �������������
���������
���������

�P�� ���������������������������•�����������������������
����������

�P�� 
������������������
���€������

�³�� ��

���������������†

�P�� ����������������

�P�� ����•������������

�P�� ��������������

�³�� ��

���������������������������������†

�P�� �����������������
�������

�P�� ��������
��������


� 	 Find the coordinates and nature of the turning 
points of the curve y x x 32 4��� � , and sketch 
the curve.

� 	 The graph of the functiony
x

x
2

1
�

�
is 

	 unde�ned for x 0�  and x 1� .  
P is a stationary point.

x

y

O

P

•�•���  •�ƒ	

•�•	 Find 
y
x

d
d .

•��•	 Find the gradient of the curve at the point 
A with coordinates (9, 9), 
and show that the equation of the normal 
at A is y x4 45� � � .

•���•	 Find the coordinates of P and verify that 
it is a minimum point.

•��•	 The point Q is the intersection of the 
normal at A and the tangent at P. The 
point R is the intersection of the normal 
at A and the normal at P. 

	 Find the area of triangle PQR.

� 	 A function is given by 

x x x xf 9 2 , 0 3 2
2

2 < <� � � � .

•�•	 Find the coordinates of the maximum 
point on the curve y xf ��� .

•��•	 What is the gradient of the curve at the 
origin?

•���•	 What is the value of y when x 23
2� ? 

What is the gradient of the curve at this 
point?

•��•	 Sketch the curve.

••

••
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•˜…˜�Ž  ˜‡Ž‡
 ��������������������������•����
�����

������������������������������
�
������������
Ž�������„


šŽ–  ›“•’…‡

	� �����
y

x
d
d

0
2

2 � ����������������������������


�

� �����
y

x
d
d

0
2

2 � ������������������������������


�

� •�•���  •�ƒ�

�� ‡�����������
���€��������������������������������
��������������������������
�����������������������������������������


� ‡�����������
���€��������
y

x
d
d

0
2

2 � 


� •������������
���€�����������������������������������������
y
x

d
d 0� 


�� Ž���������†�
y
x

y
u

u
x

d
d

d
d

d
d� �

 � Š�����������†� y uv
y
x u v

x v u
x

d
d

d
d

d
d� � � �

�� œ������������†� y u
v

y
x

v u
x u v

x
v

d
d

d
d

d
d

2� � �
�

��
x
y y

x

d
d

1
d
d

�

�
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� 	 Which, of the following, is not implied by the statement ‘n is an integer’:

	 A	 2n � 1 is odd

	 B	 10n is even

	 C	 4n � 6 is a multiple of 4

	 D	 6n is a multiple of 3

� 	 Which of the following is not true for an arithmetic sequence?

	 A	 It increases/decreases in equal steps

	 B	 Its sum converges to a limit

	 C	 Its sum tends to in�nity (positive or negative)

	 D	 It is a linear sequence

� 	 Which of the following is equivalent to ]1 ¯ x ¯ 3?

	 A	 |x ] 1| , 2

	 B	 |x 1 1| ¯ 4

	 C	 |x 1 1| ¯ 2

	 D	 |x ] 1| ¯ 2

� 	 Which of the following would be used when di�erentiating y 5 (1 ] 
1
x )6 

using the chain rule?

	 A	 y 5 u 6, u 5 1
x

	 B	 y 5 1 ]  u 6, u 5 1
x

	 C	 y 5 u 6, u 5 1 ] 
1
x

	 D	 y 5 1
u , u 5 x 6

ˆŠ‹•€•‹���ŒŽ€���‰Š�••€Ž‘•���Œ­••��•�	�•Ž��
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� 	 Figure 1 shows a sector of a circle with radius r cm. The angle subtended at 
the centre of the circle is u radians.

	

r r

��

•�•���  �

	 The perimeter of the sector is 3 cm.

•�•	 Show that the area of the sector is �r r3
2

2 cm2.	�  [3 marks]

•��•	 Find the value of u when the area of the sector is a maximum, 
justifying your answer.� [4 marks]

� 	 •�•	 Find the value of the y coordinate on each of the curves 

	 	 �y xcos  and y xcos �
6 0.5� �� � �  when x �

3� �  and 

		  when x �
2� � .� [2 marks]

•��•	 Give the coordinates of one point with positive x coordinate  

where the curves y xcos�  and y xcos �
6 0.5��� � �  cross.� [2 marks]

•���•	 Describe a transformation that maps the curve y xcos�  on  

to the curve y xcos �
6 0.5��� � � .� [2 marks]

� 	 You are given that y x 12 4��� � .

•�•	 Show that y
x

x x
d
d

8( 1) (7 1)
2

2
2 2 2� � � .� [4 marks]

•��•	 State the set of values of x for which y x 12 4��� � is concave 
downwards.� [2 marks]

� 	 You are given that x x
xf ( ) 3

1� �
� .

•�•	 Find f f(x). Hence write down xf 1 ��� .� [4 marks]

•��•	 Deduce the equation of a line of symmetry of the  

graph y xf ( )� .	�  [1 mark]

•���•	 Write f(x) in the form a b
x c� �  where a, b and c are integers.	  

� [2 marks]

•��• 	 Starting with the curve y x
1� , write down a sequence of 

transformations that would result in the curve y xf ( )� .	� [3 marks]

•�­�•€���‰Š�••€Ž‘•��•Š���ˆ­•Œ�ˆ­•€�•�	
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� 	 Figure 2 shows a spreadsheet with the information about day length on 
di�erent dates in a town in northern England. The day length is the time 
between sunrise and sunset. It is given in hours and minutes in column 
C and in hours in decimal form in column D. Some of the rows in the 
spreadsheet are missing and some of the cells have not been completed.  
The graph in Figure 3 was drawn by the spreadsheet; it shows the number 
of hours of daylight plotted against day number for the whole year.

A B C D

1 Day number  
(x)

Date Actual day length 
(hours:mins)

Actual day length 
(y hours) 

2   0 31 Dec 07:40 7.666667

3   1 1 Jan 07:41 7.683333

4   2 2 Jan 07:42 7.7

5   3 3 Jan 07:43 7.716667

154 152 1 June 16:24 16.4

155 153 2 June 16:26 16.43333

21 June 16:45

21 Dec 07:35

•�•���  �

	

D
ay

 le
ng

th
 (

ho
ur

s)

Day number

y

x200 40 60 80 100 120 140 160 180 200 220 240 260 280 300 320 340 360

5

0

10

15

20

•�•���  ƒ

•�•	 A model of the form y a b xcos� � �  is suggested for the length  
y hours of day x. 

	 �Q	 The shortest day is 21st December. 

	 �Q	 The longest day is 21st June.

	 	  Find values of a and b consistent with this information.� [5 marks]

•��•	 Compare the length of day which the model predicts for  
21st June with the actual day length.� [3 marks]

•���•	 Explain why each of the two following transformations of  

the graph of y a b xcos� � �  would make it a better model  
for day length.	

•�• 	 Stretch parallel to x-axis.
•�• 	 Translation parallel to x-axis.� [2 marks]

•
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� 	 A three term arithmetic sequence has a non-zero common  
di�erence. Prove by contradiction that the three terms, in the same  
order as for the arithmetic sequence, cannot form a geometric  
sequence.� [5 marks]

� 	 A geometric sequence has �rst term 1. The product of the �rst  
9 terms is 262 144. 

	 Find the possible values for the sum of the �rst 9 terms.  	�  [6 marks]

� 	 Figure 4 shows the curve y x x1.5 34 2� � � . 

	
x

y

O

B

C

D

A

•�•���  „

	 The curve has points of in�ection at A and B. The tangents and normals  
to the curve at points A and B are shown. The tangents intersect at C.  
The normals intersect at D.

•�•	 Find the coordinates of A and B.� [5 marks]

•��•	 Show that ACBD is a square.� [5 marks]

•

•••

•• •
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When people thought the 
Earth was � at, they were 
wrong. When people 
thought the Earth was 
spherical, they were 
wrong. But if you think 
that thinking the Earth is 
spherical is just as wrong 
as thinking the Earth is 
� at, then your view is 
wronger than both of 
them put together.

������������������������

Review: The sine and cosine rules�

Also sin u � cos (90� � u)

and  cos u � sin (90� � u).

Here is a reminder of the general formula for 
the area of a triangle, and the sine and cosine 
rules, which can be used for any triangle ABC.

�
���������
	��
��������������������  � � �a b c bc A2 cos2 2 2

���������������������� � � �A b c a
bccos 2

2 2 2

�
�������
	��

��������������������� ��� � �a
A

b
B

c
Csin sin sin

���������������������� � �A
a

B
b

C
c

sin sin sin

�
��

����������
������� �� ab Csin1
2

��������
��������


���������������� �
�
�������������	���

���������������
�������������������
�����
����������������
������

������������

��������������

��
�

�����������������
�

������ u ���� 180��  u�
������

����������
�
��������

����
��������
��
�������
In a right-angled triangle, for 0� � u � 90�, the trigonometric functions are

 
u �sin

opposite
hypotenuse

u �cos
adjacent

hypotenuse

u �tan
opposite
adjacent

���	
���•�

B

A

b

c

a

C

���	
���•�

opposite

adjacent

hypotenuse
90° – ��

��
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Solution

��������������
��������������������
���������
���������
�
����������������

8km

6km

65°

115°

70°

�{N

N

C

B

A

180° �  65°
 115°

135° �  65°
 70°

	����������������
������������������
�������������������
��
��������������
�
��������

����������

(i)	� You know two sides and the angle between them and you want to 
�nd the third side, so use the cosine rule.

  

� � � � � �

� � � � � � �

�

ABC AB AC 2 AB BC cos

8 6 2 8 6 cos70

67.16...

2 2 2

2 2

�     BC � 8.195…

� �     �  8.20 km (to 3 s.f.)

         Ben and Carla are 8.20 km (to 3 s.f.) apart.

(ii)	 You need to �nd u �rst before you can work out the bearing.

	� You know three sides and need to �nd an angle – so you could use 
the cosine rule again. Or you could use the sine rule.

	

sin
6

sin70
8.195...

sin 6sin70
8.195... 0.687...

43.5 (to 3 s.f.)

u

u

u

� �

� � � �

� � �

         So the bearing is 360� � 115� � 43.5� � 201.5�.

�����������������������������������������


��������������
�����
������������������� (i)


Two hikers set o� from point A.
Some time later Ben has walked 8 km on a bearing of 065� to point B. 
Carla has walked 6 km on a bearing of 135� to point C.
The points A, B and C are on level ground.
Find
(i)	 the distance between Ben and Carla
(ii)	 the bearing of Carla from Ben at that time.

�����������

����������������
�« ��� 	��������������������

������������������
��
���������������
������
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���
���	�� Find the area of triangle ABC.

Solution
Area of a triangle � ab Csin1

2

 
� � � � �

�

3.6 2.8 sin30

2.52 cm

1
2

2

30°

C

A B

2.8cm
3.6cm

����������

�����������������������������������������
����
������������������������
���	�
�����
	�
������
����	����
�������

	���������������	��

� For each triangle in Figure R.5 � nd

���� the angle u ���  the area.

����

Y

X

Z
8m

11m

12m

��

�����

108°

7cm

A B

C

9cm

��

� ����������

� Find the length x in each triangle in Figure R.6.

����

39.9°

4.2cm

7.1cm

x

R

P Q

�����

108°29°

X

x

Y

Z

5.3cm

�����

� 39°

x
92°

Z

Y X
12cm

����
�

����������

� A tower 60 m high stands on the top of a hill. 
From a point on the ground at sea level, the 
angles of elevation of the top and bottom of 
the tower are 49� and 37� respectively. 

 Find the height of the hill.

� Find the angle u in Figure R.7.

 

7x

5x
3x

M
L

N

��

����������
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� In triangle ABC, AB � 8 cm, BC � 7 cm and 
angle CAB � 56�.

 Find the possible sizes for the angle BCA.

� Three points A, B and C lie in a straight line 
on level ground with B between A and C. 
A vertical mast BD stands at B and is 
supported by wires, two of which are along the 
lines AD and CD. 

 Given that �DAB � 55�, �DCB � 42� and 
AC � 85 m, � nd the lengths of the wires AD 
and CD and the height of the mast.

� A yacht sets o�  from A and sails 3 km on a 
bearing of 045� to a point B. It then sails 1 km on 
a bearing of 322� to a point C. 

 Find the distance AC.

� The lengths of the hands of a clock are 7 cm 
and 10 cm. 

 Find the distance between the tips of the hands 
at 8 p.m.

� X, Y, and Z are three points on level ground. 
Point Y is 2 km from X on a bearing of 117�, 
and Z is 5 km from X on a bearing of 204�. 

 Find

•� � �YXZ

•�� � the distance YZ.

� A triangle has sides of length 3 cm, 8 cm and 
7 cm. 

 Find the exact area of the triangle.

�  The area of triangle ABC is 123 cm2. 
AB � 6 cm and AC � 8 cm. Angle BAC 
is acute. 

 

8cm

6cm

B

A

C

���	
���•€

 Find the exact perimeter of the triangle.
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�� Problem speci� cation and analysis 

� At the moment the problem is somewhat open-ended. Some preliminary 
ideas will help to tie it down.

 If {a, b, c} is a 60��triple with angle B � 60�� the cosine rule gives 

B c a b
cacos 2

1
2

2 2 2

� � � � .

� After a few lines of algebra this can be rearranged as the equation 

� �� �� � � � �b c a b c a ac.

 So multiplying �� � �b c a  by �� � �b c a  gives ac.

 There are three options for analysing this. The � rst two are

 a Set �� � � �b c a a an�  so �� � � �b c a c, or vice versa.

 b  Set �� � � �b c a na and so �� � � �b c a c
n where n is an integer greater 

than 1.

 These two will provide the basis for your investigation and information 
collection.

Problem solving
Look at the triangle in Figure 1. 
You can use Pythagoras’ theorem to 
show that it is right angled.

82 � 15 2 � 17 2

Alternatively you can use the cosine rule 
on angle B.

B Bcos 8 15 17
2 8 15 0 90 .

2 2 2
� � �

� � � � � �

The sides of the triangle are all integers and so the set {8, 15, 17} is called a 
Pythagorean triple. There are formulae for generating them, for example 
{2n, n2 � 1, n 2 + 1} where n is an integer greater than 1.

Your � rst question is: 

How can you be certain that this 
generator works?

 Now look at the triangle in Figure 2.

In this case the angle B is given by

B c a b
cacos 2

25 64 49
2 5 8

40
80

1
2

2 22

� � � � � �
� � � �  and so B = 60�.

The set {8, 7, 5} forms a di� erent sort of triple, giving an angle of 60o rather 
than a right angle. This set of integers is a 60° triple.

Equilateral triangles obviously give rise to these triples, for example 
{5, 5, 5} but there are others too. 

Your second question is: 
How can you � nd these other 60° triples?

���	
���

A

B C
15

17
8

A

B C
a = 8

c = 5 b = 7

�����	
���

�
�•��� �
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� 	 Information collection

	 The �rst question Start by setting up a spreadsheet for the �rst 100 
Pythagorean triples generated by {2n, n2 � 1, n 2 + 1} for n 2> . Use an extra 
column to check that the generator works for all these values of n.  
You should �nd that it does work for these 100 Pythagorean triples but to be 
certain you should also prove it algebraically. 

	 The second question Show that option a for the analysis of 60° triples 
always gives you equilateral triangles.

	 Now prove that eliminating c between the equations in option b leads to the

	 equation b a n n
n

1
2 1

2

� � �
�

�
�
�

�
�
� .

	 Use this to �nd the 60� triple generator with � �a n2 1.

	 Set this up on a spreadsheet.

• 	 Processing and representation

	 For the �rst question, the essential processing and representation have been 
done on the spreadsheet. You may choose to copy the listing of Pythagorean 
triples from the spreadsheet into another document. However, this task is not 
complete without an algebraic proof that the generator works.

	 For the second question, the �rst task is essentially algebra.

	 The next task begins with algebra and then goes into a spreadsheet. Again 
you may wish to copy the spreadsheet listing into another document. This list 
is of 60° triples and you will want to check if you have listed them all. 

	 A way of checking is to notice 
that, apart from the equilateral 
triangles, each triple has a partner 
triangle.  

	 You can see this in Figure 3  
for the blue {8, 7, 5} triangle. 

	 Fitting it into the equilateral 
triangle of side 8 reveals its red 
partner triangle with a triple of  
{8, 7, 3}.

	 So you now have a possible check 
of whether your generator has 
caught all the 60° triples. 

4	 Interpretation

	 At this stage you will want to tie up any loose ends, particularly if you have 
found that your generator missed some of the 60° triples.

	 In the Problem speci�cation and analysis section, you were told there are 
three options but were only given two of them to work on, a and b.  
Now it is time to investigate option c. 

	 c � Set �� � � �b c a n
ma and so �� � � �b c a m

n c where m and n are both

	     integers greater than 1.

A A�•

B�•

B C C�•
8

5 7

7

8

3

�����	
��•

•	��
�����
������	��
��
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�	�����������	����
��

‚ƒ„�…†�‡�ˆ
� 	 ��������
�������� ABC

�Q	 � �a
A

b
B

c
Csin sin sin 	 •��������� 

�Q	 � � �a b c bc A2 cos2 2 2 	 •����������� 

�Q	 ����� � bc Asin1
2 �

� 	

B

A

b

c

a

C

��‰����•��­�••�������

���������

�����������������������

Triangle You know You want Use

?

?
?

�9

�9

�9

3 sides Any angle

�
� �

A
b c a

bc
cos

2

2 2 2

Cosine rule

�9

?

�9

�9

2 sides + included angle 3rd side

� � �a b c bc A2 cos2 2 2

�9

�9
�9

?

2 angles + 1 side Any side

�
a
A

b
Bsin sin

Sine rule

�9

?

�9

�9

2 sides + 1 angle Any angle

�
A

a
B

b
sin sin

€��‚
������
�

�
���������������
���
������������
�������•������������� ‘�������
��•�
�� 180�’�
������

��

���������ƒ

•
��������

������������

��������•�
�•��� 180�� �u�
��������������
����
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Trigonometric functions

���

�

One must divide one’s 
time between politics 
and equations. But our 
equations are much 
more important to me, 
because politics is 
for the present, while 
our equations are for 
eternity.

��������������������������


�� ��������������������������������������������������
���������������������������
�����������������
���������
������
�����������������������������	

�� ��������������������
����������������
������������������������	

������
�	��������	�	�������������	��
As well as the three main trigonometric functions, sin u, cos u and tan u, there 
are three more which are commonly used. These are their reciprocals – cosecant 
(cosec), secant (sec) and cotangent (cot), de� ned by

cosec u � u
1

sin ; sec u � u
1

cos ; cot u � u
1

tan  � �� u
u

cos
sin .

Each of these is unde� ned for certain values of u. For 
example, cosec u is unde� ned for u � 0�, 180�, 360�, … 
since sin u is zero for these values of u.

Figure 6.1 overleaf shows the graphs of these functions. Notice how all three of the 
functions have asymptotes at intervals of 180�.

�������������������
������
����
����
���
���
��������
��������������
��
������������
�
���
�����������
������������
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�<360º �<180º 0 180º 360º
�<1

1

y

x
y �� sinx

y �� cosecx

�<360º �<180º 0 180º 360º
�<1

1

y

x

y �� cosx

y �� secx

�<1

1

y

x360º180º�<180º�<360º 0

y �� tanx

y �� cotx

����������

������������������� y � tan u �����
�����������������
�������

•�������������•���������������������••

�u ysin , �u xcos , �u y
xtan �

•����������������������������������

�Q�� � �u u
u utan sin

cos , for cos 0,  

�Q�� � �u usin cos 12 2 .
xxO

P(x, y)

1

y

y

q

���������•

•�������	��
	���
�� � �����������������

������������
��
������
•������•� �����­������
���������������������
���������

������������������
��������������
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Find cosec 120� leaving your answer in surd form.

Given that sec u � � 5
3 and u is re� ex, � nd the exact value of

(i) sin u (ii) cot u.

€�������������������������‚ƒ„ � ������•„ � �

Solution

 cosec 120� � 
1

sin120�

 � 1 3
2�

 � �2
3

2 3
3

sin 120� � sin (180� � 120�) � sin 60�

…����������������������������������������������
���������������†������‡��
���
����
�����

Solution
(i) sec u � � 5

3 � �ucos  � 3
5 �u usec 1

cos

���
�������

���
�������

••��••�•��	������ ��������

sin2 u � cos2 u � 1;   tan2 u � 1 � sec2 u;  1 � cot 2 u � cosec2 u.

…������
��
�����������������
������������������������ˆ�����
����������
�����������������������‰��������ˆ����������������

Using the de� nitions of the reciprocal functions two alternative trigonometric 
forms of Pythagoras’ theorem can be obtained.

(i) Start with sin2 u � cos2 u � 1.

 Divide both sides by cos2 u: � �u
u

u
u u

sin
cos

cos
cos

1
cos

2

2

2

2 2

  � tan 2 u � 1 � sec2 u.

(ii) Start with sin2u � cos2u � 1.

 Divide both sides by sin2 u:  � �u
u

u
u u

sin
sin

cos
sin

1
sin

2

2

2

2 2

  � 1 � cot 2 u � cosec2 u.

These three trigonometric identities are called the Pythagorean identities, as 
they are all derived from Pythagoras’ theorem.

•��������������������������
�����
����
�ˆ����������
���������Š��������������
���‹�
�������������‹�
�����
���‰�����������������
���‹�
�����

Questions involving reciprocal functions are usually most easily solved by 
considering the related function, as in the following example.

� �u u
u
ucot 1

tan
cos
sin

�
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Use the identity � �u usin cos 12 2 .

u u

u � �
� � �

� � �

sin 1 cos

sin 1 3
5

2 2

2 2

So	 � � �usin 1 9
25

16
25

2

So     sin 16
25

4
5u � � � �

Use the CAST diagram to work out the correct sign for sin u.

���������­

cos �� is negative so �� must
lie in either the 2nd or the
3rd quadrant.

But ��  is reflex, so ��  is in the
3rd quadrant.

T C

S A

��
0°

90°

270°

180°

Hence sin 4
5u � � .

(ii)	 Use the identity cot
cos
sinu

u
u� .

	
� �

�

�
�ucot

4
5
3
5

4
3

4
5

3
5

4
5

5
3

4
3

� � � � � � ��

������
�����

� 	

q

1

	 Write down, in terms of u, the lengths of the 
two shorter sides of this triangle.

� 	

q

x

1

	 Find the length of the hypotenuse of this 
triangle in terms of u.

� 	 Without using a calculator, write the following 
in exact form.

•�•� •�•	 sin 135�	 •�• 	 cos 135�

� •
• 	 cot 135�	 •�• 	 sec 135�

•��•� •�•	 sin (�150)� 	 •�• 	 sec 150�

� •
• 	 tan 150�	 •�• 	 cosec 150�

•���•� •�•	 tan 420�	 •�• 	 cos (�420)�

� •
• 	 sin 420�	 •�•� cot (�420�)

•��•� •�• 	 cos2 210�	 •�• 	 sin2 210�

� •
•� cot2 (�210�) 	 •�• 	 sec2 210�

� 	 In triangle ABC, angle A � 90� and  
sec B � 2.

•�•� Find the angles B and C.

•��•� Find tan B.

•���•� Show that 1 � tan2 B � sec2 B.

cot 1
tanu u�  ���  tan

sin
cosu

u
u� �

������������������
��������������
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� In triangle LMN, angle M � 90� and cot N � 1.

•�•� Find the angles L and N.

•��•� Find sec L, cosec L and tan L.

•���•� Show that 1 � tan2 L � sec2 L.

� Malini is 1.5 m tall. 

 At 8 p.m. one evening her shadow is 6 m long.

 a

 ���������€

 Given that the angle of elevation of the sun at 
that moment is a

•�•� show that cot a � 4

•��•� � nd a.

� Find the domain and range of

•�•� f(x) � sec x

•��•� f(x) � cosec x

•���•� f(x) � cot x.

� Given that cos u � 
3

2  and u is acute, � nd the 
exact value of

•�•� sin u� •��• tan u.

� Given that cot u � 
7

3  and u is re� ex, � nd the 
exact value of

•�•� cos u 

•��•� cosec u.

� Given that cosec u � k and u is acute, show that

•�•� cos u �� �k
k

12

•��•� tan2 u � 
k

1
12 �
.

� For each of the following functions

•�•� � nd the range, expressing each answer as 
an inequality

•�•� state the period

•
•� sketch the graph for < <� �x0 360 . 

•�•� f(x) � sec 3x

•��•� f(x) � 3cot x

•���•� f(x) � cosec x � 3

•��•� f(x) � 3 � sec x
3

� Starting with the graph of y � sec x, state the 
transformations which can be used to sketch 
each of the following curves.

•�•� y � �2sec x

•��•� y � �sec 2x

•���•� y � 2 � sec (�x)

•��•� y � 2sec x2
•�•� y �  �sec (x � 30)

•��•� y � 2 � sec x

� Sketch the graphs of the following functions 
for < < �x0 360 .

•�•� x xf ( ) 2 sec� �

•��•� x xf ( ) cot� �

•���•� x xf ( ) cosec2�

•��•� x xf ( ) sec( 30 )� � �

� Figure 6.5 shows f(x) � sin x and 
g(x) � a � b cosec cx for 0� ̄  x ¯  360�.

g(x) 

f(x) 

–3

–2

–1

1

O
45° 90° 135° 180° 225° 270° 315° 360°

2

3

x

y

����������

•�•� Find the values of a, b and c.

•��•� Use the graph to solve f(x) � g(x).

•���•� How many roots does the equation 
f(2x) � g(x) have?
Explain your reasoning.
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•�‚	�ƒ����„��•�����	�	�������
�…����	����� �� ��������
†�‡���������	�	�������������	��
The functions sine, cosine and tangent are all many-to-one mappings, so their 
inverse mappings are one-to-many. So the problem ‘� nd sin 30�’ has only one 
solution, 0.5, but ‘solve sin u � 0.5’ has in� nitely many roots. You can see this 
from the graph of y � sin u (Figure 6.6).

–0.5

–1

0

1

y

180º30º–180º–360º 360º ��

y = sin��

0.5

����������

In order to de� ne inverse functions for sine, cosine and tangent, a restriction 
has to be placed on the domain of each so that it becomes a one-to-one 
mapping. The restricted domains are listed in Table 6.1.

•��������

Function Restricted domain (degrees) Restricted domain(radians)

� uy sin 90 90� � �u< <
�
2

�
2u< <�

� uy cos       0 180u< <� �   0 �u< <

� uy tan � � � � �u90 90 � � �u�
2

�
2

ˆ	����	�

•�������•

Function Inverse

sin x arcsin x or sin�1  x or invsin x

cos x arccos x or cos�1  x or invcos x

tan x arctan x or tan�1  x or invtan x

When you use your calculator to � nd arcsin 0.5 it will return just one answer – 
this value is called the principal value and it lies in the restricted domain. 
To solve a trigonometric equation, you need to � nd all the roots in a given 
range.

Œ�������������
tan�� �90�����
����‰�����

•��•����•�����������
�������•������
���•��•�������
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Figure 6.7 shows the graph of each trigonometric function over its restricted 
domain, and that of its corresponding inverse function.

O

OO

y

�í 1

y = arcsin x

y = sin x

y = x

1

x

y = cos x

y = x

y
y = arccos x

x

y

y = tan x

y = arctan x

y = x

x

� �›
2

�í 1

� �›
2

1 �›
2

�›
2

�í 1

1

�í 1

1 �›
2

�›
2

�›

�›

� �›
2

� �›
2

�›
2

�›
2

����������

Ž���
�  ����  ���  �������  
���
�����  ����  ����  
�����  �����  ��‘�
����  
��  ���  ����  y �  x� ����  ��  
����  ��������  �� ���  ����  
�
���  ��  ����  ��  ����  
�­��ˆ  ��  ���  �����  ����  
��  �������  ��  �������  
������  ����  ��������

Solve the following.

(i)	 sin x � 0.5 for < <x0 360� �

(ii)	 � � �usin( 40 ) 0.5 for 0 360� �u< <

���
�������

‰	�‡��������	�	��������…����	��

Solution
(i)	 xsin 0.5�

	 From your calculator: x 30� � .

	� From the graph of y xsin�  then a second root is 
x 180 30 150� � � � � � .

	 So x x30 or 150� � � � .

����  ��  ���  ����
����  ������

�
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(ii)	 � � �usin( 40 ) 0.5

	

90° 180° 270°

�\��� ���V�L�Q���{�����������ƒ����

�\��� ���V�L�Q���{
y = 0.5

360°0

1

–1

y

�{

	 ����������

Let � � �ux 40  so sin x � 0.5 for x40 400� �< < .

Using part (i), x x30 or 150� � � � .

30� is out of range, so the second root is 30� � 360� � 390�.

     � � � � � � �u u40 150 110  
or  � � � � � � �u u40 390 350 .

y = sin(� + 40°) is a translation of
y = sin �  by the vector             . �

�
�
�

40
0

�

•��  ����  ��  
�����  ���  ��������  ��  �
0 40 40 360 40� � � � � � � �u< < �

’�����
�  “„ �  ����  ��
�  

�����  ��  x ��  ‰��  ���  


������������  �����  ��  u� 

Solve �ucos2 2
2  for 0 360� �u< < .

���
�������

Solution
First sketch the graph.

90° 180° 270°

�\��� ���F�R�V�����{ �\��� ���F�R�V���{

360°O

1

–1

y =
�¥��

2

y

�{

����������

Let x � 2u so xcos 2
2�  and x0 720� �< < .

From your calculator: x 45� � .
”�����  ���  ��������  ��  

2 0 2 2 360� � � � �u< < �
•���  ���  ����
����  �����  
����  ����  
��
�������  

y = cos 2�� is a one-way
stretch, scale factor     parallel
to the �� axis. So there are four
roots, not two.   

1
2

•��•����•�����������
�������•������
���•��•�������
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From the graph of y xcos�  a second root is x 360 45 315� � � � � � .

So x � 45�, 315�, 405�, 675�

and u � 22.5�, 157.5�, 202.5�, 337.5�.
€����•„ � �������������� x��������������
������������������������������������
��������� x0 720� �< < �

’…�
�� x �  2û ���������
��
x����������‰��������������
���� u�

Sometimes you will need to use one or more trigonometric identities to help 
you solve an equation.

Solution
First you need to obtain an equation 
containing only one trigonometric 
function.

                      sec2 u � 4 � 2tan u

�                 tan 2 u � 1 � 4 � 2tan u

�    tan 2 u � 2tan u � 3 � 0

� (tan u � 3)(tan u � 1) � 0

�      tan u � 3 or tan u�� �1.

 tan u � 3  �  u � 71.6�

or u � 71.6� � 180� � 251.6�.

 tan u � �1 � u � �45�

or u � �45� � 180� � 135�

or u � 135� � 180� � 315�

The values of u are 71.6�, 135�, 251.6�, 315�.

–1

�{

360º180º0

3

�\��� ���W�D�Q���{

y

����������Š

Œ����
�� sec2 u������
tan2 u � 1 �

Ž��������������Š�������
�
�Š���������� tan uˆ����
�����������������Š�����„�

•���
�����
������������
�������������������
x2 � 2x � 3 
� (x � 3) (x � 1) �

•���������
��
�������

’���•������•�‚„�
•��
����������������������������������–�
��������������������‰��������������������

€���‚ƒ„ � ����‰����������
������

Find values of u in the interval 0 ¯  u ̄  360� for which sec2 u � 4 � 2tan u.���
������ 

‹���������	�	�������� ��������
You can use the identities

sin2 u � cos2 u � 1,   tan2 u � 1 � sec2 u,   1 � cot 2 u � cosec2 u

�u u
utan sin

cos ,         �u u
ucot cos

sin

to prove that other identities are true.
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� 	 Why is the restricted domain for the cosine 
function between 0° and 180° while the sine 
and tangent functions have restricted domains 
between �90° and 90°?

� 	 Solve the following equations  
for 0� ¯  x ¯  360�.

•�•� cos x � 
3

2 	 •��•	 sin x � 
3

2

•���•� tan x � 3	 •��•	 cos x � �  
3

2

•�•� sin x � �  
3

2 	 •��•	 tan x � �   3

� 	 Write down the number of roots for each of 
the following equations.

•�•� cos x � 0.4 	  
for 0� ¯  x ¯  360�

•��•� sin x � �0.4 	  
for 0� ¯  x ¯  360�

•���•� tan x � �0.4 	  
for 0� ¯  x ¯  180�

•��•� cos 2x � �0.4 	  
for 0� ¯  x ¯  360�

•�•� 2 sin x � �0.4 	  
for �360� ¯  x ¯  360�

•��•� tan (x � 30�) � �0.4 	  
for �360� ¯  x ¯  360�

� 	 Write down the domain and range of the 
following functions, where x is in radians.

•�•� f(x) � arccos x
•��•� f(x) � arcsin x
•���•� f(x) � arctan x

� 	 Solve the following equations for  
0� ¯  x ¯  360�.

•�•� cosec x � 1 	 •��•	 sec x � 2

•���•� cot x � 4 	 •��•	 sec x � �3

•�•� cot x � �1 	 •��•	 cosec x � �2

� 	 Prove each of the following identities.

•�•� �u u ucot sin cos

•��•� � ux
x

tan
sec sin

•���•� u u ucos sin 2cos 12 2 2� � �

•��•� u u u usec cosec tan cot2 2 2 2� � �

� 	 Solve the following equations for  
0� ¯  x ¯  360�.

•�•� cos x � sec x

•��•� cosec x � sec x

•���•� 2 sin x � 3  cot x

•��•� cosec2 x � cot 2 x � 2

•�•� 3 sec2 x � 10  tan x � 0

•��•� 1 � cot 2 x � 2  tan2 x

� 	 Prove each of the following identities.

•�•� u u u usec cosec sec cosec2 2 2 2� �

•��•�
u
u

utan 1
tan 1

2sin 1
2

2
2�

�
� �

•���•�
u

u u ucos
1 sin sec tan� � �

•��•� u u u1
1 sin

1
1 sin 2sec2

� � � �

•�•� u u u usec tan sec tan4 4 2 2� � �

Prove the identity � �u u u ucot tan sec cosec .���
�������

Solution
It is sensible to work with one side of the identity at a time.

Working with the LHS:

cot tan cos
sin

sin
cos

cos
cos sin

sin
sin cos

cos sin
cos sin

1
cos sin
sec cosec

= R HS asrequired.

2 2

2 2

u u u
u

u
u

u
u u

u
u u

u u
u u

u u
u u

� � �

� �

� �

�

�

­���‡€���  ‚���

���  sin cos 12 2u u� � �

1
cos sin sec cosecu u u u� �

Œ������  �����  sin ���  cos��

���  �u u
ucot cos

sin  ���  

�u u
utan sin

cos �

�����‡€���  ‚���

������
�����

•��•����•�����������
�������•������
���•��•�������
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You can solve trigonometric equations in radians in a similar way to solving 
them in degrees. Sometimes the roots can be given in exact form in terms of �, 
as in the next example.

  Make sure you put 
your calculator into 
radians mode.

Solve sec 2u � 2 for 0 � u � 2� giving your answers as multiples of �.���
�������

Solution
Let x � 2u, then sec x � 2.

x

x

1
cos 2

cos 1
2

� �

� �

x

x

1
cos 2

cos 1
2

� �

� �

x

x

1
cos 2

cos 1
2

� �

� �

�         x � �
3 or � �2� �

3
5�
3

� � �

� �

xSo �
3 2� 7�

3

and 5�
3 2� 11�

3

� � �

� �

xSo �
3 2� 7�

3

and 5�
3 2� 11�

3

� � �

� �

xSo �
3 2� 7�

3

and 5�
3 2� 11�

3

�uSo �
6,5�

6 ,7�
6 , 11�

6 .

’�  ���  ����  ��  ‰��  ���  
���  �����  ��  ���  ��������  �

0 � x � 4� �

Œ�������  ����  x xsec 1
cos� �

—���  ������  2�  �����  ���  ����  �����  ���  

���  �����  ���  x ��  ���  ��������  0 � x � 4� �

�����  ���  ��  ���  ������  ���  x ����  

���  ��  �����  ��  ‰��  u�

•��  �����  ‰��  ��  �������  
��  �����  ��  ���������

cos x �  x 60 or 360 60 300.1
2 � � � � � � � �

x 60 or 360 60 300.1
2 � � � � � � � �

������
�����

� 	 Find the exact values of

•�•� sec �
3 	 •��•	 cosec �

3

•���•� cot �
3 	 •��•	 sec �

6

•�•� cosec5�
6 	 •��•	 cot 5�

3

•���•� sec5�
4 	 •����•	 cosec7�

4

•�­•� cot 7�
4

� 	 Solve the following equations for  
0 ̄  u ̄  2�, giving your answers as multiples 
of �.

•�•� �ucos 3
2 	 •��•	 �utan 1

•���•� �usin 1
2

	 •��•� � �ucosec 2

•�•� � �usec 2 	 •��•	 �ucot 1
3

� 	 Solve the following equations for  
�� ¯  u ̄  �.

•�•� sin u � 0.2	 •��•	 cos u � 0.74

•���•� tan u � 3 	 •��•� 4 sin u � �1

•�•� 3 � cos u � 2.6	 •��•	 2 tan u � 1 � 0

� 	 Solve the following equations for  
0 ̄  u ̄ �2 �.

•�•� sin 2u � 0.6

•��•� 3 cos (u � 1) � 0.9

•���•� 2 cot 2u � 5

•��•� � �� �usin 2 �
2

2
2

•�•� � � � �u3 tan 2 1 0

•��•� u� �3 cosec(� ) 2

� 	 Solve the following equations for  
0 ̄  u ̄  �.

•�•� �usin 1
2

2

•��•� �ucos 1
2

2
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•���•� tan 12u �

•��•� u u(tan 3)(3tan 3) 0� � �

•�•� u4cos 1 02 � �

•��•� u u2cos cos 1 02 � � �

•���•� 3 cos2 u � 2  sin u � 3

•����•� � � �tan 5sec 7 02u u

� 	 Solve (1 � cos x)(1 � sec x) � sin x for 

	 0 ̄  x ¯  2 �.

� 	 Solve cos 1 secu u� �  for 0 ̄  u ̄  2 �.

� 	 •�•	 Show that u
u

ucosec 1
cosec

cos
2

2
2� � .

•��•� Hence solve 4cosec 4
cosec

3
2

2

u
u
�

�  

� for 0 ̄  u ̄ �2 �.

Œ���ˆ†ˆŽ�‘‹•’‘“�‰
����  ���  ����  
��������  ����  
������ˆ  ���  ������  ��  ����  ��•

�³ �� ����������  ���  ���  ���  ��‰�������  ��•
�P�� ��
���
�P�� 
���
���
�P�� 
��������

�P�� ��
���
�P�� ��

��
�P�� ��
���

�³ �� ����  ���  �������������  ��  ��
���ˆ  
���
���ˆ  
��������ˆ  ��
���ˆ  
��

��ˆ  ��
���  ��  ����ˆ  
�����  ���  �������

�³ �� ����������  ���  ������  ��  ��
���ˆ  
���
���ˆ  
��������ˆ  ��
���ˆ  
��

��ˆ  ��
���

�³ �� ����������  ���  �������  ���  ������  ��  ��
���ˆ  
���
���ˆ  

��������ˆ  ��
���ˆ  ��

��ˆ  ��
���

�³ �� ����������  ���  ���•   
�P�� sin cos 12 2u u� �  

�P�� 1 tan sec2 2� � ��  

�P�� 1 cot cosec2 2u u� �
�³ �� �����  ������  ������������
  �Š�������  ��  �  �����  ��������ˆ  �­�������  

��  �������ˆ  ��
������•  
�P�� Š�������
  �Š�������  ��  ���ˆ  
��ˆ  ���  
�P�� �Š�������  ���������  ���������  ��  ���  �������  �����

�³ �� 
������
�  ������  ���������  ������������
  ���
�����  ���  �����������

”�•�•‘†ˆ•‰
� 	 ���  ��
����
��  ������������
  ���
�����  ���

	 cosec u � 1
sinu;      sec u �  1

cosu ;      cot u � 1
tanu  

cos
sin

u
u��

��
�
�� .

• 	 sin2 u � cos2 u �  1;      tan2 u � 1 �  sec2 u˜

	 1 � cot 2 u �  cosec2 u      tan
sin
cosu

u
u�

­� •�������­

Function
Restricted domain 
(degrees)

Restricted domain 
(radians)

Inverse 
function

uy sin� 90 90� � �u< <
�
2

�
2� u< < arccos u 

uy cos�      0 180� �u< < 0 �u< < arcsin u 

uy tan�  � � � � �u90 90 � � �u�
2

�
2 arctan u

‚��ƒ�����•������
���ƒ��ƒ������•���
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  �Š������

Use your calculator to find the  
1st root (principal value)

Find a 2nd root for 
sin or cos

Find all other roots 
in range

sin u1

360–180 18090

��1

��1 ��2

��2
–90 270

y

��O

1

–1

Principal value is � 90��¯  u ¯  90� 
or                        �

2�  ¯  u ¯  �2

The curve is 
symmetrical about 
x �  90� or  

x �  �2 radians, so

u2 � 180� �  u1

or u2 � � �  u1

u1 � 360�  and  
u2 � 360�

or

u1 � 2�� and  
u2 � 2��

cos u1

90–90 180–180 270 360��O

1

–1

y

��1

��1

��2

��2

Principal value is 0��¯  u ¯  180� 
or                        0 ¯  u ¯  �

The curve is 
symmetrical about  
the y-axis, so

u2 � �u 1

u1 � 360�  and  
u2 � 360�

or

u1 � 2�  and  
u2 � 2�

tan u1

y

180 270 36090–90–180 O ��

Principal value is � 90�� u �  90� 

or                      
�
2�  �  u �  

�
2

u1 � 180�   

or u1 � �
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Further algebra�  

At the age of twenty-one 
he wrote a treatise upon 
the Binomial Theorem. … 
On the strength of it,�he 
won the Mathematical 
Chair at one of our 
smaller universities.
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������������
��•�������
��•���������������������������€‚††�����

��������ƒ����������•���ƒ‡€ˆ��
�������������‰‡���������

Š�������������������������������������•����������•���…����
���������•��������
������������������������•��������������•��������������
���������
������
����
��•�����•�������������������
��

��•��������������•������������������

101������
�����������������������������������•
���������������������������
���‹�����•�����������
�����•���������
����
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€�‚��ƒ„����������
����…�����†�
���
����������‡ˆ������
You have already met the binomial expansion, initially using Pascal’s triangle to 
expand expressions of the form �x y( )n.

The coe�cients in this type of expansion are called the binomial coe�cients. 
They form Pascal’s triangle.

						      (1)

					     1		  1

				    1		  2		  1

			   1		  3		  3		  1

		  1		  4		  6		  4		  1

	 1		  5		  10		  10		  5		  1

�������������

Œ���
�����������������������������������������•� 1.02�� 1.04�� 1.06��Ž��
����
�
������������������������ƒ���������
�������Š�����������������	
Œ����������������������
���������•�������
��
����
������������•�������������� k�

k1.02 (1 0.02) 1 0.02
1
2� � � �

k1.04 (1 0.04) 1 0.04
1
2� � � �

Š��������������
�����������•� x����������� � � �x kx1 1 ���������•������������
�������•� k	

‘�����������
���������������
�����
���������
����������������

Solution
(i)	 From Pascal’s triangle, the coe�cients are 1, 4, 6, 4, 1.

�x( 1)4
 �  x x x x1 4 6 4 14 3 2� � � �

(ii)	� The expansion of �x y( )4 uses the same row  
of coe�cients as in (i), but as the powers of x  
decrease, powers of y are introduced.

� � � � � �x y x x y x y x y y( ) 4 6 44 4 3 1 2 2 1 3 4

������
����

(i)	 Expand �x( 1)4 using the coe�cients from Pascal’s triangle.

(ii)	 Extend the result in (i) to write down the expansion of �x y( )4.

’����������������������
� �
€��“��Ž�����������
������•�
x���� �x( 1)4����“�

•�������������������
�
���� x�•��������•����
������������� x4�����
������•��������
������
�•� x���������

”��������������������•�����
����������������������“�
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When expanding an expression of the form � x(1 )n, Pascal’s triangle becomes 
progressively larger and more tedious row by row, as the value of n increases.

The coe�  cients for the expansion of �x y( )n can be found using the formula

n

r
n

r n r
!

!( )!
�

�
�

�

�
� � �

Using this notation, �x y( )n can be written as

x y
n

x
n

x y
n

x y
n

x y
n

n
x y

n

n
( + ) =

0
+

1
+

2
+

3
+...+

– 1
+n n n n n 3 n n-1 -2 2 -3 1 -1 y

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
�

�

�
� �

Cn r gives the number of ways of choosing r objects from n.

‰�
�
���
n•����„ n�•��������…�������

1! � 1, 2! � 1 � 2, 
3! � 1 � 2 � 3,
n! �  1 � 2 � 3 � 

… � n.
•
����������–� 0��� ��

�
�
��

�
��

� �
n

r
n

r n r
!

!( )!;

�
�
��

�
��

�
�
��

�
��

�
n n

n0
1

	Š��‰‹Œ‹Ž‘
—�����������������������
�������•��� nCr�

•���������������������������������˜��
����€™����
�������������������������

Solution

The binomial coe�  cient of x4 is given by 
�
��

�
��

� � � �
� � �

7

4
7!

4!3!
7 6 5
3 2 1 35.

Term in x4 
�

�
��

�
��

� �

� � � �

� �

x

x

x

7

3
(2 ) ( 3)

35 16 ( 27)

15120

4 3

4

4

������
����
Find the term in x4 in the expansion of �x(2 3)7.

š������•����������
���

�

	
��
�
��	�


�  �­    Write out Pascal’s triangle as far as the 
row starting 1, 6, … .

 ��­� Add up the numbers in each row.
What do you notice?

 ���­� What would be the sum of the numbers in 
the row starting 1, 12, … ?

� Expand each of the following as a series of 
ascending powers of x.

 �­� � x(1 )3

 ��­� � x(1 2 )3

 ���­� � x(1 2 )3

�  �­    Expand each of the following as a series 
of ascending powers of x.

�  �­  � x(1 2 )4  �­  � x(1 )4

 ��­� Hence � nd the � rst three terms in the 
expansion of � �x x[(1 2 )(1 )]4.

� Write down the term indicated in the 
binomial expansion of each of the following 
functions.

 �­� � x(1 2 )3, 3rd term

 ��­� � x(2 )4, 3rd term

 ���­� � x(3 2 )5, 4th term

� Find the binomial expansion of �� � x1 2

7

 up to 

and including the term in x4.

�

�
�

�

�
�

n

r
������������������������������ nCr  or nCr…

�

	
��������������	�••�
��••��•
�•	••�	���
���•�	••
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•�	���…�����������������‡ˆ������

In general, the binomial coe�cient 
�
��

�
��

� �
n

r
n

r n r
!

!( )! can be written as

� � � � � �n n n r
r

( 1) ... ( 1)
! .

So the binomial expansion of � x(1 )n can be written as

x nx
n n

x
n n n

x(1 ) 1
( 1)

2!
( 1)( 2)

3!
n 2 3 �� � � �

�
�

� �
�

This form of the binomial expansion can also be used to �nd the expansion of 
� x(1 )n if n is a negative number or a fraction. However, in such cases there will 

be an in�nite number of terms.

You will have seen in Activity 7.3 that for x � 0.1, taking the �rst three terms of 
the binomial expansion gives a good approximation, but for x � 10 it does not. 

�����������ˆ���


�� ‘•
�������������
������������•�������

��
�
��

�
��

n

2
����������������

�� ��� �
�

n n( 1)
1 2

���������

	 ������������•�������

	
�
��

�
��

n

3
����������������

���

	 n n n( 1)( 2)
1 2 3
� �
� � �

������������
•��������������•�����•�
��������������•
�������
 ��
��­�
�����������������
�������•��� (1 � x) 4�

‘•
��������������������
�������•
�������������
������������•��������
�������� x4�

����������� 
��­	 Œ�������•������������������������������������������•

��­ 	 x(1 )
1
2� 	 ��­ 	 � �x(1 ) 2

�
���­	 �•���������� x � 0.1 ������������•�������•
�������������­���������

��•������

�������•��

��­ 	 1.1	 ��­ 	
1

1.12 �

����­ 	 Œ�������������������������������������������������

��•����������������
��‚­ 	 �Š������

�����•���������������� x � 10 �����������•
����������������������

�

��•�������������•��� 11����� 1
112

	

When x is a small number, the terms in xn get smaller and smaller as n gets larger, 
and so taking just the �rst few terms means that you are only disregarding small 
numbers. This is not the case when x is a larger number.

In fact, the binomial expansion when n is negative or fractional is valid only  
for |x| � 1.

This gives the general binomial theorem:

x nx
n n

x
n n n

x
n n n n r

r x(1 ) 1
( 1)

2!
( 1)( 2)

3!
( 1)( 2)... ( 1)

!
n r2 3 � �� � � �

�
�

� �
� �

� � � �
�

	 
x nx

n n
x

n n n
x

n n n n r
r x(1 ) 1

( 1)
2!

( 1)( 2)
3!

( 1)( 2)... ( 1)
!

n r2 3 � �� � � �
�

�
� �

� �
� � � �

�

This is valid when n is any real number, provided that |x| � 1.
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Sometimes you need to rewrite an expression so that it is in the form � x(1 )n 
before using the binomial expansion. This is shown in the next example.

Solution

x nx
n n

x
n n n

x(1 ) 1
( 1)

2!
( 1)( 2)

3!
n 2 3 �� � � �

�
�

� �
�

Replacing n by �2 and x by (�x) gives

� � � � � � �
� �

� �
� � �

� ��x x x x(1 ( )) 1 ( 2)( )
( 2)( 3)

2! ( )
( 2)( 3)( 4)

3! ( ) ...2 2 3

    when |�x| � 1

which leads to

	
x x x x(1 ) 1 2 3 42 2 3� � � � ��   when |x| � 1.

��������
����������
��������������������������� � x�
�������•����•��
����( � x)2 ������������������� � x2�

����������������������������������������������������
��������������� � �

�

�

rxr

r

1

1

�

������
���­
Find the �rst three terms of a series expansion for 

� y
1

2
 and state the values 

of y for which the expansion is valid.

Solution

� � � �

y y1
2 (2 ) 1

	

y

y

y

2 1 2

2 1 2

1 2
1
2

1

1
1

1

� �
� �

� ��
��

�
��

�
�
�

�
�
�

� �

� �

�

�
�

�

Using the binomial expansion,

x nx
n n

x(1 ) 1
( 1)

2!
n 2 �� � � �

�
� ,

replacing n by �1 and x by y
2

 gives

� � � �� � � � �
� �

�
�

�
�

�

�
�

�y
y y

(2 ) 1 ( 1) 2
( 1)( 2)

2! 2
1
2

1
2

�

��������������� � � �
�
��

�
��

y y
1 2 4

1
2

2

	 valid when �
y
2 1

� 	 � y
1

2  � � �
y y
4 8

1
2

2

	 when |y| � 2. 

•����������•�������•�ƒ������
����������������������•�
�������

�������������ƒ�

’����������������
�����•���������� x 2�
���������������•�������������•���
���������������������

������
��� 
Expand � �x(1 ) 2 as a series of ascending powers of x up to and including the 
term in x3, stating the set of values of x for which the expansion is valid.

›�����������
���
������������������������
y
2

�������
y y
2 4

2 2

� � � �

�•
�•
•
����•	••�	���
���•�	••
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�

���

�•���
�����€‚��•
����•
•��

������
���� For each of the functions below

 (a)  write down the � rst three terms in the binomial expansion as a 
series of ascending powers of x,

 (b)  state the values of x for which your expansion is valid,

 (c)  substitute x � 0.1 in both the function and its expansion and 
calculate the percentage error, where

  percentage error � absolute error �
truevalue�

 �  100%.

(i) x(1 ) 3� �   (ii) x(1 )2�

Solution

(i) (a) x x x(1 ) 1 ( 3)
( 3)( 4)

2!
3 2� � � � �

� ��  � …

             � � �x x1 3 6 2  (� rst three terms)

 (b) The expansion is valid for |x| � 1.

 (c) Substituting x � 0.1, the true value is �1.1 3 � 
1000
1331.

  The approximate value is 1 � 3(0.1) � 6(0.1)2 � 0.76

               �  absolute error � 0.76 � 
1000
1331

                                           � 0.008 685 

    Relative error � 
0.008685

100%1000
1331

�  � 1.16%  (to 3 s.f.).

(ii) (a) Writing � x(1 )2  as � x(1 )2
1
2

  
x x x(1 ) 1

( )( )
2! ( )2 1

2
2

1
2

1
2 2 21

2 �� � � �
�

�

             � � �x x1 2 8

2 4

  (� rst three terms)

 (b) The expansion is valid for �x| | 12  � �x| | 1 .

 (c) Substituting x � 0.1, the true value is 1.01.

  The approximate value is � �1 0.01
2

0.0001
8  � 1.004 987 5

              �  absolute error    � 1.01 ��1.004 987 5

                    � 0.000 000 062

  Relative error � �0.000000062
1.01

100% � 6.17 � �10 %6 � �10 %6

���
••	••��•�
���
�������������
����������
�������������� ���� x 0�
����­������������������� x��
����������������� x 2������

‰�
�
•�����•��
���������
����•������������
�

��•������������
������
��������������
������

�����������ˆ���


�� Š�������
����������
����������
��������
��
��	
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Solution

(i)	 � x4 3  � x4 1 3
4� ��

		       � � �� x4 1 3
4

1
2

1
2

		       � � �� x2 1 3
4

1
2

(ii)	 � �� x2 1 3
2

1
2
 � � � � �� �

�
��

��
�
��

x x2 1 1
2

3
4

( )( )
2!

3
4

1
2

1
2

2

�

			        � � �� � � �
�

�
�

��
��

�
��

x x2 1 3
8

1
8

9
16

2

�

			        � x x2 3
4

9
64

2

� � 	 (�rst three terms)

	  Expansion valid when x3
2 1�

	 x| | 2
3

� �  .

��������������
������������
������•������

Solution

x x x x1
(1 2 )(1 3 ) (1 2 ) (1 3 )1 1

� � � � �� �

Using the binomial expansion:

x x x(1 2 ) 1 ( 1)( 2 )
( 1)( 2)

2! ( 2 ) ...1 2� � � � � �
� �

� ��

 
for |�2x|��1, i.e. x| | 1

2�
and

 
x x x(1 3 ) 1 ( 1)(3 )

( 1)( 2)
2! (3 )1 2 �� � � � �

� �
��

 
for |3x| � 1, i.e. �x| | 1

3

x x x x x x(1 2 ) (1 3 ) (1 2 4 )(1 3 9 )1 1 2 2� �� � � � � � � � � �� �

 					      x x x x x1 2 4 3 6 92 2 2 �� � � � � � �

					      x x1 7 2� � � 	 (ignoring higher powers of x),

giving a � 1, b � �1 and c � 7.

Both the restrictions are satis�ed if �x| | 1
3 , which is the stricter restriction.

������
���� Find a, b and c such that 

x x a bx cx1
(1 2 )(1 3 )

2

� � � � �

and state the values of x for which the expansion is valid.

‘���������������������
�����������������������
��������������
�������
���������
����������������
������������
���������
•���������

������
���ƒ
(i)	 Write � x4 3  in the form a bx

a1n
n� �� .

(ii)	� Hence �nd the �rst three terms in the expansion of � x4 3 , stating the 
values of x for which the expansion is valid.

�•
�•
•
����•	••�	���
���•�	••
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�

���

�•���
�����€‚��•
����•
•��

‰�
�
•�������������•
�������������������������������������������������������������
œ����•��
��

x( 2) 1� � ������������������� � �� � �� �
�

x x(2 ) 2 1 2
1 1

1

������� x x(2 1) [( 1)(1 2 )]3 3� � � �� �

� � x( 1) (1 2 )3 3� � �� �

� � x(1 2 ) 3� � � � �

��
��	�
����

� Expand each of the following as a series of 
ascending powers of x up to and including the 
term in x3, stating the set of values of x for which 
the expansion is valid.

 �­� x(1 ) 3� �   ��­ x(1 2 ) 3� �

 ���­� x(1 2 ) 3� �

� Expand each of the following as a series of 
ascending powers of x up to and including the 
term in x2, stating the set of values of x for which 
the expansion is valid.

 �­� x(1 )
1
2�   ��­ x(1 )

1
2�

�

 ���­� x(1 )
1
4�   ��­  x(1 )

1
4�

�

� Expand each of the following as a series of 
ascending powers of x up to and including 
the term in x3, stating the set of values of x for 
which the expansion is valid.

 �­�
x1 3

2� ��
�

  ��­ x1 2
3

2� ��
�

 ���­�
x1 2
3

2� ��
�

� For each of the expressions below

 �­�  write down the � rst three non-zero 
terms in their expansions as a series of 
ascending powers of x

 �­�  state the values of x for which the 
expansions is valid

 �­� substitute x � 0.1 in both the function 
and its expansion and calculate the 
percentage error, where 

             percentage error �  absolute error �
truevalue�

 �  100%.

 �­� x(1 ) 2� �   ��­ x(1 2 ) 1� �

 ���­� x1 2�

�  �­  Write down the expansion of x(1 )3� .
 ��­� Find the � rst three terms in the 

expansion of x(1 ) 4� �  in ascending 
powers of x. For what values of x is this 
expansion valid?

 ���­� When the expansion is valid, x
x

(1 )
(1 )

3

4
�
�

 can 

be written as 
� ax bx1 2� � �  higher powers of x.

 Find the values of a and b.

�  �­ Show that 
x

1
4 �

 � x1 4
1
2

1
2�� �

�

 ��­� Write down the � rst three terms in the 
binomial expansion of 

� � ��
�x1 4

1
2
 in ascending powers of x, 

� stating the range of values of x for which 
this expansion is valid.

 ���­� Find the � rst three terms in the 

expansion of x
x

2(1 )
4

�
�

 in ascending 

powers of x, for small values of x.

�  �­     Write down the � rst three terms in the 

binomial expansion of 
x x
1

(1 2 )(1 )� �
 in 

ascending powers of x.

 ��­� For what values of x is this expansion 
valid?

� Find a quadratic approximation for 
x x

x
(3 )(1 )

(4 )
� �

�
 and state the values of x for 

which this is a valid approximation.
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� 	 The expansion of a bx( ) 3� �  may be 

approximated by � �x cx1
8

3
16

2.

 �­	 Find the values of the constants a, b and c.
 ��­	 For what range of values of x is the 

expansion valid?

� 	 Find a cubic approximation for 

	
x x

2
( 1)( 1)2� �

, stating the range of 

	 values of x for which the expansion is valid.

� 	   �­ 	   �Find a quadratic function that 

approximates to 
x

1
(1 3 )23 �

 for

	 	   values of x close to zero.

 ��­	 For what values of x is the approximation 
valid?

� 	  �­	� Find the �rst three terms in the binomial 

expansion of 
x

x x
4 2

(2 1)( 1)2
�

� �
 ��­	 For what range of values is the expansion 

valid?
� 	  �­	� Write 7 in the form a b where  

a is an integer and b � 1.

 ��­	 Use this to �nd an approximate value  
for 7.

 ���­	 Comment on how good the 
approximation is.

� 	  �­	� Rearrange x 1� , where x 1,�  in a 
form where the binomial expansion can 
be used.

 ��­	 Using the �rst four terms of the 
expansion, �nd an approximation  
for 15 to 3�decimal places.

���������•��������������
��������������������������
�����•��

�������
������
•��������

’����ˆ������…���…��������‡ˆ��������
If f(x) and g(x) are polynomials, the expression 

x
x

f ( )
g( ) is an algebraic fraction 

and so it is a rational expression. There are many occasions in mathematics 
when a problem reduces to the manipulation of algebraic fractions, and the rules 
are exactly the same as those for numerical fractions.

���ˆ������…�����
����
To simplify a fraction, you look for a factor common to both the numerator (top 
line) and the denominator (bottom line) and cancel by it. Remember that when 
you cancel in this way, you are dividing the top and bottom of the fraction by 
the same quantity.

For example, in arithmetic
15
20

5 3
5 4

3
4� �

� �

and in algebra

a
a

a
a a

6
9

2 3
3 32 � � �

� � � a
2
3�

Notice how you must factorise both the numerator and denominator before 
cancelling, since it is only possible to cancel by a common factor. In some 
cases this involves putting brackets in.

a
a

a
a a a

2 4
4

2( 2)
( 2)( 2)

2
( 2)2

�
�

�
�

� � � �

•������
���
���������������‰�

•������
���
��������������� 3a�

…	���	†‡	••���•
•��	��
���
��	••�
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�ˆ����…���†�†�‚�†��…�����
����
Multiplying fractions is shown here.

a
b

ab a ab
b

a a b
b b

a a
b

a
b

10
3

9
25

10 9
3 25
2 5 3 3

3 5 5
2 3

5
6
5

2 2

2

� � �
�

� � � � � � �
� � � �

� � � �
�

�

As with simplifying, it is often necessary to factorise any algebraic expression �rst.

a a
a

a a
a

a

3 2
9

12
1

( 1)( 2)
3 3

3 4
( 1)

4( 2)
3

2 � � � � �
� �

� � �
�

�
�

Dividing by a fraction is the same as multiplying by the reciprocal of the fraction, 
just as dividing by 2 is the same as multiplying by 1

2.

For example:

x x x x
x

x
x x

x

12
1

4
1

12
( 1)( 1)

( 1)
4

12( 1)
4( 1)( 1)

3
( 1)

2 �
� � � � � �

�

�
�

� �

� �

�††�
������†����
���
�����������
����
To add or subtract two fractions they must be replaced by equivalent fractions, 
both of which have the same denominator.

For example, in arithmetic

2
3

1
4

8
12

3
12

11
12� � � �

Similarly, in algebra

  x x x x x2
3 4

8
12

3
12

11
12� � � �

and	 x x x x x
2
3

1
4

8
12

3
12

11
12� � � �

You must take particular care when the subtraction of fractions introduces a sign 
change. For example:

x x x x

x x

x

4 3
6

2 1
4

2(4 3) 3(2 1)
12

8 6 6 3
12

2 9
12

� � � �
� � �

� � � �

� �

—����
���������������������������
���
�����������������

ž����•����������
•�����������������

•��������
�����
���������� 3 �  5 � �b�

•������
���� x
4

1� �

����•������������

�����
����
���� x 1
4
� ��

•��������
������������

��� 4(x � 1) �

”������������������������
12x����������� 12x 2�
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Notice how, in addition and subtraction, the new denominator is the lowest 
common multiple of the original denominators. When two denominators have 
no common factor, their product gives the new denominator. For example:

y y
y y
y y

y y
y y

y
y y

y
y y

2
3

3
2

2( 2) 3( 3)
( 3)( 2)

2 4 3 9
( 3)( 2)

5 5
( 3)( 2)

5( 1)
( 3)( 2)

� � � �
� � �
� �

�
� � �
� �

�
�

� �

�
�

� �

It may be necessary to factorise denominators in order to identify common 
factors, as shown here.

b
a b a b

b
a b a b a b
b a b
a b a b

b a
a b a b

2 3 2
( )( )

3
( )

2 3( )
( )( )

5 3
( )( )

2 2�
� � � � � � �

�
� �
� �

� �
� �

��…�������†�‚�����

(a �  b)������
�������•������

������
���„ Divide x x2 2 122 � �  by x 2� .

Solution

The division can be written as x x
x

2 2 12
2

2 � �
�

.

x x
x

2 2 12
2

2 � �
�

 � 
x x

x
2( 6)

2

2 � �
�

 � 
x x

x
2( 3)( 2)

( 2)
� �

�

 � x2( 3)�

•��������������������•������
�•�ƒ������������������

”��������������������
�
�������������� (x �  2)�

’�����������•���������
��������������

Sometimes factorising the numerator is not as straightforward, as in the 
following example.

���������ƒ��†…�
’��������������������
•���������������������
���������������
�������
����������•���������������
���›�����–�Ÿ�
����� ƒ­�
 
�
��™€­�

…	���	†‡	••���•
•��	��
���
��	••�
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�•���
�����€‚��•
����•
•��

������
���ˆ
Simplify x x x

x
2 3 6

2

3 2� � �
�

.

Solution
Start by using the factor theorem to check if x( 2)�  is a factor of 
x x x2 3 6.3 2� � �

Substituting x 2�  gives 2(2)3 �  3(2)2 �  2 �  6 �  0 
so x( 2)�  is a factor.

Using algebraic division or inspection gives

x x x x x x2 3 6 ( 2)(2 3)3 2 2� � � � � � �

So x x x
x

x x x
x

x x

2 3 6
2

( 2)(2 3)
2

2 3

3 2 2

2

� � �
� �

� � �
�

� � �

•���†���•���•
•�
������������
����� (x �  a)������•�������•� f(x)������ f(a) �  0�

•��������
�����
���������� (x �  2)�

������
�����
(i) Write x

x
1
2

�
�

 in the form a b
x 2� �

.

(ii)  Hence show how the graph of y x
x

1
2� �

�
 can be sketched by starting 

with the graph of y x
1� .

Solution

(i) x
x

x
x

1
2

( 2) 1
2

�
� �

� �
�

    � x
x x

2
2

1
2

�
� � �

    � x1 1
2� �

‰�
�
Ÿ���•�
����
�������•�������������•������������������������ ��
�����
����­��•�����
���������� ��
�����­�����������������������������•����������������� �����������­��
•���•�������
��•����•��
��������
��
���•��������–

x
x

x
x

x x
2

1 , 5 1
3

, 7
( 1)( 2)2�

�
� � �

�

‘•��
�����•�	���•�
��•������������

x
x
2

1�
�(������������������������ x2 2

1� � )

���

x
x 2

2

� �(������������������������ x x2 4
2� � � ).

‰�
�
Ÿ������������������������
������������
����
�
��������� �
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(ii)	� Starting with the graph of y x
1� , the graph of y x

1
2� �  is obtained 

using a translation of 
��

�
�

�

�
�

2
0 .

	 ��…����“”•

O�í2

y = 

y

x
1

x + 2

y = 1
x
–

	 Next re�ect this in the x-axis  to give y x
1

2� � � .

	 ��…����“”’

O�í2

y = 

y

x
1

x + 2

y = – 1
x + 2

Finally, a translation of 
0
1

�

�
��

�

�
��  will give the graph of y x1 1

2� � � .

��…����“”•

O�í2

1

y

y = – 1
x + 2

y = 1 – 1
x + 2

…	���	†‡	••���•
•��	��
���
��	••�
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•����
��������
����

�����������­

��­	 Š����� x x
2

3 1
3

2 3� � � ���������
���•��������

���­	 �œ������������������������������������������•
���������•�������������
�����
�•
�������������������
���•��������

����­ 	 Š�����������������������	

You probably discovered in Activity 7.4 that, when using a binomial expansion, 
it is easier to work with two or more separate fractions than with a single more 
complicated one.

��
��	�
����

� 	 Describe the transformation that transforms  
y = 1

x
 into y = 1

x � 3
.

� 	 Simplify the following algebraic fractions.

 �­	
x x

x
( 2)( 1)

( 1)
� �

� 	  ��­	
x

x x
( 1)

( 2)( 1)
�

� �

 ���­	
x

x x
( 1)

( 2)( 1)

2�
� � 	  ��­ 	

x
x x

( 2)
( 2)( 1)

2�
� �

� 	 Simplify the following algebraic fractions.

 �­	
x

x x
9

9 18

2

2
�

� �

 ��­	
x

x x
4 25

4 20 25

2

2
�

� �

 ���­	
a b

a ab b2

2 2

2 2
�

� �

� 	 Write each of the expressions as a single 
fraction in its simplest form.

 �­	
x x
1

4
1

5� 	  ��­	
a a

1
1

1
1� � �

 ���­	 x x
3

1
4� �

� 	 Write each of the following expressions as a 
single fraction in its simplest form.

 �­	
x

x x4
1

22 �
� �

 ��­	
b b b

2
2 1

3
12 � �

� �

 ���­	 a
a

a a
2

2
2

2 62� � �
� �

� 	 Simplify the following algebraic fractions.

 �­	 x x
x

4 6 2
1

2 � �
�

	  ��­	 x x x
x

2 3
1

3 2� �
�

 ���­	 ax ax a
x

2 3 2
1

2 � �
�

� 	 Simplify the following algebraic fractions.

 �­	
x x x

1
2

1 1
2� � � �

 ��­	
a a a

1
3

1 1
3� � � �

 ���­	 b b b
1 1

( 1)
1

( 1)2� � �
�

� 	 Write each of the following in the form 

y a b
xf ( )� �  and hence sketch the graph in 

each case.

 �­	 y x
x

5 3
1� �

�
	  ��­	 y x

x
4 2

2� �
�

 ���­	 y x
x

6 3
2 1� �

�

� 	 Write each of the following in the 

	 form ax b c
xf ( )� � .

 �­	 x x
x

2 3 5
1

2 � �
�

	  ��­	 x x
x

3 6
2

2 � �
�

 ���­	 x x
x

6 7
1

2 � �
�

� 	 Write x x x
x

3 2 5 4
2

3 2� � �
�

 in the form 

ax bx c d
x 2

2 � � � �
.

� 	 Use transformations to sketch the graph 

	 of y x
x

2 3� � , starting with the graph 

	 of y x
1� .
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�����������ˆ���

�� �������������������

�����������������
�������•���A �����B 	�

In general you would need to use a structured method to �nd the constants A and 
B rather than hope that you could guess them correctly. There are two possible 
methods, and the following example will use each of these methods in turn.

There are other situations where it is useful to be able to split a fraction into two 
or more simpler ones. For example, in Chapter 10 you will learn to integrate an 
expression such as x x

1
(1 2 )(1 )� �  by �rst writing it as x x

2
(1 2 )

1
(1 )� � � .

The process of taking an expression such as x x
1

(1 2 )(1 )� �  and writing it in 

the form x x
2

(1 2 )
1

(1 )� � �  is called expressing the algebraic fraction in partial 

fractions, and you will now look at how this can be done.

It can be shown that, when a proper algebraic fraction is decomposed into its 
partial fractions, each of the partial fractions will be a proper fraction.

When �nding partial fractions you must always assume the most general numerator 
possible, and the method for doing this is illustrated in the following examples.

	�ˆ��•„���������
�������
�������� (ax�� �b)(cx�� �d )

Solution

Assume x
x x

A
x

B
x

4
(1 )(2 ) 1 2

�
� � � � � �

Multiplying both sides by x x(1 )(2 )� �  gives

x A x B x4 (2 ) (1 )� � � � �

������
�����
Express x

x x
4

(1 )(2 )
�

� �  as a sum of partial fractions.

•������������������–�������
�����•���������������•� x�

•����������������������
�������������������������
����
��
���•���������

Solution

Let	 x
x x( 2)( 3)� �  �  A

x
B

x( 2) ( 3)� � �

� 	                 x A x B x( 3) ( 2)� � � �

Method 1: Substitution

Substituting x � 2 	 �    2 � A(�1) � B(0) 

   			   �   A � �2

Substituting x � 3	 �    3 � A (0) � B(1)

   			   �    B � 3

So	
x

x x( 2)( 3)� �  � 
x x

3
3

2
2� � �

’����������������������
������������•� x����������
������������������������
��������� x �  2����� x �  3���
���������������������
�������•����������������
��������������•�������¡����

������
�����
Express x

x x( 2)( 3)� �
 as a sum of partial fractions.

—����
��������
�����
x x( 2)( 3)� � �

•������������•��� A�����
B�������������������
�����•���������������•� x�

A � 1 and B � 2

So x
x x x x
4

(1 )(2 )
1

1
2

2
�

� � � � � �

����	���†����	••�
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In some cases it is necessary to factorise the denominator before �nding the 
partial fractions.

Method 2: Equating coe�cients

        x A x B x( 3) ( 2)� � � �

x Ax A Bx B

x A B x A B

3 2

( ) 3 2

� � � � �

� � � � �

Equating the constant terms:	  A B0 3 2� � �

Equating the coe�cients of x:	  A B1 � �

Solving these simultaneous equations gives A � �2 and B � 3, as before.

Š�����������
��ˆ���������������
����������
��� x��������������
�������•��������

�����������ˆ���

���������•�������
��������������������� ( )� �
������������
���������
����•������� (�) ��

�� Š����������������	

Solution

Let	
x x x

2
4

2
(2 )(2 )2�

� � �

			      
A

x
B

x2 2� � � �

Multiplying both sides by x x(2 )(2 )� �  gives

		     A x B x2 (2 ) (2 ).� � � �

Substituting x � 2 gives B2 4� , so B 1
2� .

Substituting x � �2 gives 2 � 4A, so A 1
2� .

Using these values:

x x x x

x x

2
(2 )(2 ) (2 ) (2 )

1
2(2 )

1
2(2 )

1
2

1
2

� � � � � �

� � � �

������
���� 
Express 

x
2

4 2�
 as a sum of partial fractions.

œ���������
�����������������

•����������������������
�•�����������A�����B�

In the next example there are three factors in the denominator.

Solution

Let 	 x
x x x

11 1
( 1)( 1)(2 1)

�
� � �  A

x
B

x
C

x1 1 2 1� � � � � �

Multiplying both sides by x x x( 1)( 1)(2 1)� � �  gives

x A x x B x x C x x11 1 ( 1)(2 1) ( 1)(2 1) ( 1)( 1)� � � � � � � � � � x A x x B x x C x x11 1 ( 1)(2 1) ( 1)(2 1) ( 1)( 1)� � � � � � � � � �

������
����­
Express x

x x x
11 1

( 1)( 1)(2 1)
�

� � �  as a sum of partial fractions.

�
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	�ˆ��’„�� �������
�������
��������( ax�� �b)(cx�� �d)2

The factor (cx � d )2 is of order 2, so it would have an numerator of order 1 in 
the partial fractions. However, in the case of a repeated factor, there is a 
simpler form.

Consider x
x

4 5
(2 1)2

�
�

This can be written as  x
x

2(2 1) 3
(2 1)2

� �
�

 
x

x x
2(2 1)
(2 1)

3
(2 1)2 2�

�
�

�
�

 x x
2

(2 1)
3

(2 1)2
� � �

�

In the same way, any fraction of the form 
px q
cx d( )2

�
�

 can be written as

A
cx d

B
cx d( ) ( )2� �

�

When expressing an algebraic fraction in partial fractions, you are aiming to � nd 
the simplest partial fractions possible, so you would want the form where the 
numerators are constant.

‰�
�
��������•����������
�������������������
���������

Solution

Let x
x x

1
( 1)( 2)2

�
� �

 A
x

B
x

C
x( 1) ( 2) ( 2)2� � � � �

�

Multiplying both sides by x x( 1)( 2)2� �  gives

        x A x B x x C x1 ( 2) ( 1)( 2) ( 1)2� � � � � � � �

Substituting x � 1 A A2 ( 1) 22� � � � �

Substituting x � 2  C3� �

Equating coe�  cients of x2  A B0� � �  B 2� � �

This gives

x
x x

1
( 1)( 2)2

�
� �  x x x

2
1

2
2

3
( 2)2� � � � �

�

������
�����
Express x

x x
1

( 1)( 2)2
�

� �
 as a sum of partial fractions.

Substituting x � 1 gives 12 � 6B, so B � 2.

Substituting x � �1 gives �10 � 2A, so A � �5.

Substituting x 1
2� �  gives �4.5 � C3

4
� , so C � 6.

Using these values:

x
x x x

11 1
( 1)( 1)(2 1)

�
� � �  

� � � � � �x x x
2

1
5

1
6

2 1

‰�
�
•����������
���������
�������•�x������•�����
�
�������•����������•���
��••�����������������

�������������•�����������
���������������������������
�•�Ÿ��š�����˜�

����	���†����	••�
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��
��	�
��� 

� 	 Simplify� � � �x x
3

( 1)
2

5  

� 	  �­	 �Write x x
1

( 1)�  in the form 

		  A
x

B
x 1� �

 ��­	 Write 
x x

1
( 1)�

 in the form A
x

B
x 1� �

 ���­	 Write 
x x

2
( 1)( 1)� �

 in the form 

A
x

B
x1 1� � �

� 	 Express each of the following as a sum of 
partial fractions.

 �­	
x x

3
( 1)( 2)� �

	  ��­	 x x
5

( 2)( 3)� �

 ���­	
x x

7
( 3)( 4)� �

� 	 Express each of the following as a sum of 
partial fractions.

 �­	
x x

3
( 2)(2 1)� �

 ��­	 x x
8

( 3)(3 1)� �

 ���­	
x x

15
( 4)(4 1)� �

� 	 Express each of the following as a sum of 
partial fractions.

 �­	
x x

2
22 �

	  ��­	
x x

2
4 32 � �

 ���­	
x x

2
6 82 � �

� 	 Express each of the following as a sum of 
partial fractions.

 �­	
x

x x
5 2

( 1) ( 2)2
�

� �

 ��­	
x x

4
(1 3 )(1 )2� �

� 	 Express each of the following as a sum of 
partial fractions.

 �­	 x
x x x

2 2
(1 )(1 2 )(1 3 )

�
� � �

 ��­	 x
x x x

2 2
(1 )(2 )(3 )

�
� � �

� 	 Express each of the following as a sum of 
partial fractions.

 �­	 x
x x x

7 3
( 1)( 1)

�
� �

	

 ��­	 x
x x x

32 4
(2 )(2 )

�
� �

� 	  �­	� Express 
x x

4
(1 3 )(1 )2� �

 as a sum of 

partial fractions.
 ��­	 Hence �nd the �rst three terms in the 

binomial expansion of x x
4

(1 3 )(1 )2� �
 ���­	 For what values of x is the expansion 

valid?

� 	  �­	� Write x
x x

6 8
( 1)( 1)2

�
� �

 in the form 

Ax B
x

C
x1 12

�
�

� �
 ��­	 Hence �nd the �rst three terms in the 

binomial expansion of 

	 x
x x

6 8
( 1)( 1)2

�
� �

, stating the values of 

	 x for which the expansion is valid.

� 	  �­	 �Write x x
x

2 3 4
( 1)

2

3
� �
�

 in the form 

� �
�

�
�

A
x

B
x

C
x( 1) ( 1) ( 1)2 3

 ��­	 Hence �nd the �rst three terms in the 
binomial expansion of 

	 x x
x

2 3 4
( 1)

2

3
� �
�

, stating the values of 

	 x for which the expansion is valid.
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ŒŠ�€‰•‰Ž�‹–	�‹�Š�
Š����������������
��������������
��������������������������–

�³�� �•�������������������•
����������������������� n

�³�� ������������������•
������������������������� n�•����

��•�������

�³�� �������������������•
����������������•��� bx
a

�<�1
�³�� ���
��•������������•
�����������–

�P�� •���������
��������������


�P�� ��
���������������� ��������•
�������������­

�³�� �����
�������������•��������������
�������•��������� ����������������������
���
��������������•��������������������������������������������������
�����������������������������­�

�–	–€Š�–�Š�
¢�������•��������������•�������•����������
��������’��������������������˜��
����€‡�

—Š‘��‹•‰	�
• 	 •���
�����������������•
�������•��� n �� ���

	 x nx
n n

x
n n n

x(1 ) 1
( 1)

2!
( 1)( 2)

3! ...n 2 3� � � �
�

�
� �

�

	 ��������
���������������� n �� ��������������•
��������������������������•������� n�
	 Š���� n �� ��������������•
�������������ˆ����������
� �������­����������������

�•�|x|� � �1�

’ 	 Š���� n �� �� a x( )n� ���������������������� a x
a1n

n� �� ���•������������
�����
����������•
�������

• 	 Š���������
����
���
�������•��������������������������������������������
•�������������������������������������������������������

˜ 	 Š���������
��������������
���
�������•���������������������������������
�������������������

• 	 Ÿ�
��
�����
�������•���������������������������������•�����������������
�����
�����������������•�
��
���
�������•���������

™	 •���•�������
�•������•�
�������•�����������������������–

	 	 ��
px q

ax b cx d
A

ax b
B

cx d( )( )
�

� � � � � �

	 	
px q

ax b cx d
A

ax b
B

cx d
C

cx d( )( ) ( )
.2 2

�
� �

� � � � �
�

����	���†����	••�
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Trigonometric identities�

������������������������������������������
�����������
���������	�
������
��
������������������������
�����������
�����������������������	�����
��


O

a

–a

�/
b

amplitude

y = a sin bx

x(m)

y(m)

wavelength

2�/
b

3�/
b

����������

� � ������������������������		�������������� a����� b��
��
���������•��
y���a sin�bx�����������������������
�������


� � •�������
��•�������������������	���������������
������•

Music, when soft voices 
die, vibrates in the 
memory —

���������������������

���
	��

�
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The photograph on the previous page shows just one of the countless examples 
of waves and oscillations that are part of the world around us. Because such 
phenomena are often modelled by trigonometric (and especially sine and cosine) 
functions, trigonometry has an importance in mathematics far beyond its origins 
in right-angled triangles.

�����������������•�������

������•��•�����
•�������������������
��������
��	�������
�������������
����������

�������	�� ab Csin1
2� �

���������•�����������
��� sin•�cos����� tan�����
���������	�������
����

60����� �
3��������
�•���

������������������������
�����������	����������
� ��������������������­
��	��������•���������€�
����‚�����ƒ�„
�������
����������������•�����
…
������†�����…
������‡


������������
����������������	��� u����
��
���
sin (u � 60�) � cos (u � 60�).

ˆ���ƒ�„����������	�	���
������
�����
��	�����������������
��������


You should be able to � nd the solution to Activity 8.1 using the suggested 
method, but replacing 60� by, for example, 35� would make it more di�  cult to 
� nd an accurate value for u. In this chapter you will meet some formulae which 
help you to solve such equations more e�  ciently.

To � nd an expression for sin (u � 60�), you would use the compound angle 
formula

 sin (u � �) � sin u cos � � cos u sin �.

This is proved below in the case when u and � are acute angles. It is, however, 
true for all values of the angles. It is an identity.

��

h
b

A
D

C

B

a

�

���������
�

For the triangle in Figure 8.2

  area of �û��ABC � area of �ûADC � area of �ûDBC

� ��
u uab bh ahsin( ) sin sin1

2
1
2

1
2� �� � �

��

u u u

u u u

ab ba ab

ab ab ab

sin( ) ( cos )sin ( cos )sin

sin( ) sin cos cos sin

1
2

1
2

1
2

1
2

1
2

1
2

� � �

� � �

� � � �

� � � �

Dividing through by1
2 ab gives

��� u u usin( ) sin cos cos sin� � �� � � �� �

This is the � rst of the compound angle formulae (or expansions), and it can be 
used to prove several more. These are true for all values of u and �.

Replacing � by � � in � gives

� u u usin( ) sin cos( ) cos sin( )� � �� � � � �

u u usin( ) sin cos cos sin� � �� � � �

�  ����
��‰���•���������
�


h acos�� ������ �ûBDC.

Š��������������	��� � 1
2 ab sin�C.

uh bcos� ������ �ûADC


„
��	���
���� y�� �cos�� ����
�������������������
��

y­�•������� cos�(� � )�� �cos�� 


„
��	���
���� y�� �sin�� �

�����������������������
�������
�����	������
sin�(��) �� ��sin �� 


It is tempting 
to think that 
sin (u ��60�) 

should equal 
sin u � sin 60�, but this 
is not the case. For 
example, putting 
u � 30� gives 
sin (u � 60�) � 1, but 
sin u � sin 60� � 1.366.

������
���

	�������	��
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��������������
�
�����������
������

The four results obtained in Activity 8.2, together with the two previous results, 
form the set of compound angle formulae.

���������������•�������

u u usin( ) sin cos cos sin� � �� � �
u u usin( ) sin cos cos sin� � �� � �

u u ucos( ) cos cos sin sin� � �� � �

u u ucos( ) cos cos sin sin� � �� � �

� �� �
� �� � �

� � � �u u
u utan( ) tan tan

1 tan tan ( ) 90 , 270 ,

� �� �
� �� � �

� � � �u u
u utan( ) tan tan

1 tan tan ( ) 90 , 270 ,

You can now solve Activity 8.1 more easily. To � nd an acute angle u such that

 sin (u � 60�) � cos (u � 60�),

expand each side using the compound angle formulae.

Expand the left-hand side:

 sin (u � 60�) � sin u cos 60� � cos u sin 60�

  sin cos1 3
2 2u u� �   �

Expand the right-hand side:

 cos (u � 60�) � cos u cos 60� � sin u sin 60�

  cos sin1 3
2 2u u� �   �

�����������•
�� „
�����������������������������	�����������
�‹��•��
���	
��
���������������

�����������������
��



��� „��Œ��������•������������ cos�(u � ��) ��������� u ��� (90��� �u)�����
��
�•����������� sin�(u � ��) 



���� „��Œ��������•������������ cos�(u � ��) ��������� � ���� (��) �����
���•�����������
cos�(u � ��) 



�����„��Œ��������•������������ tan�(u � ��) •������� tan�(u � ��) ����

�
u
u

sin( )
cos( )

�
�

�
� ����������
���•������������ sin�(u � ��) ����� cos�(u � ��) 



�•�� „��Œ��������•������������ tan�(u � ��) ������������� tan�u ���� tan�� •��������� � �
��� (��) �����
���•����������� tan�(u �  �) 



� Š���������������������������������������� u ���� � •�„��������������������
�
u � �60�•�� �� �30�


� …
��•��
�������������������•�������	��������������


ˆ���ƒ�•�������
������
��������������������

cos�u�cos��  ���	�������
�•��������������������

tan�u����� tan�� 


ˆ���ƒ�

sin (90� � A)�� �cos�A 
����

cos�(90��� �A)�� �sin�A
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Equating � and � gives

		
sin cos cos sin1 3 1 3

2 2 2 2u u u u� � �

So		  u u u usin 3cos cos 3 sin� � �

	

u u u u

u u

u u

3 cos cos 3sin sin

( 3 1)cos ( 3 1)sin

cos sin

� � � �

� � � �

� �	 

u u u u

u u

u u

3 cos cos 3sin sin

( 3 1)cos ( 3 1)sin

cos sin

� � � �

� � � �

� �

u u u u

u u

u u

3 cos cos 3sin sin

( 3 1)cos ( 3 1)sin

cos sin

� � � �

� � � �

� �

u u u u

u u

u u

3 cos cos 3sin sin

( 3 1)cos ( 3 1)sin

cos sin

� � � �

� � � �

� �

You need to rewrite the equation so it is terms of just one trigonometric ratio so 
you can solve it.

	
�

�

� �

� �

� �

u u

u
u
u

u

cos sin

1 sin
cos

1 tan

45

Since an acute angle (u � 90�) was required, this is the only root.

•���������
��������� ( 3 1)� 


���
�

u u
utan sin

cos�
�

Be careful when 
you divide by a 
trigonometric 

function – you must 
always check that the 
function is not equal 
to zero, otherwise you 
will miss some of the 
roots to the equation. 
In this case you know 
that cos u is not equal 
to zero (since cos u 
is not equal to sin u 
when cos u � 0) so 
you are safe to divide 
by it. Example 8.3 on 
page 175 is another 
illustration of this.

••���	����� Simplify cos u cos 3u � sin u sin 3u.

Solution
The formula which has the same pattern of cos cos � sin sin is

� u u ucos( ) cos cos sin sin� � �� � �

Using this, and replacing � by 3u, gives

cos u cos 3u � sin u sin 3u �� cos (u � 3u) 
� cos 4u

••���	����•
Find an approximate expression for ucos �

3� �� for small values of u.

Solution
Expanding gives

cos �
3 cos�

3cos sin �
3sin

cos sin1 3
2 2

u u u

u u

� �� � �

� �

So when u is small

u ucos 1 2

2

� �   and  u usin �

cos �
3 1 2

1 3

1 3 1

2 2

2 2 4

2

2

u u u

u u

� �� � �
�
�
�

�
�
� �

� � �

�����•�����������
���� cos �3�

�����

sin 
�
3.

������������	����
����������

…���������•�������


������������
���������†


•���������
��������� cos u


������
���

	�������	��
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� 	 Use the compound angle formulae to expand 
each of the following expressions.

��� 	 sin (u � 45�) 	 ���� 	 sin (45� � u)

����� 	 cos (u � 45�) 	 ���� 	 cos (u � 45�)

��� 	 tan (u � 45�) 	 ���� 	 tan (45� � u)

� 	 Match together the equivalent expressions.

	 cos u cos 3u � sin u sin 3u

	 sin 2u cos u � cos 2u sin u

	 cos u cos u � sin u sin u

	 cos u cos u � sin u sin u

	 sin 2u cos u � cos 2u sin u

	 sin u

	 1

	 sin 3u

	 cos 4u cos 2u � sin 4u sin 2u

	 cos u cos u � sin u sin u

	 cos 4u

	 cos 2u

� 	 Use the compound angle formulae to �nd the 
exact value of each of the following.

��� 	 sin 120� cos 60� � cos 120� sin 60�

���� 	 sin 120� cos 60� � cos 120� sin 60�

����� 	 cos 120� cos 60� � sin  120� sin 60�

���� 	 cos 120� cos 60� � sin  120� sin 60�

� 	 ��� 	  �By writing 75� as 45� � 30� �nd the exact 
values of

���� 	 sin 75�	 ��� 	 cos 75�	 ��� 	 tan 75�

���� 	 By writing 15� as 45� � 30� �nd the exact 
values of

���� 	 sin 15�	 ��� 	 cos 15�	 ��� 	 tan 15�

� 	 Use the compound angle formulae to write 
each of the following as surds.

��� 	 sin 165�� ���� 	 cos 105�

����� 	 tan 285�

� 	 Solve the following equations for values of u in 
the range 0� <  u <  180�.

��� 	 cos (60� � u) � sin  u

���� 	 sin (45� � u) � cos  u

����� 	 tan (45� � u) � tan  (45� � u)

���� 	 2 sin u � 3  cos (u � 60�)

��� 	 sin u � cos (u � 120�)

� 	 Solve the following equations for values of u in 
the range 0 <  u <  �.  
Give your answers as multiples of � where 
appropriate.

��� 	 sin u �
4� ��  � cos u

���� 	 cosu �
4� ��  � sin  u �

4� ��

����� 	 2 cos  u �
3� ��  � cos  u �

2� ��

� 	 ���	   �Prove that  
sin (A � B) � sin  (A � B) �  2 sin A cos B.

���� 	 Hence solve 

u usin �
6 sin �

6 3� � � �� � � �
  

for 0 2�u< < .

� 	 Prove the following identities.

��� 	 cos (A � B) � cos  (A � B) �  2cos A cos B

���� 	 A B
A B
A Btan tan

sin( )
cos cos� �

�

� 	 When u is small enough for u3 to be ignored, 
�nd approximate expressions for the following.

��� 	 u2cos �
3� ��

���� 	 sin (a � u)  sin u where a is not small

����� 	 utan �
4� ��

� 	 ��� 	� When u is small enough for u3 to be 
ignored, �nd approximate expressions for 
the following.

��� 	 u usin sin �
6 sin �

6� �� ��
��

�
��

��� 	 1 � cos 2u

���� 	 Hence �nd

	

u u

ulim
sin sin �

6 sin �
6

1 cos20�

� �� ��
��

�
��

��

••����������
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  •��•��  �����  •�������
Substituting � � u in the relevant compound angle formulae leads immediately 
to expressions for sin 2u, cos 2u and tan 2u, as follows.

(i)	 Starting with u u usin( ) sin cos cos sin� � �� � � ,

	 when � � u, this becomes

			 
u u u u u usin( ) sin cos cos sin� � �

	 giving sin 2u = 2 sin u cos u.

(ii)	 Starting with u u ucos( ) cos cos sin sin� � �� � � ,

	 when � � u, this becomes

� �
u u u u u ucos( ) cos cos sin sin� � �

	 giving cos 2u � cos2 u � sin2 u.

	 Using the Pythagorean identity cos2 u � sin2 u � 1, two other forms for 
cos 2u can be obtained.

			   cos 2u � (1 � sin 2 u) � sin2 u   �   cos 2u � 1 � 2  sin2 u
			   cos 2u � cos2 u � (1 � cos 2 u)  �   cos 2u � 2  cos2 u � 1
These alternative forms are often more useful since they contain only one 
trigonometric function.

(iii)	Starting with u u
u utan( ) tan tan

1 tan tan ( ) 90 , 270 , ...� �
� �� � �

� � � � � ,

when � � u this becomes

	   
u u u u

u utan( ) tan tan
1 tan tan� � �

�

	 giving u u
u

tan 2 2 tan
1 tan2�

�
    u 45 , 135 , ...� � � .

•���������  ���� �
�«� �� Š���������•��
���	
�

�
����������•��
��•�
������
�����������
�
��•��
���������
�

�«� �� Ž�����
��•��
�������
����������•

� 	 A particle moves such that its displacement, 
d�metres, from a �xed point O at time t 
seconds is given by

� d t t3
2 sin12 cos12

1
2� �  for t0 60< < .

��� 	 Find the displacement at t � 0.

���� 	 Show that d t ksin 12� �� �  and �nd

	 the smallest positive value of k.

����� 	 Find the exact times that the particle is at O.

���� 	 State the maximum displacement of the 
particle from O. Find the exact time that 
the particle is furthest from O.

��� 	 Is the particle ever �1 metres from O? 
Explain your reasoning clearly.

���� 	 Sketch the curve 

	 d t t3
2 sin12 cos12

1
2� �  for t0 60< < .

� 	 ��� 	  �Use a compound angle formula to write 
down an expression for sin (x � h).

���� 	 Rewrite your answer to part ���  using 
small-angle approximations for sin h and 
cos h where h is small.

����� 	 Use your answer to part ����  to write down 

an expression for x h x
h

sin( ) sin� � .

���� 	 State 
� �

�

x h x
hlim

sin( ) sin
.

h 0

��� 	 Explain the signi�cance of your answer to 
part ���� .

� 	 ��� 	  �Simplify utan �
4� ��  when u is small.

���� 	 Use the binomial expansion for (1 � u)�1 

to �nd a quadratic approximation for 

utan �
4� �� when u is small.

•�� 	���

	�������	��
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Compound angle and double angle formulae are used

�Q�� in solving trigonometric equations and proving identities

�Q�� to help you rewrite trigonometric functions into a form that you can 
integrate or into a more convenient form for di� erentiation

�Q�� in modelling, for example � nding the standard formula for the range of a 
projectile in mechanics. ‘���…
������†�


�••���	����•

Solution
                   sin 2u � sin u

�            2 sin u cos u � sin u

�  2 sin u cos u � sin u � 0

�      sin u(2 cos u � 1) � 0

�    sin u � 0 or cos u � 1
2

sin u � 0  �  u � 0� (principal value) or 180� or 360� (see Figure 8.3).

O 180°

�\��� ���V�L�Q���{

360°

1

–1

�{

y

���������­�

cos u � 1
2 �  u � 60� (principal value) or 300� (see Figure 8.4). 

O 60°

�\��� ���F�R�V���{

360°300°

1

1
2

–1

�{

y

���������€�

The full set of roots for 0� <  u <  360� is u � 0�, 60�, 180�, 300�, 360�.

Solve the equation sin 2u � sin u for 0� <  u <  360�.

���� sin 2u�� �2 sin u�cos�u


‰��
��������������������


���������

 Do not divide by 
sin u, otherwise 
you will lose the 
roots to sin u���0.

•��•���������•�������

sin 2u � 2 sin u cos u

cos 2u � cos2 u � sin2 u

cos 2u � 1 � 2 sin2 u 

cos 2u � 2 cos2 u � 1

u u
u

tan 2 2 tan
1 tan2�

�    
u 45 , 135 , ...� � � .

•�����������������������
�
��
�����
���
����
������������� cos 2u����
������������
����������
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When an equation contains cos 2u, you will save time if you take care to choose 
the most suitable expansion.

••���	����• Solve 2 � cos 2u � sin u for 0 < u < 2�.

�Since you are 
asked for roots  
in the range  
0 <  u <  2�, you 
need to give the 
roots in radians.

Solution
Using cos 2u � 1 � 2  sin2 u gives

	           2 � (1 � 2  sin2u) � sin u

� 	         2 sin2u � sin u � 3 � 0

� 	 (2 sin u � 3)(sin u � 1) � 0

� 	                        sin u � �  32   (not valid since �1 <  sin u <  1)

or	                            sin u � 1.

Figure 8.5 shows that the principal value u � �
2 is the only root for  

0 <  u <  2�.

O

�\��� ���V�L�Q���{1

�{

y

�›
2

2 �›�›

 ������  ��‚  

ˆ���ƒ�‹������
��
�•������������
���� �������

��� 2u


����	��
��������	��������

� ���������� sin u ����


� 	 Simplify

��� 	 1 � 2  sin2 40�

���� 	 sin 40� cos 40�

����� 	
2 tan20

1 tan 202
�

� �

� 	 Simplify u
u

1 cos2
sin 2
�

� 	 Do not use a calculator in this question.

	 Given that sin u � 3
5 �nd the exact values of

��� 	 cos u	 ��� 	 tan u	 ���  sin 2u

��� 	 cos 2u	 ��� 	 tan 2u

	 when u is ����an acute angle and �����an obtuse 
angle.

� 	 Solve the following equations for  
0� <  u <  360�.

��� 	 2 sin 2u � cos u	

���� 	 tan 2u � 4  tan u

����� 	 cos 2u � sin u � 0

���� 	 tan u tan 2u � 1

��� 	 2 cos 2u � 1 � cos u

� 	 Solve the following equations for  
�� <  u <  �.

��� 	 sin 2u � 2  sin u	

���� 	 tan 2u � 2  tan u

����� 	 cos 2u � cos u � 0

���� 	 1 � cos 2u � sin2 u

��� 	 sin 4u � cos 2u

••���������•

•�� 	���

	�������	��
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�
�����������
������

­�ƒ���•����� r cos�(� �� �� ),�r sin (� �� �� )������•��•�����
•����������������������
��������������������
����•���
����	����������
����������€�����
…
������‡


�����������•
����	���
��	������������������ u uy a bsin cos� � ������
����������������������
���������� a����� b
�‹
����
��������
����������	������•

�������
����������
����������•�Œ�������������� r ���� a����
��
��


��� y�� �r sin (u�� �a)       
���� y�� �r cos�(u�� �a)

	�����
������������


You probably noticed that expressions of the form a sin u � b cos u are the 
same shape as the sine and cosine graphs, but they have been translated and 
stretched. This suggests that expressions of this form can be written in the form 

rcos( )� ��  or r sin( )� ��  where r and a are constants.

For example, to � nd a single expression for 4 sin u � 3 cos u, you can match it to 
the expression

r sin (u � a) � r  (sin u cos a � cos u sin a).

It is then possible to � nd the values of r and a.

4 sin u � 3 cos u � r (sin u cos a � cos u sin a)

Equating coe�  cients of sin u: 4 � r cos a
Equating coe�  cients of cos u: 3 � r sin a.

You can now draw a right-angled triangle (Figure 8.6) to help you � nd the 
values for r and a.

�

r
3

4 4
rcos a =

3
rsin a =

r =     32 + 42

= 5

���������„�

In this triangle, the hypotenuse, r, is 4 3 52 2� � .

„
���������������
��

�•����������� r sin�(u�� �a)�


��� sin�u�����
��Œ���������•�

cos�u�����
��������������
�������������	�������������
�
��


’�����
����
���������
�������“�
�����������

� ������������“
�„
������
��������������
� r�����	��
��

��������������
�������	���
���������������


� By � rst writing sin 3u as sin (2u � u), express 
sin 3u in terms of sin u.

 Hence solve the equation sin 3u � sin u for 
0 <  u <  2�.

� Solve cos 3u � 1 � 3 cos u for 0� <  u <  360�.

� Prove the following identities.

����
u
u

1 tan
1 tan

2

2
�
�

�  cos 2u

����� u u ucos sin cos24 4� �

������
u u

u
u

tan (3 tan )
1 3tan

tan 3
2

2

�
�

�

����� u usin 1 cos
2

1
2 � � �

���� sin cos 1 sin1
2

1
2

2
u u u�� � � �

� ���     Show that tan u�
4� ��  tan u�

4� ��  � 1.

����� Given that tan 26.6� � 0.5, solve tan u � 2 
without using your calculator. Give u to 1 
decimal place, where 0� � u � 90�.

�
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The angle a is given by

sin a � 3
5 and cos a � 4

5 and tan a � 3
4 �  a � 36.9�.

So the expression becomes

4 sin u � 3 cos u � 5 sin (u � 36.9�).

The steps involved in this procedure can be generalised 
to write

a sin u � b cos u � r sin (u � a)

where

     a a ar a b b
a b

a
a b

b
asin cos tan2 2

2 2 2 2
� � �

�
�

�
� and

     
a a ar a b b

a b
a

a b
b
asin cos tan2 2

2 2 2 2
� � �

�
�

�
�

•�������������� 
•���������
��
�����������������
��
�
���� y xsin� �������
y�� �5 sin�(u � �36.9�)


�����������•

��� �‹����� y�� �4 sin��u � �3 cos��u ������������

��������


� ‘����������������	� 4 sin��u � �3 cos��u ���
3 cos��u � �4 sin��u ���������
���•��������
��� cos�(u � �� )



���� �•����������	������������������
��
�
��� �������������������������
���
���� y�� �5 sin�(u � �36.9�)�	�����
�������	���



’�������
����
���•���������� �
ucos( )��

�Q� ����������
� cos�u�”

�Q� ����
������������	������
��
�������”

�Q� ”�•������•���
���•���������
3 cos�u�� �4 sin�u


The method used in Activity 8.4 can be generalised to give the result

a cos u � b sin u � r cos (u � a)

where

a a ar a b b
r

a
r

b
asin cos tan2 2� � � � � and

a a ar a b b
r

a
r

b
asin cos tan2 2� � � � �

You can derive alternative expressions of this type based on other compound 
angle formulae if you wish a to be an acute angle, as is done in the next 
example.

••���	����­
(i)  Express u u3 sin cos�  in the form r sin (u � a), where r � 0 and 

0 � a � �
2.

(ii) State the maximum and minimum values of u u3 sin cos� .

(iii) Sketch the graph of y � u u3 sin cos�  for 0 <  u <  2�.

(iv) Solve the equation 3 sin cos� ��  � 1 for 0 <  u <  2�.

•�������������������•�
������������
���–��
���
���
�	�����
�������������
���� a


…� �
„
����������� r �����
������������������•�����
cos�a����� sin�a��������
��������������	�����•�
��������	�����
���������
��� a ���� b
�Ž�����������•�
������������������Œ����
�����	��� a������
��
�
�180� �� �a�� �180�


Ž�������	�������������•���
�����	
�­��	����
�����	������
�����������•����� r����� a


�

r
b

a
����������

’�������
����
�����	��
��� a����	���������������
�
„
������������	�����������•�
�
���
���� �����������
�������
�

���������� r cos�(u�� �a)€�r sin�(u���a )

852893_08_AQA_Maths_Y2_4E_169-183.indd   178 16/11/17   8:27 PM



���

Solution
(i)	 r sin (u � a) � r(sin  u cos a � cos u sin a)

			   � (r  cos a) sin u � (r  sin a) cos u

	 �  (r cos a) sin u � (r  sin a) cos u � u u3sin cos�

	 r cos a � 3  and  r sin a � 1

	 Draw a right-angled triangle to help you �nd r and a.

�    ������  ���

	 From the triangle in Figure 8.8

	 r 3 1 2� � �   and  tan a � 
1
3   �   a � 

�
6

	 so	     u u u3 sin cos 2sin �
6� �� � � .

(ii)	� The sine function oscillates between 1 and �1, so u2sin �
6� ��

oscillates between 2 and �2.

	 Maximum value � 2. 
	 Minimum value � �2.

(iii)	 The graph of y � u2sin �
6� ��  is obtained from the graph of  

	� y �  sin u by a translation of 
�

�

�
�
�

�

�

�
�
�

�
6
0  

and a stretch of scale factor 2

	 parallel to the y-axis, as shown in Figure 8.9.

	

O

2

–2

y

�
6

�
2

3�
2

2�7�
6

5�
2

� 13 �
6

q

�    ������  ���  

�

�•����� r sin (u � �a)


…��������
���•��������

���
� u u3 sin cos� 


�t

r
1

3

Make sure you label the sides correctly ...

(r = sin � =   so the ‘opposite’ is 1 ...
1
r

... and cos � =  so the ‘adjacent’ is     .
r
3

3

3)2 + 12

‘���������� r����� a������

r sin (u � �a)
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(iv)	 The equation u u3 sin cos�
 
� 1 is equivalent to

		
u2sin �

6 1� �� �

	 � 	  usin �
6

1
2� �� �

	 Let x � u �
6� ��  and solve sin x � 1

2 .

	 Solving sin x � 1
2  gives x � �6  (principal value)

	 or x � � � �
6  � 5�

6  (from the graph in Figure 8.10).

	

O

y = sin x

x

y

�
6

�
6

�

� –

� �    ������  ���†  

	 Since x � u �
6� �� , then  u � 

�
6 � 

�
6 � 

�
3  or  u � 

5�
6  � 

�
6 � �.

	 The roots in the interval 0 <  u <  2� are u � �
3

 
and �.

����������
�����������  x����

�
������������

0� �
6� �< u �< �2� � �

6� 


Š��� �
6

�
������
� x�������

���Œ����
�����������  u


Make sure you don’t miss out any roots. 

�Q	 �To solve sin (u � a) � c for 0 <  u <  2� by �rst solving sin x � c,  
you need to �nd all possible values of x in the interval   
0 � a <  x <  2� � a.

�Q	 Find all possible values of x in the new interval before working out 
the corresponding values of u.

‡����   ����  •����
There are many situations that produce expressions that can be tidied up using 
these forms. They are also particularly useful for solving equations involving both 
the sine and cosine of the same angle.

The fact that a cos u �  b sin u can be written as r cos (�  �  a) is an illustration  
of the fact that any two waves of the same frequency, whatever their amplitudes, 
can be added together to give a single combined wave, also of the same frequency.

���������� r cos (u�� �a)€�r sin (u���a )
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� 	 For each triangle in Figure 8.11, �nd the 
exact value of r and the angle a, where a is in 
degrees.
���

 

r
2

5

�

 

����

 

�

r 3

2

              ������  ����  

� 	 Expand each of the following.

��� 	 u3 cos( 30 )� �

���� 	 u3 cos( 30 )� �

����� 	 u3 sin( 30 )� �

���� 	 u3 sin( 30 )� �

� 	 For each of the following functions �nd

��� 	 the maximum and minimum values

��� 	 the smallest positive value of x for which 
the function is a maximum.

��� 	 x xf ( ) 2cos �
3� �� �

���� 	 x xf ( ) 2cos �
3� �� �

����� 	 u1
2

sin �
3� ��

���� 	
u

1

2 2sin �
3� �� �

� 	 ��� 	  �Express each of the following in the form 
r cos (u � a), where r � 0 and 0� � a � 90�.

��� 	 cos u � sin u	

��� 	 3 cos u � 4  sin u

���� 	 Express each of the following in the form 
r sin (u � a), where r � 0 and 0� � a � 90�.

��� 	 sin u � cos u

��� 	 3 sin u � 4  cos u

� 	 Express each of the following in the form
��� 	 r cos (u � a), where r � 0 and 

	 0 � a � 
�
2

��� 	 r sin (u � a), where r � 0 and 

	 0 � a � �
2 .

��� 	 cos u � sin u

���� 	 u u3 cos sin�

� 	 Express each of the following in the form 
r cos (u �  a), where r �  0 and �180� �  a �  180�.

��� 	 u ucos 3sin�

���� 	 u u2 2cos 2 2 sin�

����� 	 u usin 3cos�

���� 	 5 sin u � 12 cos u

��� 	 u usin 3cos�

���� 	 u u2 sin 2 cos�

� 	 ��� 	  �Express 5 cos u � 12 sin u in the form 
r cos (u � a), where r � 0 and 0� � a � 90�.

���� 	 State the maximum and minimum values 
of 5 cos u � 12 sin u.

����� 	 Sketch the graph of y � 5cos u � 12 sin u 
for 0� < u < 360�.

���� 	 Solve the equation 5 cos u � 12 sin u � 4 
for 0� < u < 360�.

� 	 ��� 	  �Express u u3sin – 3cos  in the form 

r sin (u � a), where r � 0 and 0 � a �  �2 .

���� 	 State the maximum and minimum values 
of u u3sin – 3cos  and the smallest 
positive values of u for which they occur.

����� 	 Sketch the graph of y � u u3sin – 3cos
 for 0 <  u <  2�.

���� 	 Solve the equation 
u u3sin – 3cos 3�

 
for 0 <  u <  2�.

••���������•
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The previous exercises in this chapter and in Chapter 6 have each concentrated on just one technique at a time.  
However, you will often have to choose the correct technique from the many that you have met.

In this exercise you will need to select appropriate formulae and techniques.

� 	 Simplify each of the following.

��� 	 2 sin 3u cos 3u

���� 	 cos2 3u � sin2 3u

����� 	 cos2 3u � sin2 3u

���� 	
u1 2sin 2

2�

��� 	 sin (u � a)  cos a � cos (u � a)  sin a

���� 	 3 sin u cos u

����� 	
u
u

sin 2
2sin

������ 	 cos 2u � 2  cos2 u

� 	 Express

��� 	 (cos x � sin x)2 in terms of sin 2x

���� 	 2 cos2 x � 3  sin2 x in terms of cos 2x.

� 	 Prove that

��� 	
u
u u1 cos2

1 cos2 tan2�
� �

���� 	 cosec 2u � cot 2u �  cot u

����� 	 2 sin2(u � 45) �  sin 2u �  1

���� 	 u
t t

t t
tan4

4 (1 )
1 6

2

2 4�
�

� �
 where t � tan u.

� 	 Solve the following equations.

��� 	 sin (u � 40�) � 0.7

	 for 0� <  u <  360�

���� 	 3 cos2 u � 5  sin u � 1 � 0

	 for 0� <  u <  360�

����� 	 u2cos �
6 1� �� �

	 for �� <  u <  �

���� 	 cos (45� � u) � �2 sin (30� � u)

	 for �180� <  u <  180�

��� 	 cos 2u � 3  sin u � 2

	 for 0 <  u <  2�

���� 	 cos u � 3  sin u � 2

	 for 0� <  u <  360�

����� 	 sec2 u � 3  tan u � 5 � 0

	 for 0� <  u <  180�

‚�����ƒ��•������

� 	 ��� 	� Express u ucos 2sin�  in the form  
r cos (u � a), where r � 0 and  
0� � a � 90�.

���� 	 State the maximum and minimum values 
of u ucos 2sin�

 
and the smallest 

positive values of u for which they occur.

����� 	 Sketch the graph of y � u ucos 2sin�  
for 0� <  u <  360�.

���� 	 State the maximum and minimum values 
of

u u
1

3 cos 2 sin� �
	 and the smallest positive values of u for 

which they occur.

� 	 ��� 	  �Express 2 sin 2u � 3  cos 2u in the form 
r sin (2u � a), where r � 0 and  
0� � a � 90�.

���� 	 State the maximum and minimum values 
of 2 sin 2u � 3  cos 2u and the smallest 
positive values of u for which they occur.

����� 	 Sketch the graph of y � 2 sin 2u � 3  cos 2u  
for 0� <  u <  360�.

���� 	 Solve the equation 2 sin 2u � 3  cos 2u � 1  
for 0� <  u <  360�.

���������� r cos (u�� �a)€�r sin (u���a )
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ˆ‰Š‹…Œ…Ž ‘‡ƒ�‘’‰�
‹
�������
���������������
����
�����•������
���������������ƒ

�³ 	 ��������������������  �Š�—�̃ �•����  �Š�—�̃ ���������  �Š�—�̃ �

�³ 	 �����������	����������������������
������������

�³ 	 ����������������������������	�����������

�³ 	 ��������������������•��������������a���  u�™�b��� u ����
��� ������������������
r�����u�—�������r�����u�—���

�³ 	 ������ ���������� ��������������•���������������������•�������	��

�³ 	 �������������������������	����	����������������������������������


“‰”  �‘Œ…ƒ�
�� ������
���

	�������	��

	 u u usin( ) sin cos cos sin� � �� � �

	 u u usin( ) sin cos cos sin� � �� � �

	 u u ucos( ) cos cos sin sin� � �� � �

	 u u ucos( ) cos cos sin sin� � �� � �

	
u u

u utan( ) tan tan
1 tan tan ( ) 90 , 270 , ...� �

� �� � �
� � � � �

	
u u

u utan( ) tan tan
1 tan tan ( ) 90 , 270 , ...� �

� �� � �
� � � � �


� •�� 	���

	�������	��
� sin 2u�� �2 sin u cos u
� cos 2u�� �cos† u�� �sin† u
	 cos 2u�� �1�� �2 sin† u
	 cos 2u�� �2 cos† u�� �1

�
u u

u
tan 2 2 tan

1 tan2�
� �

u 45 , 135 , ...� � �

­� „
�� r•�a�����
	 a sin u�� �b cos u�� �r sin (u�� �a)
	 a sin u�� �b cos u�� �r sin (u�� �a)
	 a cos u��  b sin u�� �r cos (u�� �a)
� a cos u � �b sin u � �r cos (u � �a)

�

r
b

a

������  ���


� �
����

a

a

r a b
a
r
b
r

cos

sin

2 2� �

�

�

�

�
�

�
�
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Further differentiation�

��������������������������������������������������
��������
��������������
����������
���������
����������������	�����������������������
�����������
��	�����������	���������

���
���
��������
��
�����������������	��	����	������������������
��������
�������
���������������������
���
�����������
��������������������������

�«� �������������������
������������������������������
������������
���
������
�����
����������������������
������������������

D
is

pl
ac

em
en

t

TimeO

����������

Nothing takes place 
in the world whose 
meaning is not that 
of some maximum or 
minimum.
���������������
����
��	��
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����
���������
�	�������
������
����������������
����

Di� erentiate y ex 12

� � .
�
�	�������

Solution
Since this is a composite function you use the chain rule to di� erentiate.

  u x y1, eu2� � �  

 
u
x x

y
u

d
d 2 ,

d
d eu� �

 
y
x

y
u

u
x

d
d

d
d

d
d� �

  x2 eu�

  x2 ex 12

� �

�
��������� u������������������

x ���� y������������������ u�

�����
��������
��������������

•��
���������
������ x�

����������
���

����������������

�� ��������������
�	���	��
�����������
���
�•�
������� e xf � � •

��••��������������������•���•��������
To di� erentiate y xln� , you can use the fact that the inverse of xln  is ex.

y x xln ey� � � y x xln ey� � �

 
x
y

d
d ey� �

 
y
x

d
d

1
ey� �

 
y
x x

d
d

1� �

•��

�����

•�����
y
x x

y

d
d

1
d
d

�

•��
���������
������ x�

����••�������������•�����������
������������•�
��••�������������•����������•��������
The exponential function y ex�  has the important property that its gradient at 
any point is equal to the y coordinate of that point.

y
y
xe

d
d ex x� � �

    

This result can be extended to functions of the form y ekx� .

y
y
x ke

d
d ekx kx� � �

You can use the chain rule to di� erentiate more complicated exponential 
expressions.

•�••� � ­€
•����
�������������
��
���	�
���������
������
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To di� erentiate y kxln� , where k is a constant, you can use log rules.

          y kx k xln ln ln� � �

        
y
x

k
x

x
x

d
d

d ln
d

d ln
d

� � � �
� �

y
x x

d
d 0 1� � �

y
x x

d
d

1� �

y x
y
x x

y kx
y
x x

ln
d
d

1

ln
d
d

1

� � �

� � �
�

You can use the chain rule to di� erentiate more complicated natural logarithmic 
expressions.

•�� k������������������
�����
���������������	���•�

Di� erentiate y x xln 43� �� � .�
�	�������

Solution
Since this is a composite function you use the chain rule to di� erentiate.

 u x x y u4 , ln3� � �      u x x y u4 , ln3� � �

u
x x

y
u u

d
d 3 4,

d
d

12� � �

y
x

y
u

u
x

d
d

d
d

d
d� �

 
x

u
3 42

� �

 
x

x x
3 4

4

2

3� �
�

�
��������� u������������������

x������ y������������������ u�

�����
��������
��������������

����������
���

•��
���������
������ x�

����������������
�����
������������������
�
y kxln� �������������
��
�����	��������� k�

� � ���������������������
�����
���������
�����
������������������•

����������������

� � �� �������������
�	���	��
��� ln(f(x))•

��••������������y���a x�����y���a kx

To di� erentiate y ax� , where a is any positive constant, you can use logarithms 
to rearrange to make x the subject.

y a y aln lnx x� �� � � y a y aln lnx x� �� � �

 y x aln ln� � y x aln ln� �

 
x

y
a a y

ln
ln

1
ln ln� � � �

    
x

y
a a y

ln
ln

1
ln ln� � � �

 
x
y a y

d
d

1
ln

1� � �
  

x
y a y

d
d

1
ln

1� � �

         y a
1
ln�

���������
�����������
����������

•�������
�����

�����
��������
�����������


����
�
��������� a
1

ln ���� ������
���������

�������
�����
���
��
�
�������
����������	�
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������


Di� erentiate y xln
2x� .

�
�	������•

Solution
Using the quotient rule,

   
u x u

x xln d
d

1� � �

   
v v

x2 d
d 2 ln2x x� � �

y
x

v u
x u v

x
v

d
d

d
d

d
d

2�
�

  

x x2 1 ln 2 ln2

2

x x

x 2� �
�

� � �

  
x x1 ln2 ln

2x�
�

  
x x

x
1 ln2 ln

2x�
�

•����
�
���������������­��������


���� u������
����������
���
�€

€����� v������
����������������
�

����­��������
���

��	��������������
������
�� 2x�

��������������������
������
�� x�

� Di� erentiate the following functions.

‚�ƒ� y e x3 1� �  

‚��ƒ� y ex x3 12

� � �

� Di� erentiate the following functions.

‚�ƒ� y 7x�  ‚��ƒ y 7 x5�

� Di� erentiate the following functions.

‚�ƒ� y xln 8� ��  

‚��ƒ� y xln 12� �� �

‚���ƒ� y xln� ��

So
   

y
x y a

d
d ln�

         a alnx�

Now that you can di� erentiate y ax� , you can di� erentiate y akx�  using the 
chain rule.

Let   y a u kx,u� � .

By the chain rule,

    
y
x

y
u

u
x

d
d

d
d

d
d� �

y
x a a k

d
d lnu� � �

        ka alnkx�

y a
y
x ka a

d
d lnkx kx� � �

•��
���������
������ x�

�
��•�������
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� 	 Di�erentiate the following functions.

‚�ƒ� y xe x4�     ‚��ƒ  y x
x
ln

2�     ‚���ƒ  y x
ex�

� 	 For each of the following, �nd the value of the 
gradient of the curve at the given point.

‚�ƒ� y x2 e x3� �  at the point 1,2e� �
‚��ƒ� y e 1x2 3� �� �  at the point 0,8� �
‚���ƒ� y xln 12� �  at the point 3,3 ln 2

2� �
� 	 The graph of y xex�  is shown in Figure 9.2.

	

x

y

O
P

� ������  ��‚

‚�ƒ� Find y
x

d
d  and y

x
d
d

2

2 .

‚��ƒ� Find the coordinates of the minimum 
point, P.

‚���ƒ� Find the coordinates of the point of 
in�ection.

� 	 ‚�ƒ	� Find the coordinates of the point of 
intersection of the curves y xln 4 1� �� �  
and y xln 2 3� �� � .

‚��ƒ� Find an equation for the tangent to the 
curve y xln 2 3� �� �  at this point.

‚���ƒ� Sketch the two curves on the same axes.

� 	 The graph of x x xf ln 2� �� � �  is shown in 
Figure 9.3.

x

f(x)

O

� ������  ���

‚�ƒ� Describe and justify any symmetries of the 
graph.

‚��ƒ� Find � �� xf  and � ��� xf .

‚���ƒ� Find the coordinates of any turning points.

� 	 The curve y xln 3 2 3� �� �  crosses the x-axis  
at the point a,0� � .

‚�ƒ� Find the value of a.

‚��ƒ� Find an equation of the normal to the 
curve at this point.

� 	 Figure 9.4 shows the curve with equation 
� � � � �y x x x x3 ln 2, 02 .

2

2

–2

O x

y

� ������  ��ƒ

‚�ƒ� Find y
x

d
d  and y

x
d
d

2

2 .

‚��ƒ� Find the coordinates of the two turning 
points and use calculus to show their 
nature.

� 	 Sketch the curve y x
ex

� , giving the 

	 coordinates of the turning point and the 
equations of any asymptotes.

� 	 The equation for the Normal distribution is 
usually given in statistics as

	 z( ) 1
2�

e
z1

2
2

� �
�

	 The Normal curve is thus given by y z( )��  
with z on the horizontal axis and y on the 
vertical axis.

‚�ƒ� Use calculus to prove that y z( )��  has

� ‚�ƒ	 a maximum when z � 0

� ‚
ƒ	 no other turning points

� ‚�ƒ	� non-stationary points of in�ection 
when z 1� � .

‚��ƒ� Mark the maximum point and the points 
of in�ection on a sketch of the Normal 
curve.

�������
�����
���
��
�
�������
����������	�
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���

��������������������������
������


‚���••�������������������•������
•��������

„�����…��†�����
������������
���������
�
�����������������
���
���
����������������
��	�
������„�����
�…�

•�••••• ����
�������
�����
�� xsin ��
�� xcos
†���
��‡�ˆ������������
������� y xsin� ������� x������
������
���������������
�
����������
������� y x� �������
�����������������������
������������
�������
�����������
������
������� y xsin� �

0

y � sin x

x

y

1

�1

��/����/

�

� 2�/�/�/
��

y � x

���/
��

�/
��

���/
��

���������‡

�
�������
�‰�������•�����
� x����
�����
��� � 2� ���� 2� ��������	�
�������•�����
�����
�
����������
�����
��� �1 ���� 1��������������†���
��‡�Š�

0 x

dy
dx

1

�1

��/����/ 2�/�/

���������ˆ

†�
�����������
�����	��������� x���
������������
���������� y xsin� ����‰�
�����
��
‰�
������������	��������� x�������
��
��������
����

���������������
������ y xsin� ���	����������	���
�������������������	����
������	���
���������������������������������
����
��
��������
�����������
���
�	��
�
�
��������� y‹�•����������������

Œ�������������
����������
������� y xsin� ����
� x 0� ����������
��������������
�
������� y x� �������������������������
���������� y xsin� �����������������•�
��
�������������������
��
��������
�����Ž������
�������������
������������������
�
�����������������
�������

‘����
���������
����������
������
���������� y xsin� �������
��������
�
���
����������������
������
����������������������
������������
��������
����

�����
��������
���������������	���
������������������������������
��
����������
�
����������������������•

‘���������������
������� y xcos� ������� x������
������
����������������������
�
�	������
����������������������
������������
������������������� y xcos� �
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Activity 9.1 showed you that the graph of the gradient function of y xsin�  
resembled the graph of y xcos� . You will also have found that the graph of the 
gradient function of y xcos�  looks like the graph of y xsin�  re� ected in the 
x-axis  to become y xsin� � .

Activity 9.1 suggests the following results:

y x
y
x xsin

d
d cos� � �

y x
y
x xcos

d
d sin� � � �

You can prove the result for y xsin�  
using di� erentiation from � rst 
principles.

The gradient of the chord PQ in 

Figure 9.7 is x h x
h

sin sin� �� � .

Taking the limit as the points P and 
Q move closer together gives

y x
y
x

x h x
hsin

d
d lim

sin sin
h 0

� �
� � �

� ��

�
�

�

�
�

�

Using the compound angle formula, 

x h x h x hsin sin cos cos sin� �� � �

Therefore

x h x h x hsin sin 1 cos1
2

2� �� � � � � �� � � �

   
x h x h x h xsin sin sin cos1

2
2� �� � � � �

Substituting this into yx
x h x

h
d
d lim

sin sin
h 0

� �
�

� ��

�
�

�

�
�

�
 gives

�������

y
x

x h x h x x
h

d
d lim

sin sin cos sin1
2

h 0

2

�
� � ��

�
�

�

�
�

�

y
x

h x h x
h

d
d lim

sin cos1
2

h 0

2

� �
� ��

�
�

�

�
�

�

y
x h x x x

d
d lim sin cos cos1

2h 0
� �� � � � �

�

The result

y x
y
x xcos

d
d sin� � � �

can also be proved using di� erentiation from � rst principles in a similar way.

Activity 9.2 leads to the following result:

y x
y
x xtan

d
d sec2� � �

��������������������­��������’’�
���“•�
�����‡�…�

•�••••• ����
”���
������ xtan ����
��
������ xsin �����

xcos ����������������
­��������
���������������
y x

y
x xtan

d
d sec2� � �

y x
y
x xtan

d
d sec2� � � �

Q (x + h, sin(x + h))

P (x, sin x)

����������

����������������
�� � �����������������
��

�
�����������
�������
������������� x�
���������
������
���
���������������
���
������•� (•���–�
•�������
����������
y xsin� ���� x 0� �
����������������������
�
���������� y x� • )

A B A B A Bsin sin cos cos sin� �� � �

Ž�� h�������������������
�������

sin h����� cos�h�
������
������‹
���������
�•��������–

h h h hsin , cos 1 1
2

2� � �

�������
�����
�������
�	����•���
•���
�
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Di�erentiate y xsin3� .

Di�erentiate y x xcos2� .

Di�erentiate � �� �y xtan 13 .

�
�	�������

�
�	�������

�
�	�������

Solution
Using the chain rule,

	
u x u

x3 d
d 3� � �

   
u x u

x3 d
d 3� � �

	
y u

y
u usin

d
d cos� � �

y
x

u
x

y
u

d
d

d
d

d
d� �

� � �
y
x u x

d
d 3cos 3cos3

Solution
Using the product rule,

	
� � �u x u

x xd
d 22

   
� � �u x u

x xd
d 22

	
� � � �v x v

x xcos d
d sin

 
� � � �v x v

x xcos d
d sin

y
x u v

x v u
x

x x x x

d
d

d
d

d
d

sin 2 cos2

� �

� � �

Solution
Using the chain rule,

	 u x y u1, tan3� � �

y
x

y
u

u
x

u x

d
d

d
d

d
d

sec 32 2

� �

� �

	    � �� �x x3 sec 12 2 3

xsin3  ��  �  ��������  ��  �  ���������

Using the chain rule as in Example 9.4 on the more general expression 
y kxsin�  gives

	
y
x k kx

d
d cos� .

Similarly, � � � �y kx
y
x k kxcos

d
d sin

and	 � � �y kx
y
x k kxtan

d
d sec2 .

•�••••• ���•
†���  ���  ��
�	���	��  ��  
���  ����
��  �•�
������  

xsin f� �� �  ���  ���  
����
��  �•�
������  

xcos f� �� � �

� � �y u
y
u utan

d
d sec2

� � � �u x u
x x1 d

d 33 2
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� 	 Di�erentiate the following functions with 
respect to x.

‚�ƒ� y x x2cos sin� �

‚��ƒ� y x x5sin 3cos� �
‚���ƒ� y x x3tan 2� �

� 	 Di�erentiate the following functions with 
respect to x.

‚�ƒ� y xtan3�

‚��ƒ� � ��y xsin 2
‚���ƒ� y xcos 6� �� �

� 	 Use the chain rule to di�erentiate the 
following functions with respect to x.

‚�ƒ� � ��y xsin 2

‚��ƒ� y e xtan�
‚���ƒ� y xln cos� ��

� 	 Use the product rule to di�erentiate the 
following functions with respect to x.

‚�ƒ� y x xtan�
‚��ƒ� y xe cosx�
‚���ƒ� y x xsin cos�

� 	 Use the quotient rule to di�erentiate the 
following functions with respect to x.

‚�ƒ� y x
x

sin�

‚��ƒ� y x
e

cos

x

�

‚���ƒ� y x x
x

cos
sin� �

� 	 Use an appropriate method to di�erentiate 
each of the following functions.

‚�ƒ� y xsin3�

‚��ƒ� y e xcos2�

‚���ƒ� y x
x

ln
tan�

� 	 Verify the following results.

‚�ƒ� � � � �y x
y
x xcot

d
d cosec2    � � � �y x

y
x xcot

d
d cosec2

‚��ƒ� � � �y x
y
x x xsec

d
d sec tan     � � �y x

y
x x xsec

d
d sec tan

‚���ƒ� � � � �y x
y
x x xcosec

d
d cosec cot

� 	 Figure 9.8 shows the curve y x xcos� .

	

2–2

2

–2

O x

y

� ������  ��	

‚�ƒ� Di�erentiate y x xcos� .

‚��ƒ� Find the gradient of the curve y x xcos�  
at the point where �x � .

‚���ƒ� Find the equation of the tangent to the 
curve y x xcos�  at the point where 

�x � .

‚�	ƒ� Find the equation of the normal to the 
curve y x xcos�  at the point where 

�x � .

� 	 Figure 9.9 shows the curve y x xsin cos2� � .

2 4–2–4

2

–2

O x

y

������  ���

‚�ƒ� Find y
x

d
d

 and y
x

d
d

2

2 .

‚��ƒ� Find the coordinates of the three turning 
points in the range x0 �< < , giving 
your answers to 3�decimal places where 
appropriate.

‚���ƒ� Use calculus to show the nature of these 
turning points.

‚�	ƒ� Find the coordinates of the two points of 
in�ection in the range x0 �< < , giving 
your answers to 3�decimal places.

�
��•�������

�������
�����
�������
�	����•���
•���
�
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� 	 The tangent to the curve y xtan2�  at the 
point where �x �

8 meets the y-axis  at the 
point A, and the x-axis at the point B. Show 

that the area of triangle OAB, is (� 2)
32

2�

square units.

� 	 By using di�erentiation from �rst principles, 
prove that

	 y x
y
x xcos

d
d sin� � � �

	 using the following steps.

‚�ƒ� For y x hcos( )� � , write an 

� expression for y
x

d
d

 as a limit as h 

� tends to zero.

‚��ƒ� Use the compound angle expression for 
A Bcos� ��  to expand � ��x hcos .

‚���ƒ� Use your answer to ‚��ƒ and the small-
angle approximations for sin h and cos h to 

rewrite your expression for yx
d
d  from  

‚�ƒ, and simplify your answer.

‚�	ƒ� Find the limit as h tends to zero.

� 	 A curve has the equation y x x x3 2cos , 0 �
2< <� �

y x x x3 2cos , 0 �
2< <� � .

‚�ƒ� Find the coordinates of the point on this 
curve where the normal is parallel to the 
line y x4 0� � .

‚��ƒ� The tangent to the curve at this point 
meets the y-axis  at the point Y. Find the 
exact value of the distance OY.

�  ‰•������  ��••�����������
All the functions you have di�erentiated so far have been of the form y xf � �� .  
However, many functions, for example x y xy3 3� � , cannot be written in this 
way at all. Others can look clumsy when you try to make y the subject.

An example of this is the circle x y 42 2� � , illustrated in Figure 9.10,  
which is much more easily recognised in this form than in the equivalent  
form y x4 2� � � .

2 4–2–4

2

–2

O x

y

������  ����

A function which is not given in the form y xf � ��  is called an implicit 
function, and to di�erentiate it you use implicit di�erentiation. Implicit 
di�erentiation uses the chain rule to di�erentiate term by term with respect  
to x, using the product and quotient rules where necessary.

An example of an implicit function that you would di�erentiate in this way is 
y xy 23 � � . As you go through the expression di�erentiating term by term, the 
�rst term that you need to di�erentiate with respect to x is y3.

€‚
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Using the chain rule,

	

� � � �
� �

y
x

y
y

y
x

d
d

d
d

d
d

3 3

		
y

y
x3

d
d

2�

So to di�erentiate a function of y with respect to x, you di�erentiate with 

respect to y and multiply by yx
d
d . Of course, this technique can be extended to 

other variables.

•�••••• ����
�
���  ����

��� ���  ��
�	���	�  ��  x7 ����  
������  ��  x

���� ���  ��
�	���	�  ��  y2 5 ����  
������  ��  x

����� ���  ��
�	���	�  ��  z2�  ����  
������  ��  x

�Š�� ���  ��
�	���	�  ��  z3 6�  ����  
������  ��  y

Š�� ���  ��
�	���	�  ��  x2 4 ����  
������  ��  z�

�����
�������  y3 ����  
������  ��  y�

The equation of a curve is given by y xy 23 � � .

(i)	 Find an expression for y
x

d
d

 in terms of x and y.

(ii)	 Hence �nd the gradient of the curve at 1,1� � .

�
�	�������

Solution
(i)	� Di�erentiate both sides of the equation term by term, remembering 

to use the product rule to di�erentiate xy.

� � x y x xyd
d ( ) d

d ( ) 03 � �

� �
� ��

�
�
� �y

y
x x

y
x y3

d
d

d
d 02

� �
y
x y x y

d
d 3 2� �� � �

� �

y
x

y
y x

d
d 3 2�

�
�

(ii)	 At 1,1� � , 
y
x

d
d

1
3 1

1
4� �

� � �

��  �����
�������  xy 
�  �
���  �
�����  
���–�

u x u
x

v y v
x

y
x

d
d 1

d
d

d
d

� � �

� � �
��  ����  

y
x

d
d

 ���  ��
 ����  

�������  ��  ���  ��
��  
����  ��	�  ��  ��  �  �����
  
��  ��  ���  ����  ��  ���
  
�­�������

•������  ������
As you already know, turning points occur where y

x
d
d 0� .

When working with an implicit function, putting y
x

d
d 0�  will not usually give 

values of x directly, but it will give a relationship between x and y.  You can then 
solve this simultaneously with the equation of the curve to �nd the coordinates 
of the turning points.

•	���•����������
������
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Find the turning points on the curve x xy y4 482 2� � � � .�
�	�������

Solution
� x xy y4 482 2� � � �

� � ��
�

�
� � �x y x

y
x y

y
x2 4 4

d
d 2

d
d 0

At the turning points, y
x

d
d 0�

� � �x y2 4 0

x y2� � �            x y2� � �

To �nd the coordinates of the turning points, solve x xy y4 482 2� � � �  
and x y2� �  simultaneously.

y y y y2 4 2 48
2 2� � � �� � � � � �

	 y 162� �	      � � � �y3 482

	 y 162� �	  y 162� �

	 y 4� � �	  y 4� � �

x y2� �  so the coordinates of the turning points are 8,4�� �  and 8, 4�� � .

�����
�������  
���  �����  
��  ���  �­�������

—�
���������  ��
  x�

•� ��  ���  �������
�  ��  
��

����  

��
  
y
x

d
d  ��  ����  ������

� 	 Di�erentiate the following with respect to x.

‚�ƒ� y

‚��ƒ�
y
4

2

‚���ƒ� z y3 9�
� 	 Di�erentiate the following with respect to x.

‚�ƒ� ey2

‚��ƒ� � ��ysin 3 2

‚���ƒ� � ��yln 22

� 	 Di�erentiate the following with respect to x.

‚�ƒ� xey

‚��ƒ� x ysin cos

‚���ƒ�
x

ysin

3

� 	 For each of the following functions, �nd an 

expression for yx
d
d  in terms of y and x.

‚�ƒ� xy x y 9� � �
‚��ƒ� xye 2y2 2� �
‚���ƒ� x ycos cos 1� �

� 	 Find the gradient of the curve xy y5 ln3 �  at 
the point � �0,1 .

� 	 ‚�ƒ	   �Find the gradient of the curve 
x xy y x y3 32 2� � � �  at the 

	 	   point 2, 1� �� .
‚��ƒ� Hence �nd the equation of the tangent to 

the curve at this point.

� 	 Find the equations of the tangent and  
normal to the curve y xe 2 4x2 2� �  at the 
point � �0, 2 .

� 	 Given that y � sin�1 x, show that 
y
x y

d
d

1
cos�  by

‚�ƒ	 writing x � sin y and �nding x
y

d
d

‚��ƒ	 writing sin y � x and using implicit 
di�erentiation.

‚���ƒ	 Show further that yx
d
d  can be written  

as 
x

1
1

.
2� ��

�
��•������•
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� 	 Use both methods of question 8 to show that, 

	 if y � tan�1 x, then �
�

y
x x

d
d

1
1

.2

� 	 Find the coordinates of all the stationary points 
on the curve x y xy 32 2� � � .

� 	 A curve has the equation x y6 4 2� �� �� � � .

‚�ƒ � By using the product rule, �nd an 

expression for y
x

d
d

 in terms of x and y.

‚��ƒ� Find the equation of the normal to the 
curve at the point 7, 2� �� .

‚���ƒ� Find the coordinates of the point where 
the normal meets the curve again.

� 	 A curve has equation x ysin sin 1� �  for 
x y0 � , 0 �< < < < .

‚�ƒ� Di�erentiate the equation of the curve 
with respect to x and hence �nd the 
coordinates of any turning points.

‚��ƒ� Find the y coordinates of the points where 
x 0�  and �x � .

‚���ƒ� The curve y xsin�  is symmetrical in the

� line �x �
2 .

� Use this to write down the equations 
of two lines of symmetry of the curve 

x ysin sin 1� � , < < < <x y0 � , 0 � .

‚�	ƒ� Sketch the curve.

��‹Œ�‰�­   Ž•• ‘�’
����  ���  ��	�  ���������  ����  ������
�  ���  ������  
�  �
��  ��–

�³ �� ����
�����  ���  ���  �����
���������  �
��  ˜
��  �
��������  ��
  ���x  ���  ���x

�³ �� �����
�������–

�P�� ekx ���  akx ���  
������  �����  �����
�����  ���  ��������  ���������

�P�� kxsin � kxcos � kxtan  ���  
������  �����  �����
�����  ���  ��������  ���������

�³ �� ����
�����  ���  ���  ���  ��
�	���	�  ��  xln
�³ �� �����
�������  ������  ���������  ��˜���  ����������  ��
  ˜
��  ��
�	���	�  �����

“�€  „ ‰�•’

�� � � �y x
y
x xln

d
d

1

‚� � � �y
y
xe

d
d ex x

�� � � �y a
y
x a a

d
d lnx x

ƒ� � � �y x
y
x xsin

d
d cos

� � � � �y x
y
x xcos

d
d sin

� � � �y x
y
x xtan

d
d sec2

‡� •�������  �����
����������  ��
  �•�����–    � � � �� �x y y y
y
x

d
d f ( ) d

d f ( )
d
d

•	���•����������
������
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�� Integration

The mathematical 
process has a reality and 
virtue in itself, and once 
discovered it constitutes 
a new and independent 
factor.
������������������������
����


�� ��������������������������������������������
������������

������
�����������
	���
������������
�����������������
�����
��������
	���
���
�������
���������������
��������
����������������
	���
��������������
�����
������������������������������
������
������
��
�����������������������
�����
������������
�������
�������
������
����
	���
�
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����•�����������•����������������
Integration is the inverse of di�erentiation; that is

y
x x y x

n c n
d
d 1 , 1n

n 1

� � � � � � �
�

�

where c is an arbitrary constant.

Inde�nite integration results in a function of x together with an arbitrary 
constant. The notation used is

� � � �
�

x x x
n cd 1

n
n 1

.

De�nite integration involves limits on the integral sign which are substituted 
into the integrated function, giving a number as the answer:

x x x
n

b a
n nd 1 1 , 1n

a

b n

a

b n n1 1 1

� � �
�
��

�
��

� �
� � �

� � �

�

������������ Find the following integrals.

(i)� x xd2� � (ii)� x xd2

0

3

�

Solution

(i)� � � �x x x cd 3
2

3

(ii)	 x x xd 3
2

0

3 3

0

3

� � �
��

�
��

	 	         � �3
3

0
3

3 3

	 � 9

�������	����������
���
�����
��������
������

��
	���
���� x��
���
�����������	�
���
��

�������	������������
�����
��������
������
������

Sometimes you may need to rewrite an expression before you can integrate it, as 
in the next example.

﻿﻿﻿������
���
�	��
���
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De�nite integration can be used to �nd areas bounded by a curve and the x-axis.

Solution
x

x
x x x

x
x

x x x x

x x x c

x x x
c

( 1)
d 2 1d

2 d

1
2

2 3
1 1 1

3

2

4

2

4

2 3 4

1 2 3

2 3

� �

� ��

�
� � �

� � �

� � � � � � �

� � � � �

� � �

� � �

•��������������������������  x.

•
���������������������

������������
Find 

x
x

x
( 1)

d
2

4�
�

.

Solution
(i)	 � � � �

� � � �

� � � �

y x x

x x

x x

5 4

( 5 4)

( 1)( 4)

2

2

	 The graph crosses the coordinate axes at (1, 0), (4, 0) and (0, �4).

	 Since the coe�cient of x� is negative, the graph is � shaped.

O

�í4

2 4 51

y

x

When integrating to find
the area, this part of the
integral will come out as
negative, because it is
below the x-axis.

•�������••�

When integrating 
to �nd an area, 
you must be 

careful if some of the 
area is below the x-axis.

������������ (i)	� Sketch the curve � � � �y x x5 42 , and shade the region bounded by 
the curve, the x-axis, and the lines �x 2 and �x 5.

(ii)	 Find the area of the shaded region.

•���������
�����������
�����
���������
��������

���� x•����������������

�
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��������� �������
The function y

x
d
d  is the gradient function of a curve, and integrating it gives the

equation of a family of curves.

(ii)	 Area above the x-axis

	

x x x

x x x

5 4 d

3
5
2 4

4
3

5 4
2 4 4 2

3
5 2

2 4 2

2

2

4

3 2

2

4

3 2 3 2

� � �� � � �

� � � ��
��

�
��

� � � � � ��
��

�
�


� � � � � ��
��

�
�


	
10
3

�

	 Area below the x-axis 

x x x

x x x

5 4 d

3
5
2 4

5
3

5 5
2 4 5 4

3
5 4

2 4 4

11
6

2

4

5

3 2

4

5

3 2 3 2

� � �� � � �

� � � ��
��

�
��

� � � � � ��
�

�
�

� � � � � ��
�

�
�

� �

Total area of shaded region 10
3

11
6� � 31

6� . 

������������
��������
��������
��������
��������	��

•������������
������������������� 10
3 �

������������
A curve has gradient function >

y
x x

x
d
d

2 , 0�  .

(i)	 Integrate 
y
x

d
d  to �nd an expression for y.

(ii)	 Sketch three members of the family of solution curves.

(iii)	� Find the equation of the particular curve that passes through the  
point (1, 3).

Be particularly 
careful if you 
are using the 

Integration command 
on your calculator. 
Enter the area above 
and below the axes 
separately.

��������
����������	�����
���������
���������������

x•������•������������
��
��� 11

6 �

﻿﻿﻿������
���
�	��
���
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Solution

(i)    �
�y

x x
d
d 2

1
2

   
y x c2

1

1
2 1

1
2

� � �
� �

�
� �� �

 
y x c2

1
2

1
2

� � � �

     � �x c4
1
2

(ii) Figure 10.2 shows three members of the family of solution curves.

 

O 1

–4

2

y

x

xy = 4

x–4y = 4

x+2y = 4

•�������••€

(iii) When � �x y1, 3, so

 � � c3 4 1

     � � �c 3 4 c � � �c 3 4 � �1

 Therefore the particular equation is � �y x4 1.

•������������ �����
��
��
���������

­��
��

y
x x y x

n c n
d
d 1 , 1n

n 1

� � � � � � �
�

�

•
������	���  n 1 11
2

1
2� � � � � .

��������������
�����
� �����
���������������
����������
�	������

•�����
��������
��

������������� c�

�����������	�����
������
���
������
������ �����
�

���������������������
��� c��
���������
�����
� �����
������������
�����	������ �����
�

� Integrate the following functions with respect 
to x.

€�‚� x12 7 €��‚  �x4 12

€���‚� � �x x x2 34 8

� Evaluate the following de� nite integrals.

€�‚� x x2 d3

1

2

�   €��‚� x x x2 d3

0

3

� � �� �

€���‚� x x x3 2 1 d5

2

0

� � �� �
�

� Integrate the following functions with respect 
to x.

€�‚� x2  €��‚ 
x
3

2  €���‚ x x3 2

� Evaluate the following de� nite integrals.

€�‚�
x

x x1 2 d21

4

� � ��

€��‚�
y

y
y

2
3

d
4

21

1

�
��

��
�
���

�������������•��
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You can estimate the area under a curve by dividing it up into rectangular strips. 
For example, the area under the curve � �y x16 2 between �x 0 and �x 4 is 
shown on Figure 10.3.

16

x

y

O 4–4

•�������••‚

� A curve has gradient function � �
y
x x

d
d 2 1.

€�‚� Find the general equation of the family of 
solution curves.

€��‚� Sketch three members of the family of 
solution curves.

€���‚� Find the equation of the particular curve 
that passes through the 
point 2,7� �� .

� A curve has gradient function � �
y
x x x

d
d

4 1
3  

and passes through the

 point with coordinates � ��1, 2 . Find the 
equation of the curve.

� Find the following inde� nite integrals.

€�‚� � � ��y y y1 d
2

 €��‚ � ��
��

�
��

t t
t t2 d

4

� x x xf 3 4 12� �� � � �  and � � � �f 0 4. Find 
� �xf .

� Sketch the curve � � � �y x x 22 , and 
� nd the area bounded by the curve and 
the x-axis.

� Sketch the curve � � �y x x2 3 12 , and 
� nd the area bounded by the curve and 
the x-axis.

� €�‚  Factorise � � �x x x3 33 2 .

€��‚�  Sketch the curve � � � �y x x x3 33 2

and shade the two regions bounded by 
the curve and the x-axis.

€���‚�  Find the total area of the shaded 
regions.

� A curve has equation >y x x, 0� .

€�‚� Find the equation of the normal to the 
curve at the point A, where �x 1.

€��‚� The normal in €�‚ meets the x-axis at 
point B. Find the coordinates of B.

€���‚� Show on the same sketch the curve and 
the normal, and mark points A and B on 
your sketch.

€��‚� Find the area bounded by the curve, the 
x-axis and the line segment AB.

•��•��	�����•
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16

x

y

O 4–4

•�������••ƒ

The height of each of the rectangles can be found by substituting the 
appropriate x value into the equation of the curve. For example, when 
x y0, 16 0 162� � � � .

So the area under the curve is approximately equal to

� � � � � � � �� � � � � � � �1 16 1 15 1 12 1 7 50 square units. 

This method can be generalised, as illustrated in Figures 10.5 and 10.6. Each 
strip has height y and thickness dx and so its area is given by d dA y x� � . 
The�total area of the region is thus given by

A y x
All strips All strips

d d� �� .

a b

y

xO

y = f(x)

	

y �/A

�/x

•�������••� 	 •�������••�

For any given region, the greater the number of strips the thinner they become 
and the more accurate will be the estimate. You can keep on increasing the 
number of strips, approaching the situation where there is an in�nite number of 
in�nitesimally thin strips and the area is exact.

In this limiting situation dx is written as dx and the � symbol is replaced by the 

integral sign, �. 

„����������…�����

�� �����������������
������������
��

�� ����	���������
������������
������������
�

Its area is approximately equal to the total area of the four rectangles in 
Figure 10.4.
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†���
�Q�� •
���	��	����
�����

�
��������
�������
� y��
��
���� x��
•���������������

�	����������
������ x��
�������
��� y����������
����������������
�
��������
�������
�
�����������	�������
��������������	�����
y��
��������� x�

�Q�� ������������������
�
��������
����� y 
�����������������
�
x��������

This can be written formally as

Area � d
d

y xlim
x

x a

x b

0
��

��
�
���

�

�

.

The de� nite integral y xd
a

b

�  is de� ned as d
d

y xlim
x

x a

x b

0
��

��
�
���

�

�

.

•��������‡����������������������� yˆ�‰��
So far you have calculated areas between curves and the x-axis. You can also use 
integration to calculate the area between a curve and the y-axis.

Figure 10.7 shows the area between the line �y x2, the y-axis and the line �y 4.

4

x

y

O

•�������••�

Instead of strips of width dx and height y, you now sum strips of width dy and 
length x (see Figure 10.8).

4

x

x

y

O

•�������••�

The shaded area can be written as d
d

x ylim
y

y

y

0
0

4

�
�

��
�

���
�

�

, which is equal to the integral 

� x yd
0

4
.

To carry out the integration, you need to express x in terms of y. In this case,

� � �y x x y2 1
2.

�•��•��	�����•
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So the shaded area x y

y y

y

d

d

4 0

square units.

2
3
16
3

2
3

0

4

0

4

0

4

1
2

3
2

3
2

�

�

�

�

� �
�

�
�

� � �

�

•����������������‡�����������������
In the review section at the beginning of this chapter, you were reminded how to 
use integration to �nd the areas of regions between curves and the x-axis, including 
regions below the x-axis, and of regions partly above and partly below the x-axis.

These ideas will now be extended to �nd the area between two curves.

�����������• (i)	� Find the points of intersection of the line � �y x 1 and the curve 
��� �y x 1 2.

(ii)	 Sketch the line and the curve on the same axes.

(iii)	� Find the area under the line � �y x 1 between the x values found in (i).

(iv)	� Find the area under the curve ��� �y x 1 2 between the x values 
found in (i).

(v)	 Find the di�erence between your answer to (iii) and your answer to (iv).	
	 What area does this represent? Shade the region on your sketch.

Solution
(i)	 � � � �x x x1 2 12

	 x x3 02� � �	 xx x3 02� � �

	 x x 3 0� �� � �  x x x 3 0� �� � �

	 x x0, 3� � �  xx x0, 3� � �

	 When x y0, 1� � . 
	 When x y3, 4� � .

	 The line and the curve intersect at the points (0, 1) and (3, 4).

(ii)	

O 1

1

4

3

y

x

y = x + 1

y = (x – 1) 2

•�������••�

����������� �����
��
�������
�����������
��
������������
���
������
	������
�����	��

��������������� x��������
�
����������� �����
����

�
������ y��������

�

„����������…�����
�� ��
�����������

������
�����	�����
�
������ x•�����

�� ����	�
��������������
���	��	ƒ������
�����
������������������
������
�����	�����
�
������ y•������
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Instead of integrating each equation separately and then subtracting to �nd the 
area enclosed, it is usually more e�cient to subtract the equations of the two 
curves �rst and then integrate.

Area of region enclosed 

xequation of top curve - equation of bottom curve d
a

b

� ���

where a and b are the x coordinates of the points of intersection of the two curves.

(iii)	 � � �� � ��
��

�
��

x x x x1 d 20

3 2

0

3

	   
3 09

2� �� � �

	  
15
2�

	 The area under the line is 15
2  square units.

(iv)	 � � �� � � � ��
��

�
��

x x x x x x2 1 d 3
2

0

3 3
2

0

3

	 � �� � � �9 3 027
3

	 � 3

	 The area under the curve is 3 square units.

(v)	� The di�erence between these two areas is 9
2 square units.  

This is the area of the region enclosed by the line and the 
curve, as shaded in Figure 10.10.

	

O 1

1

4

3

y

x

y = x + 1

y = (x – 1) 2 Region enclosed
by line and curve.

•�������••�•

������������
������������

•
������������� �����
����
����	�����

•
������������� �����
����
������
��

•�����
„���	�������

�����������
�
��������
��
������
	��������	�
��
������
�
��������������������
�������…����

������������
�����
�������

•��•��	�����•
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�����������• (i)	 �Find the points of intersection of the curve � � �y x x4 32  and the 
curve � � �y x x3 4 2.

(ii)	� Sketch the curves on the same axes, shading the area enclosed by the 
two curves.

(iii)	 Find the area of the shaded region.

Solution
(i)	 � � � � �x x x x4 3 3 42 2

	   � �x x2 8 02

	 �� � �x x2 4 0

	  x x0, 4� �

	 When x y0, 3� � . 
	 When x y4, 3� � .

	 The points of intersection are (0, 3) and (4, 3).

(ii)	

O 1

(0, 3) (4, 3)

3

y

x

•�������••��

(iii)	 Area of shaded region

xequation of top curve - equation of bottom curve d
0

4

� � ��

x x x x x3 4 4 3 d2 2

0

4

� �� � �� �� � � � � �

x x x8 2 d2

0

4

� ��� �

x x4 2
3

2
3

0

4

� ��
��

�
��

4 4 2 4
3 4 0 2 0

3
2

3
2

3

� � � ��
�

�
�

� � � ��
�

�
�

64
3�

	 The area enclosed between the curves is 64
3  square units.

����������� x���������
���

�������� �����
�����
�� y�
�������

���
��
��������

����������� �����
��
�������
�����������
��
��������������	������
�
�����	��

������������	��
����� �����
�����
����	�������
��
���������
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In Example 10.6, notice that part of the shaded area is below the x-axis. 
However, the function that you are integrating (which is the distance between 
the blue curve and the red curve) is always positive, so you do not need to split 
the calculation up into di�erent parts.

� 	 Figure 10.12 shows the line �y 2 and the 
curve � �y x 12 , which intersect at 
the points ( 1, 2)�  and (1, 2).

	

2

x

y

O 1–1

•�������••�€

	 Find the area of the region enclosed by the 
line and the curve.

� 	 Figure 10.13 shows the region between the 
line � �y x3 1, the y-axis and the line �y 7.

	

y

x

7

1

O

y = 3x + 1

•�������••�‚

€�‚	 Show that the area of the shaded region 
can be written as y y( 1) d1

31

7

� � .

€��‚	 Evaluate this integral to �nd the area.

€���‚	 Find the area of the shaded region using 
the formula for the area of a triangle, and 
check that this is the same answer as for 
part €��‚.

������•������

„����������…�����

�� •���������������
�����������������	��	�������������������������������
��
��
����������
�������������	����
��
�����
�������	��
������������
������������
	�����

�� ����	����������
����������������������������
��������

•��•��	�����•
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� 	 €�‚	 �Find the points of intersection of the 
curve �y x2 and the line �y 9.

€��‚	 Sketch the curve and the line on the 
same axes.

€���‚	 Find the area bounded by the curve and 
the line.

� 	 €�‚	� Find the points of intersection of the 
curve x x6 2�  and the line �y 5.

€��‚	 Sketch the curve and the line on the 
same axes.

€���‚	 Find the area bounded by the curve and 
the line.

� 	 €�‚	� Find the points of intersection of the 
curve � �y x x4 2 and the line �y x.

€��‚	 Sketch the curve and the line on the 
same axes.

€���‚	 Find the area bounded by the curve and 
the line.

� 	 Figure 10.14 shows the curve � �y x 12  
and the line �y 3, which intersect at the 
points (�2, 3) and (2, 3).

	

2

–1

x

y

O
C

A B

(2, 3)(–2, 3)

1–1

y = 3

y = x2 – 1

•�������••�ƒ

€�‚	 �Find the areas of the regions labelled A, B 
and C.

€��‚	 Deduce the area between the line and the 
curve.

€���‚	 Explain why the area between the line 
and the curve is given by � �

�
x x(4 )d2

2

2
.

€��‚	 Evaluate this integral and verify that your 
answer is the same as that for €��‚.

� 	 Find the area of the region bounded by the 
curve y x 1� � , the y-axis, the x-axis and 
the line �y 2.

y

x

2

O

y =    x – 1�¥

•�������••��

� 	 €�‚	� Find the points of intersection of 
the curve � �y x x42  and the line 

� �y x3 2 .

€��‚	 Sketch the curve and the line on the 
same axes.

€���‚	 Find the area bounded by the curve and 
the line.

� 	 Figure 10.16 shows the curves �y x2 and 
� �y x8 2, which intersect at the points 

(2, 4) and ( 2, 4)� .

	

8

x

y

O–2 2

y = x2

y = 8 – x2

(2, 4)(–2, 4)

•�������••��

	 Find the area enclosed by the two curves.

� 	 €�‚	� Find the points of intersection of the 

curves � �y x 32  and � �y x5 2.

€��‚	 Sketch the two curves on the same axes.
€���‚	 Find the area bounded by the two curves.
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� 	 Find the area of the region enclosed by the 
curve � � �y x 12  and the curve � �y x2 2.

� 	 Find the area of the region enclosed by the 
curve � �y x 162  and the curve � �y x x4 2.

� 	 Sketch the curve with equation � �y x 13  
and the line � �y x4 1, and �nd the total area 
of the two regions enclosed by the line and the 
curve.

� 	 The curve � �y x x3 2 meets the line 
� �y x6 2  at the points P and Q.

€�‚	 Sketch the curve and the line on the same 
axes.

€��‚	 Find the exact length of the straight line PQ.
€���‚	 Find the area enclosed by the line and the 

curve.
� 	 Figure 10.17 shows the curve � � �y x x4 3 2. 

The area under the curve between x � 0 and  
x � 4 is to be estimated.

	

4

6

2

–2

x

y

O 2 4–2

y = 4 + 3x – x2

•�������••��

€�‚	 An initial estimate is made using the two 
rectangular strips in the diagram. Find the 
total area of the two rectangles.

€��‚	 Looking at the diagram, can you say 
whether the area from €�‚ is smaller 
or larger than the true area? Or is it 
impossible to say?  
Explain your answer.

€���‚	 Find an approximation for the area under 
the curve between x � 0 and x � 4 using 
four rectangular strips.

€��‚	 Find an approximation for the area using 
eight rectangular strips.

€�‚	 Use integration to �nd an exact value for 
the area, and comment on your answer.

� 	 Figure 10.18 shows the curves � �y x( 2)2 
and � � �y x x4 4 2.

4

x

y

O 2 4

y = (x – 2)2

y = 4 + 4x – x2

•�������••��

	 Samir wants to �nd the approximate area of 
the region enclosed by the two curves. Samir 
has divided the region into 8 rectangular strips 
as shown in Figure 10.19; the �rst one has zero 
height and so is a straight line.

€�‚	 Find the total area of the 8 strips shown in 
the diagram.

€��‚	 Repeat the process using 16 strips.

€���‚	 Find the exact area of the region by 
integration.

€��‚	 Comment on your results.

� 	 The area enclosed by the curve � �y x x10 2 
and the curve � � �y x x3 42  lies partially 
above and partially below the x-axis. 
Find the ratio of the area above the x-axis to 
the area below the x-axis.

• 

• 

• 

•��•��	�����•
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€�������������‡Š���‡���������
Suppose you want to �nd x x5 1 d3� � �� .

One approach is to start by expanding the brackets and then integrate term by 
term, but this is time consuming. A more e�cient approach is to use the method 
of integration by substitution.

Because you already know how to integrate � u ud3 , you can use the substitution 
� �u x5 1 to transform the integral into one that you can do. This approach is 

shown in Example 10.7.

������������
(i)	 Find x x5 1 d3� � �� .

(ii)	 Check your answer by di�erentiation.

Solution
(i)	 Use the substitution � �u x5 1.

	 First use this substitution to replace dx.

	 � � � �u x u
x5 1 d

d 5

	
u
x x ud

d 5 d d1
5� � �          

u
x x ud

d 5 d d1
5� � �  dx 

u
x x ud

d 5 d d1
5� � �

	� Note that u
x

d
d  is not really a fraction, but it is usual to treat it like

	 one in this situation in order to �nd what to substitute for dx.

	

x x x u

u u

5 1 d 5 1 d

d

1
5

1
5

3 3

3

� �
�

� � � �� � � �

�

	 u c1
20

4� �

 	 x c5 11
20

4� �� � �

(ii)	 To di�erentiate x5 11
20

4� ��  you use the chain rule, � �
y
x

y
u

u
x

d
d

d
d

d
d

.

	    
y x5 11

20
4� �� �

	    
� � � �u x u

x5 1 d
d 5

	     
y u

y
u u

d
d

1
20

1
5

4 3� � �
   y u

y
u u

d
d

1
20

1
5

4 3� � �

	  

y
x u

x

d
d 5

5 1

1
5

3

3� �

� �

� �

	 So the integral found in (i) is correct.

•��������	��
�������
�
��������
�����
������

��������� x��
����
��
�������

�
�����
��������������� u�

†��������	������������

�������
�����
�� x������

�������
�����
�� u�

•
��������

•�������
����
�������
��
����������	�������
���
��������
��
�����������

�����	�������� x
��
	����
��

����� x
�����������
���
���������

��
�������������

�
���������� x�
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������������� �(ax � b) n�‡Š������������
You have probably noticed that you can integrate any function of the type 

�� �ax b n by using the substitution � �u ax b. With experience and practice, 
you may feel no need to write down all the working, and you may be able 
to go straight to the answer. This process is sometimes called recognition 
or inspection. Remember that you can always check your answer by 
di�erentiation.

You will see shortly that recognition is possible for other types of integral. 
However, if you are in doubt you should use the substitution method.

„����������…�����

�� •������������� 1
20��


� ‡�������ˆ‰�Š�	����
�����

�� ����	���������
��������
�������

��������������
���
���
��������
����
�����������
�

­�€�‚�€ƒ�����

��
 	 •
�������������������
����
	���
��

��
 	 �� �x2 3 6

�‡
 	 �� � x5 3 3

��
 	 � x1 2

���
 	•�������������
���������������� ax b xdn� � �� �

������������ Evaluate the following de�nite integral, giving your answer to 2 decimal places.

	 x x2 1 d2

1

1

� � ��
�

Solution

x x x2 1 d 1
2 3 2 12

1

1 3

1

1

� � � � �� � � ��
�

�
�� �

x2 11
6

3

1

1
� �� ��� �� �

1 31
6

1
6

3 3� � � �� � � �� � �

� 4.67 (2 d.p.)

�������
������������
��
	���
�

†���������������
�
�����������

���
����������

������������������ ���������‡Š���‡���������
The method of integration by substitution can be used to integrate many other 
types of function as well as those of the form �� �ax b n. With experience, you 
will be able to see how to choose a suitable substitution to use.

﻿﻿��
�	��
����„…�•†„•
�
†
���
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Integration of this ‘reverse chain rule’ type can always be done by using the 
appropriate substitution. Notice that in Example 10.9, �� �x x 32 5

 can be written
as x x2 31

2
2 5� �� � � , and that 2x is the derivative of �x 32 . Any function of

the form � �� � �k x xf ( ) f ( ) n, where k is a constant, can be integrated using the 
substitution �u xf ( ).

Alternatively, as you become more familiar with this type of integration, you 
may �nd that you are able to do it by recognition, by seeing what function 
would di�erentiate to the given one by using the chain rule.

„�•�����������������‡Š���‡���������
When doing de�nite integration by substitution, you must remember that the 
limits you are given are values of x. When you rewrite the integral in terms of 
the variable u, you must also replace the limits with values of u.

Solution
(i)	 First use the given substitution to replace dx.

	
u x u

x x5 d
d 22� � � �

	
u
x x x x ud

d 2 d 1
2 d� � �

	 � �� �� �� � � �x x x x x x u3 d 3 1
2 d2 5 2 5

� � �� �x u3 d1
2

2 5

�� u ud1
2

5

u c1
12

6� �

x c31
12

2 6� �� � �

(ii)	 To di�erentiate x 31
12

2 6� �� , use the chain rule, � �
y
x

y
u

u
x

d
d

d
d

d
d

.

� � � �u x u
x x3 d

d 22 x

y u
y
u u

d
d

1
12

1
2

6 5� � �

y
x x u

x x

d
d 2

3

1
2

5

2 5� �

� �

� �

	 So the integral found in (i) is correct.

‹�
	����
�����������

†��������	��
����������������

�
�����
�� x �����
�������
�����
�� u.•
��������

��
�������������

�
���������� x�

������������
(i)	 Use the substitution � �u x 32  to �nd � �� �x x x3 d2 5

.

(ii)	 Use di�erentiation to check your answer.

���������������

� x�������������
����
����
��
	�
	����
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Solution
Use the substitution � �u x 13 .

	
u x u

x x1 d
d 33 2� � � �

	
u
x x x

x
ud

d 3 d 1
3

d2
2� � �

	
x x x x x

x
u1 d 1 1

3
d

x

x2

0

2 3 2

0

2 3
2� �� � � �

�

�

	
x u1

3 d
x

x 3

0

2

�� �
�

�

When x u0, 1� � .

When x u2, 9� � .

	

� �

�

� �

�

�
�

�

�
�
�

�

�
�
�

�

� x u u u

u u

u

1
3 d 3 d

3 d

3 3
2

x

x 3

0

2

1

9

1
2

1

9

3
2

1

9

	

u2
9

3
2

1

9�

�

�
�
��

�

�

�
�
��

�

	 � � � �� � � �2 27
9

2 1
9

	
52
9�

�x2����������������������
�������������� �x 13 �

•
�������������
�����	����� u�

��
	������������������
u�������
������������
������
���������
	���
�
��� u�

An alternative method for de�nite integration by substitution involves leaving 
the limits as x values, and instead rewriting the integrated function in terms of x 
before substituting in the limits.

�����������	�� dx�
�
�����
����������
�
���������������
���������
�

����������� x��������
�
��� � �u x 13 �

­�€�‚�€ƒ�����

��
 	 ­������������������
�����
��
�‡�������ˆ‰�ˆ‰�����
�������
���
�����
������

� �x x x1 d2 3 
���������
��������
������
���������� x�

���
 	­���������
������������
������������� x x x1 d2

0

2 3� � 
��
��	��	ƒ����������

	 �
�����������������������������
��
�‡�������ˆ‰�ˆ‰�

•�����	�
�����
���������
������
����������Œ �x ����„��
�������������

	��
���������������������� u�

�������������
Use an appropriate substitution to evaluate x x x1 d2

0

2 3� � .

﻿﻿��
�	��
����„…�•†„•
�
†
���
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� 	 €�‚	� Use the substitution � �u x 7  
to �nd � � ��x x7 d4 .

€��‚	 �Use the substitution � �u x2 7  
to �nd � � ��x x2 7 d4 .

€���‚	 �Use the substitution � �u x5 7  
to �nd � � ��x x5 7 d4 .

	 Check your answers by di�erentiation.
� 	 Integrate the following functions.

€�‚	 � ��x 2 9
	 €��‚	 � ��x2 3 3

€���‚	 � �� x1 6 5

	 Check your answers by di�erentiation.
� 	 Evaluate the following de�nite integrals.

€�‚	 x x2 1 d4

0

1

� � ��

€��‚	 x x4 d3

1

3

� � ��

€���‚	 x x1 3 d3

1

1

� � ��
�

� 	 Figure 10.19 shows the curve � �� �y x3 1 3.

	

5

–5

10

x

y

O 1

y = (3x – 1)3

•�������••��

	 Find the area of the region bounded by the 
curve, the x-axis, and the lines �x 0.6 and 

�x 1.
� 	 Integrate the following functions.

€�‚	 �x 3	 €��‚	 � ��x
1

3 1 2

€���‚	
�x

1
2 1

	 Check your answers by di�erentiation.

� 	 A curve has gradient function �
�

y
x x

d
d

1
2 3

 

and passes through the point � �0,2 3 .

	 Find the equation of the curve.

� 	 Find the area of the shaded region in Figure 10.20

€�‚	 by treating it as an area between the line 
�y 2 and the curve � �y x 1 

€��‚	 by treating it as an area between the curve 
� �y x 1 and the y-axis.

	

O

2

1

3

y = 

x

y

x + 1

•�������••€•

� 	 Evaluate � � ��x x x4 d2 3 3

1

2
 using the

	 substitution � �u x 43 .

� 	 Integrate the following functions using either 
recognition or a suitable substitution.

€�‚	 �� �x x 12 6
	 €��‚  �x x 12 3

€���‚	 �� �
x
x1

3

4 2

� 	 Using a suitable substitution, or otherwise, �nd 
the exact value of the following:

x
x

x
2

d
2

3 20

1

� � ��

� 	 €�‚	� Expand �x(2 1)4 and hence �nd 

� �x x(2 1) d4 .

€��‚	 Find � �x x(2 1) d4  using substitution or 
recognition.

€���‚	 Show that the coe�cients of each power 
of x are the same in the answers to parts €�‚ 
and €��‚.

€��‚	 Comment on the constant terms in the 
two answers.

������•������

• 
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­�€�‚�€ƒ�����
­����
��������
����
�����������

������

�u kx
����	�
���������
������������
������

‚������������������� ��������
�������������������­������ ��������

‹�����Œ��������
•�������������
	�
����
���
����ƒ�
��
����������
��€	�������
�
�‹�������Ž‚
��
��
�����������ƒ
���
��������������
������
�����
������	�
��
	���
��€	��������
�
‹�������‘‚��

The results from Activity 10.3 can be generalised to the following standard 
results, where k and c are constants.

­�€�‚�€ƒ�����
•
�������	������
� x��������������
������
��

�� ’������
�����������������
������������	����� x�
��
� xsin � ���
� xcos � ����
� xtan

€� ­���������
��������� ������
�ˆ�������������
������������
���
����
����
�
��������

��
� � x xcos d � ���
� � x xsin d � ����
� x xsec d2�
‚� †����������
�����������������
������������	����� x�

��
� xsin4 � ���
� xcos5 � ����
� xtan5
ƒ� ­���������
��������� ������
�“�������������
������������
���
����
����

�
��������

��
� � x xcos4 d � ����
� � x xsin5 d � ����
� � x xsec 5 d2

� Figure 10.21 shows the curve �
�

y x
x 12

.

 

x

y

321O–1

–1

–2

–3

3

2

1

–2–3

•�������••€�

€�‚� Explain from the equation why y is 
unde� ned for < <x1 1� .

€��‚� Explain from the equation why 
the value of y cannot be between �1 
and�1.

€���‚� Find the exact value of the area of the 
region bounded by the curve, the x-axis 
and the lines � �x 3 and � �x 2.

� � � �kx x k kx csin d 1cos

� � �kx x k kx ccos d 1sin

� � �kx x k kx csec d 1tan2

����
�	��
��	��
����‡†��
���•
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������������� Find the following inde�nite integrals.

(i)	 x xsin 2 d�
(ii)	 � x xsec 3 d2

Solution

(i)	 x x x csin 2 d cos21
2� � � �

(ii)	 x x x csec 3 d tan31
3

2� � �

�������������
Evaluate x xsin 2 d

0

�

� � � .

Solution

x x xsin 2 d 1cos 20

�

1
2 0

�

� � � � �� ��
��

�
��

	

x2cos 2 0

�

� �� ��
��

�
��

	 
2cos�

2 2cos0� � � �� � � �

	 

� � � � � �

�

( 2 0) ( 2 1)

2

�������
��������������
	���
�

���
����������

†���������������
������������

•������������

y x
y
x xtan

d
d sec .2� � �

‹��	ƒ�������
���������������
�����
��

„�•�����������������������������­������ ��������
When doing de�nite integration with trigonometric functions, it is important to 
remember that the limits are always in radians, not degrees.

Ž������������­����������������
Sometimes you can use a trigonometric identity to rewrite an integral in a form 
that makes it easy to integrate.
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���•

�������������‰…��������� ��������

�������������
Find � x xtan d2 .

Solution

� �� �

� � �

x x x x

x x c

tan d (sec 1)d

tan

2 2

­�€�‚�€ƒ����•
�� ’������
����������

�������
�������
�����	����� x�
��
� ex � ���
� e x3

€� ­���������
���������
 ������
�� ����������
���
������������
��
�
����
�����
��������

��
� � xe dx

���
� � � xe dx3

� � �x k ce d 1ekx kx

Ž�������‡����������������‰…�������������
�������­������ ��������

�������������
Find xe d .x2� �

Solution

x ce d e1
2

x x2 2� � � �� � ‹��	ƒ�������
�����
����������
�����
��

������������•
Use the substitution �u xcos  to � nd � x x xsin cos d2 .

Solution
Use the substitution �u xcos .

 u
x x x x ud

d sin d 1
sin d� � � � �

    x x x x x x usin cos d sin cos 1
sin d2 2� �� � �

  
x ucos d2�� �

 
u ud2�� �

 
� � �u c3

3

 
� � �x ccos

3

3

•�����������������
�������
����
�����
�
���������� x�

�����
���������� sec��x�

��� tan�x�

­��
���������
�����
� �x xsec 1 tan2 2 �

�����������

���� dx�������
������������
	�
	����

The results from Activity 10.5 can be generalised to the following standard result, 
where k and c are constants.
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Notice that in Example 10.15, sin x is the derivative of cos x, so you can think of 
x xsin cos2  as

a constant � the derivative of cos x � a function of cos x.

This shows you that the substitution u � cos x will be helpful.

This integral is of the ‘reverse chain rule’ type; di�erentiating the answer directly 
by the chain rule gives the original function. Integrals of this form can be found 
by using substitution as shown in Example 10.15. Alternatively, as you become 
more familiar with this type of integration, you may be able to do them by 
recognition.

In the next example, the expression to be integrated follows a similar pattern.

������������•
Evaluate � x xcos e dxsin

�
6

�
2 .

Solution
Use the substitution �u xsin .

	
u
x x x x ud

d cos d 1
cos d� � �

	
x x x x ucos e d cos e 1

cos dx x

x

xsin
�
6

�
2 sin

�
6

�
2� ��

�

�

When x u�
6 , sin �

6
1
2� �� � � .

When x u�
2 , sin �

2 1� �� � � .

	
� ��

�

�
x x u ucos e 1

cos d e d
x

x x x
�
6

�
2 sin sin

1
2

1

	  
ue du

1
2

1

��

	  
eu

1
2

1
� �� ��

	      � �e e1
1
2

	      � �e e

����������������������

x����������� u��������

	��  x������������������������
  x
��
�� e xsin ����
����
	���
���� sin x
�������������������
��
u��� sin x�����������������

­�€�‚�€ƒ����•
��
����
��������������
�����������������
��

��
 	 x xf e dxf� � �� � �

���
 	 x x xf f dn

� � �� � � ��
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�����‡†��
���

� 	 Find �sin 2x dx ?
� 	 Integrate the following functions with respect 

to x.
€�‚	 e x2 	 €��‚  �e x3 5	 €���‚  �e x3 2

� 	 Integrate the following functions with respect 
to x.
€�‚	 xsin6

€��‚	 �� �xcos 2 1

€���‚	 �� � xsin 1 3

� 	 Integrate the following functions with respect 
to x.
€�‚	 �x xcos sin

€��‚	 � �e ex x

€���‚	 �x3sin e x2

� 	 Evaluate the following de�nite integrals, giving 
your answers in exact form.

€�‚	 x xsec d2

0

�
4�

€��‚	 x x1 cos d
0

�
2� � ��

€���‚	 xe d
x1

2
0

2

�
� 	 Find the following integrals using the given 

substitution.

€�‚	 x x u xe d , 3x 3 22

� � �� 	

€��‚	 � �x x x u xsin cos d , cos4

� 	 Figure 10.22 shows the curve � �y xe x2 2

.

�

xO

y
y = xe–2x2

	 •�������••€€

€�‚	 Find the coordinates of the turning points 
of the curve, leaving your answers in terms 
of e, and verify their nature.

€��‚	 Find the area of the region bounded 
by the curve, the x-axis, and the lines 

� �x 1 and �x 1. Give your answer to 3 
signi�cant �gures.

� 	 Using either a suitable substitution or 
recognition, �nd the following integrals.
€�‚	 � x xsin e dxcos 	

€��‚	 � �� � xe e 5 dx x 7

� 	 Figure 10.23 shows the curve �y xex2

.

xO

y

y = xex
2

	 •�������••€‚

€�‚	 Find the coordinates of the points of 
intersection of the straight line �y x3  
and the curve �y xex2

.
€��‚	 Find the total area of the regions bounded 

by the curve and the line.

� 	 €�‚	� Use the double angle formula to express 
xcos2  in terms of xcos2 .

€��‚	 Hence �nd � x xcos d2 .
€���‚	 Use a similar approach to �nd � x xsin d2 .

� 	 €�‚	� Show that � �x x x xsin sin sin cos3 2 .
€��‚	 Hence �nd � x xsin d3 .

• 

������•������

ƒ�����������������������������������
��������­��� �������
„����������…�����

�� ’������
������ ln�2x
�ln�5x��
�� ln�9x ����������	����� x�
�� •������������������������������������������
������������
���������������
�������

x x x1 d , 0� � �

�� ����	�
��
���
��������������������
��
���
�����
�� •������������
�������������	�������������������������� x �
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In these discussion points, you have 
seen that � � �x x x c1 d ln  for x 0� ,
where the restriction to x 0�  is 
because logarithms are unde� ned for 
negative numbers.

In Figure 10.24, region A is bounded 

by the curve y x
1�  and the x-axis 

between x b� �  and x a� � .

The area of region A is clearly a 
real area, and it must be possible to 
evaluate it. Region A is below the 
x-axis, and therefore the result by 
integration will be negative.

It looks as though the area of region A 
is the same as that of region B. Here is 
a proof that this is indeed the case.

Area of region A 
x x1 d

b

a

�� �
�

�
.

Substituting u x� � :

  � � � �x b u b

  � � � �x a u a

u
x x ud

d 1 d d� � � � � .

Area of region A � � �� � � �u u1 d
b

a

 
�� � u u1 d

b

a

 a bln ln ��� � �

 b aln ln� �
 � area of region B.

Therefore the restriction that x 0�  may be dropped and the modulus sign 
introduced, so that the integral is written

x x x c1 d ln | |� � �

������
������
��������
���
�������	���������
������������������ x•����
�
�
�������������������
�����
��������
���������

��������

A

B–a–b

O x

y

ba

•�������••€ƒ

�������������
Find the exact value of � � x x1

4 d
5

7
.

Solution
 

x x x x1
4 d 1

4 d
5

7

5

7

� �� � � �
�

 � �� � � xln|4 |
5

7� �� � � xln|4 |
5

7

 � �� � � � �ln| 3 | l n| 1|

 ln3 ln1 �� � �� �� � �

 ln3� �

”�	����������������ƒ�������
�������	�������
������������
�
��������������������

�������ƒ�������������
�����������������
����������������
�
��������	�
��
��������
�����	��
����
��•����
�������
�����	�����
�������������������
� u x4� � �
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Solution
Use the substitution u x1 3� � .

 u
x x x

x
ud

d 3 d 1
3

d2
2� � � �

�

 
x

x
x x

x x
u

1
d

1
1
3

d
2

3

2

3 2� ��
�

�
�

�

 
x

u1
3 1

d3� ��� �
�

 u u1
3 d�� �

 u u1 d1
3 �� �

 � � �u cln | |1
3

 � � � �x cln|1 |1
3

3

•�����‡�����Š���������
When the result of integration is in the form of natural logarithms, it is often 
helpful to have the arbitrary constant written as a natural logarithm as well, 
c kln� , where k 0� . The rules of logarithms then allow you to write the 
integral as a single term, as shown below.

� � �x x x c1 d ln| |

 � �x kln| | ln

 � �x kln(| | )

 � �x kln(| | | |)

 kxln| |�

The result above then becomes

� �x x kx1 d ln| | ������� k 0�

����������� ����� ��­� �
� �
� �
� x

x
x

f
f

d

­��
��������������
a b ablog log log� �

��
	�� c kln� �

•�� k 0� 
� k k| |�

�������������
Find x

x
x

1
d

2

3� �
, x1 03� � .

„����������…�����

�� •����������������	���
�
k 0� �
�������

�� ‹�
����������������
c����������
��
�����
����� k kln , 0� �

��
�	��
������������	�
�����
†������	���
�����‡†��
���
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The integral in Example 10.18 is of the ‘reverse chain rule’ type. It can be written as

� ��
� � �

�
x

x
x x

x
x

1
d 3

1
d1

3

2

3

2

3

and so is of the form 
x
x

x
f
f

d�
� �
� �
�

 because x3 2�  is the derivative of x1 3� . 

Integrals of this form can be found by using the substitution u xf ��� .

Alternatively, the integral can be found by recognition using

x
x

x x c
f
f

d ln | f |�
� �
� � � ��

� �

Ž�����…������� ��������
Many integrals leading to natural logarithmic functions need � rst to be 
expressed in suitable form, for example using partial fractions.

‹�����Œ��������
•���
�������ƒ
�������
�����
�������������	���
���
��������	��������
�
‹�������Š�

�������������
(i) Express x

x x
1

3 1� �� �
�

� �
 in partial fractions.

(ii) Find � � � � �
�

� �
x

x x
x1

3 1
d .

(iii) Express your answer to (ii) as a single logarithm.

Solution

(i) Let x
x x

A
x

B
x

1
3 1 3 1� �� �

�
� �

� � � �

 
x

x x
A x B x

x x
1

3 1
1 3
3 1� �
� �

� �� �
� �
� �

�
� �

�
� � �
� �

Then x A x B x1 1 3� �� �� � � � �

Substituting x 1� � :

 B2 2� �  B 1� � �

Substituting x 3� � :

 A2 4� � �  A 2� �

So 
x

x x x x
1

3 1
2

3
1

1� �� �
�

� �
� � � �

(ii) x
x x

x x x x1
3 1

d 2
3

1
1 d� � ��� �� �

�
� �

� � � �

 x x c2 ln | 3| ln| 1 |� � � � �

(iii) � � � � � � � � �x x c x x k2 ln| 3| ln| 1| 2 ln| 3 | l n| 1| ln

 x x kln 3 ln| 1| ln2� �� � � � �

 k x
xln

3
| 1 |

2� �
�

�
�

�
��

�
��

‡ ����
��

����������

­��
����������
���	���
�������(i)�

•����	�
�� c�
����� ln�k�

‹����
�
��������
���
��������������
�����������

��
	�� x 3 2�� � ���������
�����������
����� �������
…���
����������������
��
���
„��
�	�������
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���

�������������
Find 

x
x

x3
1

d2� ��
�
�

.

Solution

Let	
x
x

A
x

B
x

3
1 1 12 2� � �� � �

�
�

�
�

�
�

	
A x B

x
1
1 2
�
�

�
�

�
� �
�

Then 	 x A x B3 1��� � � �

Substituting x 1� � :

	 B2 �

Comparing coe�cients of x:

	 A1 �

So	
x
x x x

3
1

1
1

2
12 2� � �� � �

�
�

�
�

�
�

	 � �� � � � � �
�
�

�
�

�
�

�
��

�
��

x
x

x
x x

x3
1

d 1
1

2
1

d2 2

	 � �� � � � ��x x cln| 1 | 2 1 1

	 � � � � �x x cln| 1 | 2
1

•����������	���
��
����������������
��	����

­�€�‚�€ƒ�����
•
�‡�������ˆ‰�Ž‰
��
������������
�������������	���
��������������������	���


x
x

3
1 2��

�
�

�	�
����������������� x
x

x
x x

1 2
1

1
1

2
12 2 2� � �� � �

� �
�

� �
�

�
�

�x
x

x
x x

1 2
1

1
1

2
12 2 2� � �� � �

� �
�

� �
�

�
�

��

�������������������������������������

†���	�����������
��	�
������������
����������Ž��������
���
�������������ˆ
�
����
�������
�����
�����
�����������
���
����������	���
	���
�

��
�	��
������������	�
�����
†������	���
�����‡†��
���
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���

�������������

Show that � � �� � � �
�

� �
�x

x x
x3

2 1
d ln 243

5120

1

.

Solution

Let 	 � � � �
�

� �
� � � �

x
x x

A
x

B
x

3
2 1 2 1

	
A x B x

x x
1 2
2 1
� �

� �
� �
� ��

� � �
� �

Then:	 x A x B x3 1 2� �� �� � � � �  

Substituting 	 x 2� � :

	 A A5 5� � � � �

Substituting   x 1� � :

	 B4� �

So	
x

x x x x
3

2 1
5

2
4

1� �� �
�

� �
� � � �

  x
x x

x x x x3
2 1

d 5
2

4
1 d

0

1

0

1

� � � �� � � �
�

� �
� � � �

	 5 ln| 2| 4ln| 1|
0

1� �� � � �

	 5 ln3 4 ln2 5 ln2 4 ln1� �� �� � � �

	 � � � �� � � �ln243 ln16 ln32 0

	 � �� ln 243
512

�������������������
����������

�����������������
���
������������

� 	 Integrate the following functions with respect 
to x, where x 0�  in each case.

��
 	
x
2 	 ���
 	

x
1

2
	 ����
 	

x
1

2 7�

� 	 Find the following integrals.

��
   
x x1

4 d� �
	 ���
     x x1

2 d� �

����
   x x1
2 7 d� �

� 	 Evaluate each of the following, giving your 
answer as a single logarithm.

��
 	
x x1

2 d
2

6

� �
	 ���
 	

x x1
1 d

7

5

� ��

�

����
 	
x x2

3 d
0

1

� �

� 	 Use the substitution u x 12� �  to �nd 
x

x
x2

1
d2� �

.

� 	 Use the substitution u x2 2� �  to �nd 
x
x

x2
2

d21

0

� ��
, giving your answer as a  

single logarithm.

� 	 Find the following integrals.

��
 	
x

x
x3

4
d

2

3� �
	 ���
 	

x
x

x
2

d2� �

� 	 Evaluate each of the following, giving your 
answer as a single logarithm.

��
 	 x
x

x
2

d
2

31

2

� �
	 ���
 	 � ��

x
x

x2
1

d
3

41

0

� 	 Find the following integrals.

��
 	 x x x1
(1 )(3 2) d� � �   ���
  

x x
x1

(1 )
d2� �

����
 	
x

x x x3 3
( 1)(2 1) d� �

� �

�������������

	��������������
��������
��

������������������������������
��������
������������������������
��

x
x x

x x x x3
2 1

d 5
2

4
1 d

0

1

0

1

� � � �� � � �
�

� �
� � � �

x
x x

x x x x3
2 1

d 5
2

4
1 d

0

1

0

1

� � � �� � � �
�

� �
� � � �
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� Evaluate the following de� nite integrals, giving 
your answers in exact form.

€�‚� x x x1
( 1)( 3) d

0

1

� � �

€��‚�
x

x x
x7 2

( 1) (2 3)
d22

4

� �
� �

€���‚�
x

x x
x5 1

( 2)(2 1)
d20

2

� �
� �

� Sketch the curve y x
3

2 1� �  for positive 

values of x, showing clearly on your sketch any 
asymptotes to the curve. Find, in exact form, 
the area of the region enclosed by the curve, 
the x-axis and the lines x 1�  and x 3� , and 
indicate this region on your sketch.

� Given that y x
3

1 2� �
€�‚� write down the equations of the 

asymptotes of the curve

€��‚� sketch the curve

€���‚� � nd the exact value of the area bounded 
by the curve, the x-axis and the lines 
x 2� �  and x 1� � .

� €�‚  Express 
x x

3
(1 )(1 2 )� �

 in partial 

fractions.

€��‚� Find x x x3
(1 )(1 2 ) d

0

0.1

� � �  to 5�decimal 

places.

� Figure 10.25 shows the curve y e
1 e

x

x�
�

.

 

xO

y
y = 1 + ex

ex

•�������••€�

€�‚� Write down the coordinates of the point 
where the curve crosses the y-axis.

€��‚� Describe the behaviour of y as x � �  
and as x � � � .

€���‚� Find the area of the region bounded by 
the curve, the coordinate axes and the line 
x 1� , giving your answer to 3 signi� cant 
� gures.

� Find the following integrals.

€�‚�
x

x1
1

d2� �
 €��‚ x

x
x

1
d2� �

€���‚�
x

x
x

1
d

2

2� �

� Figure 10.26 shows the curve y x
x

sin
2 cos� � , 

< <x0 2� .

 

P

M

xO

y

y = 
2 + cos x

sin x

•�������••€�

€�‚� Find the coordinates of the point M 
and use calculus to verify that it is a 
maximum point.

€��‚� The area under the curve between 
x � 0 and x � � can be approximated by 
the area of the triangle OMP.

Find this area and explain why this will 
give an underestimate.

€���‚� Hence estimate the total area of the 
region bounded by the curve and the 
x-axis for < <x0 2� .

€��‚� Find the exact value of the total area 
bounded by the curve and the x-axis and 
compare this with your answer to €���‚.

� €�‚ Find � x
x1 d2 .

 Selena tries to evaluate �� x
x1 d24

2
. Her work is 

shown here.

�
�

�� � � �
� � � �

� � �
� � � �

����

�

��

�

� �
�

�
�

 Selena says, ‘This cannot be right because 
x
1

2
 

is positive for all values of x.’

€��‚� Sketch the curve y
x
1

2�  and explain 

why Selena’s answer cannot represent the 
area under the curve between x � �4 and 
x � 2.

€���‚� Is it possible to evaluate this area? Explain 
your answer.

€��‚� Selena has broken a general rule for 
de� nite integration. State this rule in your 
own words.

��
�	��
������������	�
�����
†������	���
�����‡†��
���
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��•�������������������‡Š���‡���������
You already know how to use integration by substitution in cases where the process 
is the reverse of the chain rule, and the integration can alternatively be done by 
recognition. However, the method of substitution is used for other cases as well.

Suppose you want to integrate xx2 1� . 

The numerator is not the derivative of the denominator, and therefore the 

integral is not of the form 
x
x

x
f
f

d�
� �
� �
��

��
�
��

, and cannot be done by recognition. 

However it can still be integrated by using the substitution u x2 1� � .

First use the substitution to replace dx, in the normal way.

	 u
x x ud

d 2 d d1
2

� � �

� �

�
� � � �

� �

x
x x x

x u

x
x u

2 1 d 2 1 d

2 1d

1
2

1
2

	 x u x u2 1 1
2� � � � �

�

�

�

�
�

� �
� �

�

� �

x
x u

u

u u

u
u u

2 1 d

1
2 d

1 d

1
2

1
2

1
4

	 u u1 1 d1
4 � � �� �

	 u u cln | |1
4 � �� � �

Finally you must remember to write your �nal answer in terms of x.

� � �� � � � � �x
x x x x c2 1 d 2 1 ln| 2 1|1

4
1
4

•
�������	����
�������
�������
�
����
�������
	�
	��������

���������
�
��
���������
��
�������	���
��
�������
��������������
����
�
��������������
	���
����
u����������������������
�
��������

•�����������
���������

����� x2 1� ��
�� x �
�
��������� u
��
�������	��
�������� x ������

������������� By using a suitable substitution, �nd x x x2 d� � .

Solution
Let u x 2� � .

	 u
x x ud

d 1 d d� � �	  u
x x ud

d 1 d d� � � u
x x ud

d 1 d d� � �

	 u x x u2 2� � � � �

	 x x x x x u2 d 2 d� �� � �

	 u u u2 d� ��� �

	 u u u2 d
3
2

1
2� ��� �

	 � � �u u c2
5

4
3

5
2

3
2

	 x x c2 22
5

4
3

5
2

3
2� � � �� � � � �

”����ƒ�
�����������������
�
u x 2� � 
�����	�
����
������
�
��������
����
�������
	�
����

”�	����� x ud d� �

•��������
�
��������� x�
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���

� 	 Find the following integrals using the given 
substitution.

€�‚	
x

x x u x1 d , 1
2

� �� � � �

€��‚	 x x x u x2 1 d , 2 1� � � �

� 	 Evaluate the following de�nite integrals using 
the given substitution.

€�‚	 � � ��
� �x

x
x u x

1
d , 132

3

€��‚	 x x x u x6 3 1 d , 3 13

1

1

� � �� � �
�

� 	 For each of the following functions

€�‚ 	 write down a suitable substitution to use 
to integrate the function with respect to x

€�‚ 	 integrate the function.

€�‚	
x

x1 �
	 €��‚  x x5 4�

€���‚	
x

x2 1
�

�

� 	 A curve has gradient function 

y
x

x
x x

d
d

4
2 1, 1

2� � � � .

€�‚	 Use the substitution u x2 1� �  to �nd 
the general equation of the family of 
solution curves.

€��‚	 Find the equation of the particular curve 
for which y 3 ln5� �  when x 2� .

� 	 Figure 10.27 shows the curve y x
x 1 2��

�
�

.

	

xO

y

y = 
(x – 1)2

x

•�������••€�

€�‚�	 The curve has a vertical asymptote at 
x a� . Write down the value of a.

€��‚	 Find the coordinates of the turning point 
of the curve and determine its nature.

€���‚	 Find the area of the region bounded by 
the curve, the x-axis and the line x 1� � .

� 	 Find the integral x
x x xln 1 ln d� �� �  using the 

substitution u x1 ln� � .

� 	 Figure 10.28 shows the curve y x
x 33 ��

�
�

.

	

xO

y

y = x
 (x + 3) �¥3

•�������••€�

€�‚	 The curve has a vertical asymptote at 
x k� . Write down the value of k.

������•�����•

­�€�‚�€ƒ�����
������	����������������
���
�������
��
 	 ���������
�����������������������
������������������������
��������


�‡
 	��������������������
�����
��������������
	���
��
�
��
 	 	��	ƒ�������
���������������
������
�

	 ��
 	
x

x
x

1
d2� � ��

	 ���
   x x x2 d� �

­�€�‚�€ƒ�����
���������������������
��
�‡�������ˆ‰�ŽŽ�	�
����������
����

x x c2 3 42
15

3
2� � � �� � � �

•†�
������
�	��
����„…�•†„•
�
†
���
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€��‚	 Find the coordinates of the turning point 
of the curve, giving the y coordinate to 
3 signi�cant �gures, and determine its 
nature.

€���‚	 Find, to 3 signi�cant �gures, the area of 
the region bounded by the curve, the  
x-axis and the line x 2� � .

� 	 The curve with gradient function 
y
x x x x

d
d 2 1 2 1��� � �  passes through the 

point 0,69
35� � . 

Find the equation of the curve.

� 	 Using the substitution u x1 sin� � , evaluate 

x x xsin 2 1 sin d
0.1

0.2

� � , giving your answer to 

3 signi�cant �gures.

� 	 €�‚	� Use the substitution x u2tan�  to show 

that 
x

x1
4

d2� �
 can be written as ud1

2� .

€��‚	 Hence �nd the exact value of 

x
x1

4
d20

2

� �
.

� 	 €�‚	� Use the substitution x u3sin�  to show 

that 
x

x1
9

d
2� �

 can be written as u1d� .

€��‚	 Hence �nd the exact value of 

x
x1

9
d

20

3
2� �

.

• 

��������������‡Š�…����
Suppose you want to integrate the function x xcos . The function to be integrated is 
clearly a product of two simpler functions, x and xcos , so your �rst thought may be 
to look for a substitution to enable you to perform the integration. However, there are 
some functions which are products but which cannot be integrated by substitution. 
This is one of them. You need a new technique to integrate such functions.
The technique of integration by parts is based on the reverse of the product 

rule. You can see from the working below that in the case of x x xcos d� , you 
can start by di�erentiating x xsin .

Di�erentiate the function x xsin  by the product rule:

	
x x

x x x x
d sin

d cos sin
��

� �

Now integrate both sides with respect to x:

	 x x x x x x xsin cos d sin d��� �

Rearranging this gives

x x x x x x xcos d sin sin d�� � �

	 x x x csin cos� � �
The method above of reversing the product rule and rearranging, can be generalised 
into the method of integration by parts, which can be used even when you are not 
told the function to di�erentiate (as you were in Example�10.22 and in Activity 10.10).

•������������������ ���������������‡Š�…����
Using the product rule to di�erentiate the function uv:

uv
x u v

x v u
x

d
d

d
d

d
d

��
� �

Integrating both sides:

uv u v
x x v u

x xd
d d d

d d� �� �

­�€�‚�€ƒ������
��
 	 �”�������

�������
�����
��
x xcos 
��
��

x x xsin d� �

���
 	 �”�������
�������
�����
���
xe x2 
��
��

x x2 e dx2� �

•
�������
�� � �x x
x

d sin
d

�

Œ�
����„������������
������
�
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�������������
Find x xe dx� .

Solution

    u x u
x

d
d 1� � �

 v
x vd

d e ex x� � �

Substituting into u v
x x uv v u

x xd
d d d

d d� �� �  gives

  x x x xe d e e dx x x� �� �

  x ce ex x� � �

x���	����������������
�

�����������
�����
����� ex �

��������� ex�����	������
u x� �

­�€�‚�€ƒ������

•

����
�������
�������� � x x xsin d ���������������	������� � �u x v
x xsin , d

d �

��
� •����������
��������
�����������������
����
��•

�„��	���	������� u ��
�� v
x

d
d

�
���
� ‡�����
���������ƒ
��������•

�����������������	���	��

������������� Find x x xln d� .

Solution
You are not able to integrate xln , so you cannot make this vx

d
d . 

Therefore xln  must be u.

 u x u
x xln d

d
1� � �  

 v
x x v xd

d 2

2

� � �  

†���
•��������������
����	���������ƒ�� u � x �
�
�‡�������ˆ‰�Ž–
����
������������
	���
����	��
����������������
�
�������
���������������
�
�
������	���
���
	������
	�

����
�������� ln x�
������
�����
���������ƒ��
u � ln x �

Rearranging gives

u v
x x uv v u

x xd
d d d

d d� �� �

This is the formula you use when you need to integrate by parts.

To integrate x xcos  using this formula, you split it into the two functions, x 

and xcos . To � t the formula, you call one of these functions u and the other vx
d
d . 

When deciding which is which, you should consider the following. 

�Q�� To work out the right-hand side of the formula, you need to � nd v. 

Therefore, you must be able to integrate v
x

d
d

.

�Q�� When you apply the formula, you will need to be able to integrate the 

function v u
x

d
d

. Therefore u should be a function which becomes simpler 

when you di� erentiate.

��
�	��
����„…����
•
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Ž�����������������‡Š�…����������
Sometimes it is necessary to use integration by parts twice (or more) to integrate 
a function successfully.

„�•�����������������‡Š�…����
When you use the method of integration by parts on a de�nite integral, you 
must remember that the term uv has already been integrated, and so should be 
written in square brackets with limits, and evaluated accordingly.

u v
x x uv v u

x xd
d d d

d d
a

b

a
b

a

b

� �� �� �

������������•
Evaluate x xe dx

0

2

� � .

Solution
	 u x u

x
d
d 1� � �	u x u

x
d
d 1� � � u x u
x

d
d 1� � �

	 v
x vd

d e ex x� � � �� �	v
x vd

d e ex x� � � �� � v
x vd

d e ex x� � � �� �

Substituting into u v
x x uv v u

x xd
d d d

d d
a

b

a
b

a

b

� �� �� �  gives

	 x x x xe d e e dx x x

0

2

0

2

0

2

� � � �� ��� �� � �� � �

	 x xe e dx x

0

2

0

2

�� ��� �� �� �

	 xe ex x

0

2

0

2
� ��� �� � ��� ��

� �

	 2e 0 e 12 2� � � �� � � � � �� �

	 1 3e 2� � �

Substituting into u v
x x uv v u

x xd
d d d

d d� �� �  gives

	 x x x x x x
x xln d 2 ln 2
1 d

2 2

� �� � �

	 x x x xln
2 2 d

2

�� �

	 x x x cln
2 4

2 2

� � �
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������������•
Find x xe dx2� .

Solution

	 u x u
x xd

d 22� � �

	 v
x vd

d e ex x� � �

Substituting into u v
x x uv v u

x xd
d d d

d d� �� � gives

	 x x x x xe d e 2 e dx x x2 2� �� �

To �nd x x2 e dx�  use integration by parts again:

	 u x u
x2 d

d 2� � �

	
v
x vd

d e ex x� � �

Substituting into u v
x x uv v u

x xd
d d d

d d� �� �  gives

	 x x x x2 e d 2 e 2e dx x x� �� �

	 x c2 e 2ex x� � �

So	 x x x x ce d e 2 e 2ex x x x2 2� � �� � � �

	 x x ce 2 e 2ex x x2� � � �

•����������������
��������
���������
	���

����
	������ u�����������
��
	���
��������	�����
�����������
�����
�������
������

•���	�

����
�������� xln 
�
��������������ƒ����� u ��
��


��� v
x

d
d

�

Ž�����������������‡Š�…������������������ln x
At �rst glance, you would think that you cannot integrate xln  by parts because 
it is not the product of two functions. However, by writing xln  as the product 
of 1 and xln , you can still use this method.

                   x x x xln d 1 ln d� �� �

             u x u
x xln d

d
1� � � u x u

x xln d
d

1� � � u x u
x xln d

d
1� � �

           v
x v xd

d 1� � �      v
x v xd

d 1� � �         v
x v xd

d 1� � �

Substituting into u v
x x uv v u

x xd
d d d

d d� �� �  gives

x x x x x x xln d ln 1 d� �� � �

	 x x xln 1 d�� �

	 x x x cln� � �
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� 	 Find x x xcos2 d�  by using the integration by 
parts formula,

	 u v
x x uv v u

x xd
d d d

d d� �� � ,

	 with u x�  and v
x xd

d cos2� .

� 	 Evaluate x x2 1 e dx

1

1

� � ��
�

 by using the 

integration by parts formula,

	 u v
x x uv v u

x xd
d d d

d d
a

b

a
b

a

b

� �� �� � ,

	 with u x2 1� �  and 
v
x

d
d ex� .

� 	 Use integration by parts to integrate the 
following functions with respect to x.

€�‚	 xe x2 	 €��‚    x xln3

� 	 Evaluate the following de�nite integrals.

€�‚	 x xe dx

0

1

� �

€��‚	 x x x1 sin d
0

�

� � ��

� 	 Find x x x2 2 d
4

� � ��

€�‚�	 by using integration by parts

€��‚�	 by using the substitution u x 2� � .

� 	 Figure 10.29 shows the curve y x2 e x��� � � .

	

xO

y

y = (2 – x)e–x

•�������••€�

€�‚�	 Find the coordinates of the points where 
the graph of y x2 e x��� � �  cuts the x 
and y-axes.

€��‚�	 Use integration by parts to �nd the area 
of the region between the x-axis, the 
y-axis and the graph y x2 e x��� � � .

� 	 €�‚ 	� Sketch the graph of y x xsin�  from 
x 0�  to x �� .

€��‚�	 Find the area of the region bounded by 
the curve and the x-axis.

� 	 Find the area bounded by the curve y xln3� , 
the x-axis and the line x 1� .

� 	 €�‚	� Use integration by parts to �nd the area of 
the blue region in Figure 10.30.

	

O

1

x

y

e

y = ln x

•�������••‚•

€��‚	 Show that the area of the red region can 

be written as � ye dy

0

1
, and �nd this area in 

exact form.

€���‚	 Add together your answers to €�‚ and €��‚ 
and explain your answer.

� 	 Find the following inde�nite integrals.

€�‚	 x x xsin 2 d2�

€��‚	 x xe dx2� �

� 	 Given the curve y x xln2� , x 0�

€�‚	 �nd the coordinates of the point where 
the curve crosses the x-axis

€��‚	 �nd the exact coordinates of the turning 
point of the curve and determine its 
nature

€���‚	 sketch the curve

€��‚	 �nd the exact area of the region bounded 
by the curve, the x-axis and the line x 2� .

� 	 Given that I x xe sin dx��
€�‚	 use integration by parts to show that 

I x x Ie sin e cosx x� � �

€��‚	 hence �nd x xe sin dx� .

• 

• 

• 

������•�����•
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You have now met several di�erent methods of integration, some of which involve substitution. So when you need the 
answer to an integral, you have to select the best method, and you often have to decide on an appropriate substitution. 

In this exercise there are 30 questions; having studied this chapter, you should be able to do all of them. However, they are in 
random order and so you will have to make decisions for yourself about the best method and what substitutions to make (if any).

� 	 x xe dx3� � 	 � 	 � � � � �� �x x x2 3 d 	 � 	 x x2 5 d10� �� �

� 	 x xe dx2� 	 � 	 x x xcos 1 sin d3� �� � 	 � 	
x

x1
3 4

d5� �� �

� 	 x x xcos3 d� 	 � 	 x
x1

4
d2� � 	 � 	 x

x x2 d� �

� 	 x x3 d2� �� � 	 � 	 x x x4 4 d3 3� � �� �� � 	 � 	 x xln3 d�

� 	 x x xsec tan d2� 	 � 	 x
x x

x3 1d
2

3� �
�

	 � 	 x xcos e dxsin�

� 	 x x xsin cos d� 	 � 	 x x1 tan d2� �� � 	 
 	 x
x x

x
9

3 5
d�

�
� �

�
� �

�
� �

� 	 x x9 4 d� � 	 � 	 x x1 sec d2� �� � 	 	 x
x x1

1 d
5

� �
�

	 x x x x xsin cos sin cos d2 2� � � � �� � ��� �� 	 	 x xe dx2 2� 	 	 x
x xsin2

sin d�

	 x x x( 1) d2� � 	 	 x x xln d3� 	 	
x x

x x
x

2 ln
d

1

2� �
�

�

	 x
x x1d

2

� � 	 	 x x
x xcos sin

cos d� � 	 	 xe e
2 d

x x 2

� ��
�

�
�

�

 †����…�������•�

‘’“	†�†”�•Ž•�•–’—
•��
����������	��������������	������
����������������������—

�³ �� �
�������
�e kx,� x
1

,�sin kx, cos kx,��
��������������
��������
	����
��	�
���
��
���������

�³ �� �������
�����
������������
�����������������
�����	�����

�³ �� �
������
���
�������
��������
����������������������

�³ �� 	����������������	���������
��������
���������������
��
	����
�—

�P�� �
��
������������������������
�������������������
	���
������	�
����
�
��������

�P�� �
������
��
�������������
���������	�����������	���
�����

�³ �� 	����������������	���������
��������
�����������
	����
�—

�P�� ��������
��
�������	����
��������������

�P�� �
������
��
�������������
���������	����������������	�������

�³ �� �
�����������
�������������	���
�������������
�����
�������
���
�����
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����
���������
�	��
���

•Ž•Ž	’�Ž—’—
•�����������������������
��������
���	�
� �����
�‹�������ˆ“�

˜’™�‹•�†•—

� 	 �������
�����
������� y xd
a

b

� �������
������ dy xlim
x

x a

x b

0
��

��
�
��� �

�

�

�

€	 ���������������
���	������
������
	 y•�����������
� y a� ��
�� y b� ����

����
���� x yd
a

b

� �

	

‚ 	 ���������������
�����	������	�
�������
�����������	��
������� �����
������
����	�������
���
�������
��������
������������

ƒ	 ˜�
����
	���
��	�
�����
�����������������ƒ
������������������
������

�����
�������

	   x ce d ex x� � �

	   x x x csin d cos� � � �

	   x x x ccos d sin� � �

	   � � � �x x x c kx1 d ln| | l n| |

� 	 �����������
��������
���������	��
�����
�
•���
������
��������
��������
������
��
� 	 •
������	����
��
��������
���������������
�����������������������	���
��������

•
�������	����
������
��������
�	�
�����������
�������	��
����
�
� 	 ™
���������
�����������
������������	�
������
�������	��
����
�����������������

�����
x
x

f
f

� �
� �
�


��������	�

	   � � �
� � � � � �
��

�
�

�
�
� � � �

x
x

x x c k x
f
f

d ln| f | ln| f |.

� 	 ����������	�����������
���������������������
�������������

	   u v
x x uv v u

x xd
d d d

d d� �� � �

4

x

y

b

a

O

•�������••‚�

852893_10_AQA_Maths_Y2_4E_197-239.indd   235 16/11/17   8:50 PM



��•

ˆ†�
������������‰†�•
���•
�����
��•�•�
����

� 	 x
1+

2

3�
�
��

�
��

 is expanded in a series of ascending powers of x.  

Which of the following shows the full set of values for which it is valid?

	 • 	 x–
1
2

< <
1
2

	 ” 	 x– 2< < 2

	 ‹ 	 � �x–3 2 < x < 2

	 ’ 	 � �x–
1
2

1
2

 < x < � �x–
1
2

1
2

� 	 The solutions to cos 2��� cos��� 0 are the same as the solutions to which of 
the following:

	 • 	 2cos2 ��� cos  ����1�� 0

	 ” 	 2cos2 ��� cos  ����1�� 0

	 ‹ 	 2cos2 ��� cos  ����1�� 0

	 ’ 	 2cos2 ��� cos  ����1�� 0

� 	 Di�erentiate y2 with respect to x. Which of the following is your answer?

	 • 	 y
y
x

d
d

2

	 ” 	 y
y
x

d
d

2

	 ‹ 	 y
y
x

d
d

	 ’ 	
y
x

2 d
d

� 	 Which of the following substitutions would be suitable for �nding 

�
x

x
x

– 5
d ?

	 • 	 u x=

	 ” 	 u =
x
1

	 ‹ 	 u � x ] 5

	 ’ 	 u � x � 5

ˆŠ‹€�•‹���ŒŽ����‰Š� €�Ž‘ 
��Œ­•€�� �•�€Ž���
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•�­�€����‰Š� €�Ž‘ 
�•Š���ˆ­€Œ�ˆ­€�� ��

� 	 Figure 1 shows the graph of �y x
1. The two shaded regions have the same area.

	 O x

y

2 4 5 a

y =  1
x

•�������

Find the value of a.� [4 marks]

� 	 Figure 2 shows two curves. One is y = 4 sin x � 3 cos x and the other is  
y = 5 sin x.

	

O x

y

2
�› 2�›

2
3�›�›

•������€

€�‚	 Identify which curve is which, justifying your answer.� [1 mark]

€��‚	 Describe precisely the translation that maps f(x) = 4 sin x �3 cos x on 
to g(x) = 5 sin x.� [4 marks]

� 	 €�‚	� Write down the �rst 6 terms of the binomial expansion of (1 �x)�2 , in 
their simplest form, in increasing powers of x.� [3 marks]

€��‚	 By substituting x = 0.1, show that the decimal expansion  
of 100

81  begins 1.234 56… .� [2 marks]

• 

• 

��

•���
����’†�•
���•��•†�����
����
��•��
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���������

� 	 Figure 3 shows a triangle OAB inscribed in a circle of radius r, centre O.  
M is the midpoint of AB. Angle AOM is a radians.

r

r

�.
MO

B

A

��������

By considering the area of triangle OAB in two di�erent ways, prove that 
sin 2a = 2 sin a cos a.� [5 marks]

� 	 ��� 	 Prove the identity sec2 u + cosec2 u �
u

4
sin 22

.� [3 marks]

���� 	 Hence or otherwise �nd all the roots of the equation  
sec2 u + cosec2 u = 4 in the range 0 < u < 2�.� [3 marks]

� 	 Figure 4 shows the curve with equation x2y + 2y � 4x = 0.

	

O x

y

��������

��� 	 Show that y
x

xy
x

d
d

4 2
2 2�

�
�

.� [3 marks]

���� 	 Hence �nd the coordinates of the maximum point on the curve.�[4 marks]

� 	 ��� 	 Write �
� �
x

x x
2

( 1)( 3) as partial fractions.� [3 marks]

Figure 5 shows the curve with equation y = �
� �
x

x x
2

( 1)( 3).

O x

y

1

–1

2–2–4 4

��������

���� 	 Find the area of the shaded region enclosed by the curve  
and the axes.� [5 marks]

� ��

�
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� 	 Figure 6 shows the curve y = x sin x and the line y = x. At the point P, the 
line y = x is a tangent to y = x sin x.

x

y

O

P

•�������

€�‚	 Verify that P is the point with coordinates � �p p
2 , 2 .� [4 marks]

€��‚	 Find the exact value of the area of the shaded region.� [5 marks]

� 	 €�‚	� By using your calculator, or otherwise, draw the graph of 

		  y = 
�
6e

5 e

x

x  for x �  0.� [1 mark]

A particular social media platform de�nes a ‘regular user’ as someone who 
accesses the platform at least once every day. It currently has one million 
regular users. It models its future number of regular users, P (measured in 

millions), by the equation P = 
�
6e

5 e

t

t , where t is measured in months. 

€��‚	 According to this model, �nd the value of t when the platform  
is experiencing its fastest rate of growth. � [7 marks]

€���‚	 Prove that according to this model P never reaches a  
value of 7.� [3 marks]

ˆ €

��

•���
����’†�•
���•��•†�����
����
��•��
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Review: Coordinate geometry�

Be sure you put your feet 
in the right place, then 
stand � rm.

����������������
�����
����


�����	��	��	���
For a line segment AB between the points A (x1, y1) and B (x2, y2) then

y

x

B (x2, y2)

A
(x1, y1)

O

�����	����

�Q�� the gradient of AB is �
�

y y
x x

2 1

2 1

�Q�� the midpoint is � ��
�

�
�

x x y y
2 , 2

1 2 1 2

�Q�� the distance AB is � � �x x y y( ) ( )2 1
2

2 1
2 .

������	����•�•	�•	�•����������	�

m1

m1

m2

m2

�����	���•

For perpendicular lines, � �m m
1

1
2

 and likewise, � �m m
1

2
1
.

•�	�	•��������•���������������	
The general equation of a straight line with y intercept (0, c) and gradient m is

� �y mx c.

The gradient, m, of the line joining (x1, y1) and (x, y) is given by

 
m

y y
x x

1

1
�

�
�

 y y m x x( )1 1� � � � y y m x x( )1 1� � � � .

����������������������������
�������
������������

����
�	����
�
����
����
���

m1����� m2��
��
������
������

����
���������
���������
�

������������
���������
��
������������������
�������
��
��������
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����������� The line L1 passes through the points A (0, 2) and B (4, 10).

(i)	� The line L2 is perpendicular to L1 and passes through the midpoint of 
AB. Find the equation of the line L2. Give your answer in the form  
ax � by � c � 0.

(ii) 	� Find the area of the triangle bounded by the lines L1 and L2 and the  
x-axis.

Solution

(i)	

O D

L1

L2

C

M

A(0, 2)

B(4, 10)

y

x

Always start by
drawing a diagram.

�����	��� 

	 Gradient of L1 � �
�
�m

y y
x x1

B A

B A

         
� �

�
�

10 2
4 0

2
	� The gradient of the line perpendicular to L1 is the negative reciprocal 

of the gradient of L1.

�   gradient of L2 is � 1
2.

	 Midpoint M of AB � 
x x y y

2 , 2
A B A B� ��

�
�
�

         
� �� � �

�

0 4
2 , 2 10

2
(2, 6)

	� So L2 passes through M (2, 6) and has gradient �1
2 .  

Therefore its equation is

		

� � �

� � � � �

� � � � �

� � � �

y y m x x

y x

y x

y x

( )

6 ( 2)

2 12 2

2 14 0

1
2

1 1

  

�
���������������
�������� y�
���
������������������������
�����
��� x����
�������������������������
�
���������������������
��•�������
����
�����
�������������

•���••� 2���� 1
2 ���� 1���

•�•����
������
�������
�
�����
����������

����
��
��������������������
�����������•����
�����
��
�� ax�� �by�� �c�� �0�

������
���������
�������
����������������
�
���
��
������������

����������
���������������������
�
������•���

�������������������
����
�����������
���������
����������������
��
���
�����

•����������������������

2��������
������
�������
�

852893_10A_AQA_Maths_Y2_4E_240-249.indd   241 16/11/17   9:05 PM



���

�������
�����

•�	����	��	�������•��­�����	�
The coordinates of the point of intersection of any two lines (or curves) can be 
found by solving their equations simultaneously.

You often need to � nd where a pair of lines intersect in order to solve problems.

(ii)  M has coordinates (2, 6) so the vertical height of the triangle is 6.

 The base is the distance CD.

  C is the point where the line L1 
crosses the x-axis.

 Line L1 has equation y � 2x � 2.

 When y � 0 then � � � � �x x2 2 1.

 D is the point where the line L2, � � �y x2 14 0, crosses the x-axis.

 When y � 0 then � � � �x x14 0 14.

 Hence the distance CD is 14 � 1 � 15.

 Area of triangle � 12  � 15 � 6 � 45 square units.

����������
����•
�
���������
���
����� 1

2�������������
���

C���� 1�������������
�������� O����� D����
14�������
�
������ O�

 
�����
�� (i)•�L1�

����

������� 2����� y 

����
����� (0, 2)�

Solution

 

x x

x x

x

y

2(2 1) 3 4

4 2 3 4

6

11

� � �

� � �

�

�

�

�

�

�

x x

x x

x

y

2(2 1) 3 4

4 2 3 4

6

11

� � �

� � �

�

�

The point of intersection is (6, 11).

����������� Find the point of intersection of the lines � �y x2 1 and � �y x2 3 4.

­���������� y x2 1� � ������ y x2 3 4� � �

­���������� x��� 6�����������
����
�����
�
����������������������� y�

€����������•����

�� �����������
����
��������������������
�����
����������
�
���
���

� For each of the following pairs of points A and 
B calculate

€�‚� the gradient of AB

€�‚�� the midpoint of AB

€�‚� the exact distance AB.

€�‚� A (5, 2) and B (3, 4)

€��‚� A (2, 5) and B (4, 3)

€���‚� A (�5, 2) and B (3, �4)

€��‚� A (�2, 5) and B (�4, 3)

� Find the gradient of each of the following lines.

€�‚� y � 3x � 5  €��‚ 2x � y � 5

€���‚� 2x � 3y � 5 €��‚ 2y � 5x � 3 � 0

� Find the equation of each of the following 
lines.

€�‚� gradient 2, passing through (0, 3)

€��‚� gradient 12 , passing through (3, 0)

€���‚� gradient �12 , passing through (3, �3)

€��‚� passing through (1, 2) and (�3, 0)

€�‚� passing through (�1, 2) and (�3, 3)

� Find the coordinates of the point of 
intersection of each of the following pairs of 
lines.

€�‚� y � 2x � 1 and y � 3x � 4

€��‚�� 2x � 3y � 5 and y � 2x � 7

€���‚� y � 2x � 6 and 2y � x � 7 � 0

€��‚� 4x �  2y �  5 �  0 and 3y �  2x �  3 �  0

����
�������
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•�	�	•��������•��������	
The general equation of a circle with centre (a, b) and radius r is

(x � a)2 � (y � b) 2 � r 2

����������	 Find the centre and radius of the circle � � � � �x y x y4 8 5 02 2 . 

Solution
You need to rewrite the equation so it is in the form (x �  a)2 �  (y �  b)2 �  r2.

               � � � � �x x y y4 8 5 02 2

 x y( 2) 4 ( 4) 16 5 02 2� � � � � � �

                    x y( 2) ( 4) 252 2� � � �

Comparing this with the general equation for a circle with radius r and 
centre (a, b),

 (x � a)2 � (y � b) 2 � r 2,

you have a � �2, b � 4 and r � 5, so the centre is (�2, 4) and the radius is 5.

…���������������
��������
���������
��
�����������
� y�

ƒ��	
�����•�������������������
ƒ•������„�…���
���
����
����������������
�����
���
����
��������������
����������������
��������
��
������
•

�Q� ��������������������� x2�
���� y2��
�������

�Q� ���
�������� xy���
��

� The point (3, �5) lies on the line 
2x � 3y � k  �  0, where k is a constant. 
Find the value of k.

� €�‚  Prove that the points A (1, 4), B (5, 7) and 
C (2, 11) form a right-angled triangle.

€��‚� Find the area of the triangle.

� €�‚  Prove that the points A (0, 4), B (4, 2), 
C (5, �1) and D (�3, 3) form an isosceles 
trapezium.

         

„����������	�	�����•	…������	��­��
���†•�����	����•	����	�	•��������	�����

€��‚� Find the coordinates of the point where 
the diagonals of the trapezium intersect.

� The line 3x �  4y �  15 cuts the axes at the points 
A and B. Find the distance AB.

� The line L has equation kx �  3y �  8 �  0. 
The point (2, �4) lies on the line L.

€�‚� Find the value of k.

€��‚��� Find the equation of the line 
perpendicular to L that passes through the 
point on L where x���5. Give your answer 
in the form ax � by � c � 0.

� A and B have coordinates (�5, 1) and 
(1, 5) respectively. Find the equation of the 
perpendicular bisector of AB.

� The line L is parallel to 2x � 5y � 1 and passes 
through the point (�1, 2). Find the coordinates 
of the points of intersection of L with the axes.

� Find the area of the triangle bounded by the 
lines 3y � 2x � 3, 2y � 3x � 15 and 5y � x � 5.

� The point A has coordinates (3, �5). The point 
B lies on the line y � 2x � 5. The distance AB 
is 17. Find the possible coordinates of B.

� A and B are the points with coordinates 
(�1, 6) and (5, 2) respectively. The line L is the 
perpendicular bisector of AB. Find the area of 
the triangle bounded by the line L, the y-axis 
and the line through AB.

•����������������
�����
������
�����������
� x�…
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The circle theorems illustrated here are often useful when solving problems.

O

O

O

�����	���‡

����������� A circle passes through the points (1, 9), (7, 9) and (7, 5). 
Find

(i)	 the coordinates of the centre of the circle

(ii)	 the equation of the circle.

Solution
(i)	

(7, 9)

(7, 5)

(1, 9)

O

y

x

Draw a sketch
to help you.

Use the theorem that the
perpendicular from the
centre of a circle to a chord
bisects the chord.

�����	����

	 So the centre is at � �� � �1 7
2 , 9 5

2 (4, 7).

(ii)	� The radius of a circle is the distance between the centre and any 
point on the circumference.

		

� � � �

� �

�

r (7 4) (9 7)

3 2

13

2 2 2

2 2

		      x y( 4) ( 7) 132 2� � � � �

�����������������������
����
�����������������
����
��������������
�����
����
������

������
��������
������
���������

�
�����
���

������
���������
�
�
�����������
�����
����
������������
��
���������������
��

�������
���������
��
���������������
�����
���������
�
�������
������
��
��
�������
������

���
���
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The same principles apply to � nding the intersection of two curves, but it is 
only in simple cases that it is possible to solve the equations simultaneously using 
algebra (rather than a numerical or graphical method).

����������� Find the coordinates of the points of intersection of the circle 
� � � �x y( 5) ( 2) 162 2  and the line � �y x7 .

Solution
Substituting y x7� �  into x y( 5) ( 2) 162 2� � � �  gives

  x x( 5) (7 2) 162 2� � � � �

 

x x

x x x x

x x

x x

x x

( 5) (9 ) 16

10 25 81 18 16

2 28 90 0

14 45 0

( 5)( 9) 0

2 2

2 2

2

2

� � � � �

� � � � � � �

� � � �

� � � �

� � � �

So   x � 5 and y � 2
or   x � 9 and y � �2. 

So the coordinates are (5, 2) and (9, �2).

­��������

 ����
����

†�������

����������
� �y x7 ������������� y�

���
��������

•������������
�����
��•����

� Find the centre and radius of each of the 
following circles.

€�‚� � � � �x y( 3) ( 1) 252 2

€��‚� � � � �x y( 3) ( 1) 52 2

€���‚� � � � �x y( 3) ( 1) 252 2

€��‚� � � � �x y( 1) ( 3) 52 2

� Find the equation of the circle with centre 
(5, �2) and radius 4.

� Find the equation of the circle with centre 
(�3, 4) and radius 9.

 Give your answer in the form 
� � � � �x ax y by c 02 2 .

� The points A and B have coordinates (�2, 5) 
and (4, 7) respectively. AB forms the diameter 
of a circle.

 Find the equation of the circle.

� €�‚  The equation of a circle, C, is 

  � � � � �x x y y8 2 7 02 2 .
   Show that the equation of C 

  can be written in the form 

  � � � �x a y b c( ) ( )2 2 .

€��‚� Find the centre and radius of the circle.

� Find the coordinates of the points of intersection 
of the circle � � � �x y( 5) ( 2) 92 2  and the 
line � �y x 10.

� The line y � 2x � 3 intersects the circle 
� � � �x y( 1) ( 2) 22 2  at the points A and B. 

The distance AB is a b where b is an integer.

 Find the value of a and the value of b.
� Find the coordinates of the points of intersection 

of the circle � � � �x y( 2) ( 1) 152 2  and the 
line � �x y2 2.

 Give your answers in surd form.

����
�������

‡�����������������
��
ˆ��
����������������������
�������
��������
��
���
������­��������������������
����
���������������
���
��������
��
��������
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� The line y � x � k forms a tangent to the circle 
� � � �x y( 2) ( 1) 502 2 .

 Find the possible values of k.

� The points P (�2, �1), Q (8, �9) and R (7, 0) 
lie on the circumference of a circle, C.

€�‚� Show that PQ forms the diameter of the 
circle.

€��‚� Find the equation of the circle, C.

€���‚� Find the exact coordinates of the points 
where C crosses the axes.

� The points A (3, 6) and B (5, 2) lie on the 
circumference of a circle.

 

x

y

O

2y = x + 4

A(3, 6)

B(5, 2)

�����	����

€�‚� Show that the centre of the circle lies on 
the line 2y � x � 4.

€��‚� Given that the centre of the circle also lies 
on the line y � 3, � nd the equation of the 
circle.

� The equation of the circle shown in Figure R.7 
is � � � �x y( 3) ( 4) 202 2 .

 

x

y

O

C

A B

T

�����	���‰

 The circle intersects the line y � 6 at the points 
A and B. The tangents at A and B meet at T.

 Find the perimeter of the quadrilateral ACBT. 
Give your answer in the form a b where a and 
b are integers.

� Find the coordinates of the point of 
intersection of the circles

 

� � � � �

� � �

x y x y

x y

8 2 13 0

( 2) 9

2 2

2 2

  Find also the distance between their centres.

���
���
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Š‹Œ��Ž„ƒ•‘
� 	 ��������������������
��
����������� � �y mx c�
• 	 ‰���������������Š�����‹���������
�������� (x1•�y1)����� (x2•�y2)�
�����������•�

����

�Q	 ����

����������Š‹����
�
�

y y
x x

2 1

2 1

�Q	 ����������������Š‹����
x x y y

2 , 2
1 2 1 2� ��

�
�
�

�Q	 �������������Š‹��������������������������� � � �x x y y( ) ( )2 1
2

2 1
2 �

  	 �����������
����
���������������
�

���������
��������
‡	 �����������
����
���������
�����������
�������������
�

������������Œ�
� 	 ��������������������
��
��������������•���������������������
���
��•

�Q	 �������
������������� yŽ�•��•� x��� a
�Q	 �������
������������� xŽ�•��•� y��� b
�Q	 �������
��
�������
�
��������

������� m•�y��� mx
�Q	 �������
��
�� (0•�c)������

������� m•�y��� mx��� c
�Q	 �������
��
�� (x1•�y1)������

������� m•�y��� y1��� m(x��� x1)

� 	 ��������������������
����
�Q	 ���������
�� (0•�0)�����
������ r���� x2��� y2��� r 2

�Q	 ���������
�� (a•�b)�����
������ r���� (x��� a)‘ ��� (y��� b)‘ ��� r 2�
‰	 ���
����•������

	

O

O

O

�����	����

� 	 �������������������������
�����������������
���� (�
������ )•���������������
�
�������������������������
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����
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Data set

���������������������������

First  
name

Last 
name

Sex 
M/F Age

Distance 
from 
home Cause Injuries

Wearing 
a helmet

Nights 
in  
hospital

Time of 
accident

Day of  
accident

Month of 
accident

O�cer  
reporting

Farhan Ali M 13 250 m hit lamp-post compression 1 9.15 am Saturday October 39014

Martin Anderson M 31 drunk abrasions n 1 23.30 Friday February 78264

Marcus Appleton M 64 2 miles car pulled out concussion n 2 8.25am Monday August 97655

Lucy Avon F 52 500 m lorry turning abrasions 0 7.50am Thursday 39014

Thomas Bailey M 10 500 m hit friend suspected concussion y 0 4pm Sunday June 78264

Andrew Burke M 18 1 km car door opened abrasions y 3pm Sunday September 45211

Lee Burnett M 18 3 km kerb sprains y 0 8am Monday April 78264

Clive Burrows M 16 about 1 mile slipped on wet leaves sprained wrist y 0 6.00am Tuesday November 78264

Nathaniel Carley M 32 1.4 miles hit by car concussion n 1 6.30 am Monday July 39813

Rory Clark M 44 100 m hit by car while 
turning

concussion, multiple 
fractures

n 1 17.20 Friday January 97655

Crystal Cook F 61 1.5 miles didn’t see car broken arm, bruising, 
shock

n 1 10.45am Wednesday August 97655

Christopher Court M 60 7 km turning lorry dislocated elbow y 0 8.30am Tuesday August 97655

Sally Darby F 18 2 km knocked by bus concussion y 1 5pm Tuesday December 78264

Terry Davidson M 7 outside hit tree suspected concussion y 1 6pm Monday June 78264

Matthew de Leon M 46 4 miles knocked by car sprains and shock y 0 10am Saturday April 78264

Michael Delaney M 20 300 m skidded into wall abrasions n 0 7.10am Tuesday February 78264

Sarah Doyle F 62 2 miles hit kerb fractured wrist n 0 10.30 Wednesday Oct 78264

Alexander Duggan M 34 0.5 miles brakes failed concussion n 0 7.30 am Monday January 39813

Selena Fenney F 10 0 m fell over concussion y 1 6pm Wed February 39813

Ceri Flynn F 9 300 yds fell o� sprained wrist y 0 3pm Friday August 97655

Harry Francis M 9 1 mile car hit broken leg and 
abrasions

y 0 10am Monday August 97655

Fred Fuller M 6 20 m fell over concussion y 1 3.15 Sunday September 39813

Toby Geary M 14 1.5 km knocked o� by car broken wrist and arm y 0 8am Wednesday October 78264

Stacey Geary F 44 2 miles minibus turning abrasions, shock n 0 8.25am Thursday June 39813

Mary Geraghty F 67 1 mile pedestrian abrasions, shock n 0 11.30am Wednesday March 39813

Luke Grainger M 13 0.5 km lorry turning
broken leg,  
concussion

1 8pm Saturday Spetember 54211

Sharon Gri�n F 7 75 m uneven pavement broken leg y 1 2.35 Saturday May 45211

Lara Haas F 28 3 miles sprained wrist n 0 1630 Tuesday November 39813

Joseph Hall M 63 0.5 miles lorry
multiple fractures, head 
injury

n 5 4.30 pm Friday November 39813

Aidan Hart M 66 3 miles hit cyclist abrasions, shock y 0 3.30pm Tuesday June 39813

Penny Hickey F 26 3 miles hit hedge to avoid bus abrasions y 0 4.45 Tuesday February 39813

Claire Higgins F 19 10 km hit by car at  
roundabout

fractured arm and 
sprained wrist

y 0 7.45am Monday Feb 78264

Francesca Hill F 22 0.5 miles car broken arm n 0 5.50pm Tuesday September 78264

Fortune Hilton F 29 12 km car changing lanes broken arm and leg y 2 6.50pm Wednesday January 97655

Rhys Hooper M 22 115 km multiple vehicles multiple fractures y 3 8.30am Monday March 39813

Adam Housman M 39 11 km hit by car broken arm y 0 5.50pm Monday January 97655

Eden Howell M 14 50 m brakes failed abrasions y none 6.30 am Tues March 97655

David Huker M 8 50 m hit cyclist concussion n 1 10 Saturday May 97655

Edward Hunton M 7 50 m fell o� severe abrasions y 0 2.30pm Friday August 97655

Avril Johnson 9 at home hit wall dislocated knee y 1 1700 Thusrday August 39813

George Jones F 37 9 km lorry collision punctured lung y 8 7.15am Wednesday February 78264

Roger Kenny M 62 7 miles car changed lanes multiple fractures y 1 1800 ThursdayMay 39813

Henry Kerridge M 3 miles hit by car  abrasions y 0 8.30am Tuesday August 97655

Debbie Lane F 5 75 km hit kerb broken arm y 0 9.00am Sunday April 78264

Scott Learman M 61 3 miles avoiding children sprained wrist and 
broken arm

n 0 4.15pm Monday November 39813

Gary Lighter M 59 car braking concussion n 1 1730 Friday November 39813

Seren Maher F 16 20 m hit kerb dislocated elbow n 0 7am Wednesday November 78264

Shelley Mann F 21 50 m slipped on wet leaves deep cuts to legs, 
strained wrist

y 0 9pm Friday January 97655
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Rob can argue that each term that 
is added halves the area remaining 
of the square that measures 2 by 
2 so has area of 4. Thus the total 
areal, and hence the sum, cannot 
be greater than 4.

To make the argument  
watertight Rob could argue that 
the sequence is a geometrical  
progression. You will see how that 
would work in Chapter 3.

���������
����
�� �������


Since odd numbers cannot be 
written as the sum of two odd 
numbers, the only way of writing  
an odd number as the sum of 
two primes is when one of the 
two primes is 2. There are many 
odd numbers that cannot be 
written as the sum of 2 and a 
prime number, e.g. 11.

���������
����
�� �������


There are many prime numbers 
which are not 5.

���������
����
�� �������


For example, 10 is even but 5 is not.

	������������ �������


� 	 True
� 	 ���� �
	 ����� �
	 ������ �
	 ����� �
� 	 ���� No, because BC and AD 

may not be parallel
	 ����� ABCD is a parallelogram  

� AB is parallel to CD. 
The converse is true.

� 	 ����� The total distance if R 
is (5, 5) is 5 13� , but 
if R is (4, 5) the total 
distance is 6 2 which  
is smaller.

	 ������ �The best position for  
R is (4, 5). The distance 
is equivalent to the  
case where Q is (8, 9) 
(see diagram below), 
and (4, 5) is on the 
straight line y � x � 1 
between (2, 3) and (8, 1).

	

(4, 5)

(8, 9)

(8, 1)
(2, 3)

� 	 There are 4 di�erent  
arrangements, one of which 
is shown below.

	

7

13 4

8

2

5 6

� 	 ���� 14 � 122 � 7 3 and  
15 � 192 � 5 3

���������
����
�� �������


No, reversing 90 does not give a 
two-digit number.

	������������ ��������


� 	 1, 5, 6, 0
� 	 False, when n = 5, 2n + 3 = 35, 

not prime.
� 	 True – direct proof
� 	 True – direct proof
� 	 True – proof by exhaustion
� 	 False – e.g. a hexagon  

(6 sides) has 9 diagonals
� 	 True – direct proof
� 	 True – proof by contradiction

� 	 ���� True – direct proof 
	 ����� True – direct proof
�� 	 ���� True – direct proof
	 ����� True – direct proof
�� 	 False – e.g. n � 10
�� 	 True – proof by contradiction
�� 	 ���� True – direct proof
	 ����� False – e.g. 1� � 2� � 3�
	 � 	                  � 4� � 30
�� 	 True – direct proof
�� 	 Numbers of the form 2n

�� 	 ���� If N � is the sum of the 
squares of two integers, 
then N is the sum of the 
squares of two di�erent 
integers.

	 ����� False – e.g. N � � 225 �  
12� � 9�, but N � 15 
is not the sum of the 
squares of two integers.

���������

•��
�
������•��•� ��������


174.5 m

	������������ ��������


� 	 11�
6

� 	 ���� �
4

	 ����� �
2

	 ������ 2�
3

	 ����� 5�
12

	 ���� 5�
3

	 ����� 0.4 radians

	 ������ 5�
2

	 ������� 3.65 rad

	 ����� 5�
6

	 ���� �
25

Answers
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not a feature of the motion; a 
stationary particle has a position 
vector.

�������������� ������
�•�

� 	 ���� ����

	 �

4 m s–1
10

y

x0

	 � ���� �
�

�

�
�
�

�

�
�
�t

v
4
9.8

	 � ���� �
�

�

�
�
�

�

�
�
�

t

t
r

4

10 4.9 2  

	 ����� ����

	 �

10 m s–1
y

x0

35°
7

	 � ���� �
�

�

�
�
�

�

�
�
�t

v
8.2

5.7 9.8

	 � ����

�
� �

�

�

�
�

�

�

�
�

t

t t
r

8.2

7 5.7 4.9 2

�
	 ������ ����

	 �

10 m s–1
13°20

y

x0

	 � ����

�
� �

�

�
�
�

�

�
�
�t

v
9.74

2.25 9.8 �
	 � ����

�
� �

�

�

�
�

�

�

�
�

t

t t
r

9.74

20 2.25 4.9 2

	 ����� ����

	 7 m s–1

24 m s–1

y

x0

	 � ���� �
�

�

�
�
�

�

�
�
�t

v
7

24 9.8

	 � ���� �
� �

u
u

9.74,
2.25

x

y

 

	 � ���� �
� � �

v
v t

9.74,
2.25 9.8

x

y

 

	 � ���� �
� � �

x t
y t t

9.74,
2.25 4.9 2

	 ���� ����

	 �

U

y

x0
�.

	 � ���� �
�

�
�

u U
u U

cos ,�
sin �

x

y

	 � ���� �
� �

�
�

v U
v U gt

cos ,�
sin

x

y

	 � ���� �
� �

�

�

x Ut
y Ut gt

cos ,�
sin 1

2
2

	 ����� ����

	 � ux

uy

y

x0

	 � ���� u u,�x y

	 � ���� �
� �

v u
v v gt

,x x

y x

	 � ���� �
� �

x u t
y v t gt

,�
1
2

x

x
2

� 	 ���� ���� 1.5 s
	 � ���� 11.025 m
	 ����� ���� 0.51 s
	 � ���� 1.28 m
� 	 ���� ���� 4 s
	 � ���� 80 m
	 ����� ���� 0.88 s
	 � ���� 2.21 m


 	 ����
u

g2
y
2

	 �����
u
g

2 y

	 ������
u u
g

2 x y

����������������� ������
�•�

The particle’s direction is a 
feature of its motion and so is 
determined by its velocity. In 
contrast the position vector is 

� 	 The balls and the bullet can 
be modelled as projectiles 
when there is no spin or 
wind and air resistance is 
negligible. Also a rocket with 
no power. The air a�ects the 
motion of the others.

�����������������������
���
The only acceleration is in the 
vertical direction so any change 
in velocity happens vertically. 
This causes the projectile to 
reach a velocity of zero halfway 
through its �ight.

�������������� ������
���

� 	 ���� ����

	 �

10 m s–1

y

x
35°

	 � ���� u u8.2,� 5.7x y� �
	 � ���� �

� �
v
v t

8.2,�
5.7 9.8

x

y

	 � ���� �
� �

x t
y t t

8.2 ,�
5.7 4.9 2

 

	 ����� ����

	 2 m s–1

5 m s–1

y

x0

	 � ���� � �u u2,� 5x y

	 � ���� �
� �

v
v t

2,�
5 9.8

x

y

	 � ���� �
� �

x t
y t t

2 ,��
5 4.9 2

	 ������ ����

4 m s–1

y

x0

	 � ���� � �u u4,� 0x y

	 � ���� � � �v v t4,� 9.8x y  
	 � ���� � � �x t y t4 ,� 4.9 2

	 ����� ����

	 �
10 m s–1

13°

y

x0
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���

�� 	 ���� ���� 34.6 m
	 � ���� 39.4 m
	 � ���� 40 m
	 � ���� 39.4 m
	 � ���� 34.6 m
	 ����� � � � �� � � � �� � � �800sin cos 800cos 90 sin 90

� � � �� � � � �� � � �800sin cos 800cos 90 sin 90
	 ������ 57.9°
	 ����� � 30� cm; � 31� cm. The 

lower angle is slightly 
more accurate.

�
 	 ���� 26.06 m s�1

	 ����� 27.35 m s�1

	 ������ u26.15 26.88� �
�� 	 25.48 m

����������������� ������
•��

i j20 30� ; (0, 6); 10 m s�2

������������
� ������
•��

� 	 ���� y x5
16

2�

	 ����� y x x6 0.4 0.2 2� � �
	 ������ y x x14 17 5 2� � � �
	 ����� y x x5.8 2.4 0.2 2� � �

	 ���� y x
gx
u

2
2

2

2� �  

� 	 ���� x t40�

	 ����� � � � �� � �t x y x x
40;� 30 40 5 40

2

 

� � � �� � �t x y x x
40;� 30 40 5 40

2

	 ������

0

y

x40 80 120 160 200 240

20

40

t = 0

t = 1

t = 2
t = 3

t = 4

t = 5

t = 6

� 	 ���� y x x0.75 1
320

2� �
	 ����� Air resistance would 

reduce x.
	 ������

0

y

x40 80 120 160 200 240

20

40
path of ball

	 � Yes; horizontal 
acceleration � �0.5 m s�2


 	 ����� 11.54 m s�1 ; 30.96°

� 	 ���� 41.0 m s�1 , 28.7 m s�1  
	 �����

t 0 1 2 3 4 5 6

x 0 41 82 123 164 205 246

y 0 24 38 42 36 21�4.3

	 ������

0
50

y

x100 150 200 250

25

–25

50

	 ����� 42.0 m, 239.7 m
	 ���� The ball is a particle, no 

spin, no air resistance, so 
acceleration � g.


 	 ���� 17.21, 8.03 m s�1

	 ����� 1.64 s
	 ������ 28.2 m
	 ����� 0.82 s
	 ���� 3.29 m
	 ����� 2.72 m, no
� 	 ���� 10.32, 14.74 m s�1

	 ����� 2.91 s
	 ������ Into goal
	 ����� No
� 	 ���� 45.2 s
	 ����� 13.55 km
	 ������ 535 m s�1

	 ����� 55.9°
	 	 ���� 3.2 m, vertical 

component of velocity 
is always less than 8 m s�1

	 ����� 5.54 m
	 ������ 52.2°
� 	 ���� 1.74 s
	 ����� 3.50 m, hits Juliet’s 

window
	 ������ 9.12 m s�1

• 	 ���� 2.02 s
	 ����� No, height is 0.2 m
	 ������ 21.57 m s�1

�
 	 ���� 0.47 s
	 ����� 0.64 s
	 ������ 25.44 m s�1

	 ����� 28.8 m s�1

�� 	 ���� Yes, the range is 70.4 m
	 ����� 32.7 m s�1

�� 	 19.8 m s�1 ; 17.7 m s�1  

	 � ���� �
�

�

�

�
�

�

�

�
�

t

t t
r

7

24 4.9 2

	 ���� ���� y

x0
uo

vo

(a, b)

	 � ���� �
�

�

�
�
�

�

�
�
�

u
v gt

v 0

0

	 � ���� �
�

� �

�

�

�
�

�

�

�
�

a ut

b vt gt
r 1

2

0

0
2

� 	 ���� ���� 1.5 s
	 � ���� 26.025 m
	 ����� ���� 0.31 s
	 � ���� 10.46 m
� 	 ���� 2.86 m
	 ����� 2.86 m
	 ������

	

0 1

y

x2 3

2.8


 	
� �

�
� �

T
u u gh

g
sin sin 22 2

; 

� � � �� � �R
u

g
u

g u gh
sin cos cos sin 2

2
2 2

� � � �� � �R
u

g
u

g u gh
sin cos cos sin 2

2
2 2

����������������� ������
•��

They land together because u, s 
and a in the vertical direction are 
the same for both.

�������������� ������
•��

� 	 ���� 17.3 m s�1 , 10 m s�1

	 ����� 0, �9.8 m s�2

	 ������ 35.3 m
	 ����� 1.02 s
	 ���� 5.10 m
� 	 ���� 25.8 m
	 ����� 4.59 s
	 ������ 178.9 m
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���

� 	 4802 N

 	 ���� 42.7 N
	 ����� 0.32
� 	 0.82
� 	 ���� (�)1.02 m s�2

	 ����� 0.102 N
	 ������ 0.104
	 ����� 49 m (independent  

of mass)
	 	 ���� smoother contact
	 ����� 0.204
	 ������ 140 N
� 	 ���� 7.35 m s�2

	 ����� 17.7 m s�1

	 ������ 59.9 m
• 	 ���� 58.8 N
	 ����� 62.5 N
�
 	 ���� 0.577
	 ����� 35.0�
	 ������ 2.14
	 ����� 50.2�
�� 	 ���� 4.5 m s�2

	 ����� F 2.30�  N, 
R 18.4�  N,  

0.125� �
	 ������ 2.20 m s�2 , 4.20 m s�1

�� 	 ����

mg

F

R

	 ����� 4.42 m s�2

	 ������ 5.15 m s�1

	 ����� 5.42 m
�� 	 Greater than, equal to, less 

than 16.7�� respectively.
�
 	 ����

R N

F N
30°

15°

24 N

40 N

	 ����� F 3.18N� , 
R 28.4�  N � 0.11� �

	 ������ 3.46 N, 4.05 m s�2

�� 	 ���� 1.4 m s�2

	 ����� 1.20 s
	 ������ 0.92 m s�1

�� 	 T144.1 1810.9� �

� 	 u would be an 
underestimate if the motor 
cycle was not actually at rest 
when it hit the car.

� 	 If the deceleration is not 
uniform then u could 
either be an over- or and 
underestimate.


 	 If the motorcycle were 
not a particle it would be 
e�ected by air resistance.

	 Air resistance would 
reduce skid so u is an 
underestimate. Smaller m 
would extend skid so u is an 
overestimate.

	 The model gives a 
good indication that the 
motorcyclist was speeding, 
but it would be sensible to 
take further measurements 
to try to improve the model, 
e.g. slope of road, a more 
accurate estimation of m.

����������������� �������
•�

Friction is forwards when 
pedalling, backwards when 
freewheeling.

����������������� ��������
�

Either the object is moving or it 
is on the point of moving.

�������������� ����������

� 	

T N

R N

F N

10g  N

	 ���� 0.102
	 ����� 0.051
� 	 ���� 0.61 m s�2 , T 45.9�  N; 

F 36.8N�
	 ���� 2.61 m s�2 , T 7.19�  N; 

F 1.96�� N
	 ���� 0.31 m s�2 ; T 76.0�1 �  N, 

T 40.4�2 �  N;  
F 29.4�  N

	 ���� a 0� ; T 9.81 �  N, 
T 29.42 �  N;  
F 19.6�  N

����������������� �������
��

The projectile is a particle. There 
is no air resistance or wind. The 
particle is projected from the origin.

����������������� �������
��

Substitute the x coordinate into 
the equation and see if it gives 
the y coordinate.

�������������� �������
��

� 	 ���� t t t21.21,�21.21 4.9 2� ��

	 ����� t x
21.21..�  � 

� �y x x9.8
900

2

 
	 ������ 8.91�
	 ����� 29.4 or 62.4
� 	 ���� y x x1.5 tan14 1 �tan 14 �4.9

100
2 2� �� � � � � � 

   y x x1.5 tan14 1 �tan 14 �4.9
100

2 2� �� � � � � �

	 ����� 7.0 m
� 	 ���� y x x2.5 tan5 1 tan 54.9

625
2 2� �� � � � � � 

y x x2.5 tan5 1 tan 54.9
625

2 2� �� � � � � �
	 ����� 24.2 m
	 ������ Yes, �y 2.43m


 	 ���� y x
u

x1 0.70 7.30
2

2� � � � � 

       
y x

u
x1 0.70 7.30

2
2� � � � �

	 ����� u 7.73�  m s�1

	 ������ �u 8.41 m s�1

� 	 ���� 1 m, (25, 0)
	 ����� 10 m
	 ������ 0.6 s
	 ����� u 25x �  m s�1 , 1 s
	 ���� 25.7 m s�1

� 	 56.3� , 18.43 m s�1

	 	 ����� 1.8, 0.6
	 ������ 22.5 m when 

tan 1.2��
	 ����� 15.4 m
� 	 ����� 39.2°, 72.6°

����������

����������������� �������
��

� 	 Downward slope would 
extend skid so u is an 
overestimate; opposite for 
upward slope.   
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���

	 ����� �� �
� � �

� � �

�

�

�
�

�

�

�
�t

t t t

t t
r v d

0.01 0.4 0.4

0.2 8 0

3 2

2

�� �
� � �

� � �

�

�

�
�

�

�

�
�t

t t t

t t
r v d

0.01 0.4 0.4

0.2 8 0

3 2

2
� [1, 1]

	 ������ When t � 5, 

�
� � � � � �

� � � �
�

�

�

�
�

�

�

�
�

�

�
��

�

�
��r

0.01 5 0.4 5 0.4 5

0.2 5 8 5

6.75
35

3 2

2

	 �

�
� � � � � �

� � � �
�

�

�

�
�

�

�

�
�

�

�
��

�

�
��r

0.01 5 0.4 5 0.4 5

0.2 5 8 5

6.75
35

3 2

2
� [1]

	 � arc tan 35
6.75 79.1� � �  

Bearing � 011°� [1, 1]
	 ����� Travelling NE when 

components of velocity 
equal (and positive)� [1]

t t t

t t

t

0.03 0.8 0.4 0.4 8

0.03 1.2 8.4 0

30.95, 9.0

2

2

� � � � � �

� � � �

�� [1]
	 � 30.95 > 20 so time 9.0 s� [1]
� 	 ���� In equilibrium for the 

bucket
	 � T mg� � [1]
	 � In equilibrium for the 

block resolve up the slope

	 �T g1.5 sin40� � � [1]

	 � m
g

g
1.5 sin40

�
�

	 �    � 0.964 kg� [1]
	 ����� Resolve downwards for 

the bucket N2L

	 � g T a1.7 1.71� � � [1]
	 � Resolve up the slope for 

the block
� � T g a1.5 sin40 1.51 � �

� [1]
	 � Add equations

	 � g g a

a

1.7 1.5 sin40 3.2

2.25

� �

�
	 � Acceleration is 

2.25 m s�2 � [1]
	 ������ To �nd velocity when 

the bucket reaches the 
ground� [1]

s

u

v

a

t

0.8

0

?

2.25

�

�

�

�

�

	 v u as

v

v

2

0 2 2.25 0.8 3.6

1.90

2 2

2 2

� �

� � � � �

�

 s

u

v

a

t

0.8

0

?

2.25

�

�

�

�

�

	
v u as

v

v

2

0 2 2.25 0.8 3.6

1.90

2 2

2 2

� �

� � � � �

�

 
	     � 4.5 × 0.8 
	    

v u as

v

v

2

0 2 2.25 0.8 3.6

1.90

2 2

2 2

� �

� � � � �

�

 

	

v u as

v

v

2

0 2 2.25 0.8 3.6

1.90

2 2

2 2

� �

� � � � �

� � [1]

	 and right angle marked  
TA

TB

0.5g � [1]

	 � � �

� � �

T g

T g

0.5 cos30 4.24N

0.5 sin30 2.45N
A

B

�[1] � � �

� � �

T g

T g

0.5 cos30 4.24N

0.5 sin30 2.45N
A

B �[1] 
� 	 ���� Contact force 72g� [1]
	 ����� Downward forces� [1]
	 � Upward forces 

A B
32g

8g
72g

48g
(x)

(0.9 m)
� [1]
	 ������ Take moments about B�[1]

	 g x g g

x

(72 ) (8 ) 0.9 (48 ) 1.8

1.10

� � � �

�
 

                 g x g g

x

(72 ) (8 ) 0.9 (48 ) 1.8

1.10

� � � �

�

 
  

g x g g

x

(72 ) (8 ) 0.9 (48 ) 1.8

1.10

� � � �

� � [1]
	 � Centre of mass is 1.1 m 

above his feet.� [1]
� 	 ����

20°

1.2g

R

P

F

	 	 Weight and P shown�[1]
	 � normal reaction� [1]
	 � Arrows showing friction 

opposing P� [1]
	 ����� Resolve vertically� [1]
	 � R P gsin20 1.2� � �
F R P g0.4 sin20 1.2max � � �� � � �
� [1]
	 � On the point of sliding 

when� [1]

P F

P P g

P g

P
g

cos20

cos20 0.4( sin20 1.2 )

(cos20 0.4sin20 ) 0.48

0.48
cos20 0.4sin20

5.86

max� �

� � � �

� � � �

�
� � �

�

 P F

P P g

P g

P
g

cos20

cos20 0.4( sin20 1.2 )

(cos20 0.4sin20 ) 0.48

0.48
cos20 0.4sin20

5.86

max� �

� � � �

� � � �

�
� � �

�

�[1] 

P F

P P g

P g

P
g

cos20

cos20 0.4( sin20 1.2 )

(cos20 0.4sin20 ) 0.48

0.48
cos20 0.4sin20

5.86

max� �

� � � �

� � � �

�
� � �

�

�[1] 

P F

P P g

P g

P
g

cos20

cos20 0.4( sin20 1.2 )

(cos20 0.4sin20 ) 0.48

0.48
cos20 0.4sin20

5.86

max� �

� � � �

� � � �

�
� � �

� �[1]


 	 ���� Stationary when both 
components of v � 0

	 � t

t

0.4 8 0

20

� � �

�

 
        

t

t

0.4 8 0

20

� � �

� � [1] 
	 � When t � 20   
0.03(20) 0.8(20) 0.4 3.6 02� � � � �

	 � So boat is never 
stationary.� [1]

�	 	 ���� ���� 37.94 N
	 � ���� 37.16 N
	 � ���� 37.52 N

	 ����� �� �
40

cos 0.4sin
	 ������ 21.8�
�� 	 Least force to move object up 

plane �� �� �W(sin cos )

	 Least force to prevent  
object sliding down plane  
�� �� �� �W(sin cos )

­�€���€���������
‚��������
� 	 �

� 	 �

� 	 �� �The time, horizontal 
displacement and 
vertical displacement 
from the origin


 	 �� �Its initial speed is 7 m s-1

ƒ��������‚��������„��
­��������� ����������

� 	 Method 1
	 Weight � 0.5g� [1]
	 Resolve horizontally and 

vertically

	

T T

T T g

cos60 cos30 0

sin60 sin30 0.5
A B

A B

� � � �

� � �

� [1, 1]
	 Solve simultaneous equations

	 T T4.24N, 2.45NA B� �

� [1, 1] 
	 Method 2 – note the 

strings are perpendicular
	 Weight � 0.5g� [1]
	 Resolve along the strings�[1]

	

T g

T g

0.5 cos30 4.24N

0.5 cos60 2.45N
A

B

� � �

� � �  
� [1, 1, 1] 

	 Method 3 triangle of 
forces

	 Weight �0.5g� [1]
	 Diagram arrows forming a 

loop� [1]
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��


	 � Speed � 

10cos 10sin 100 cos sin 100 1 102 2 2 2� � � �� �� � � �� � � � � �

10cos 10sin 100 cos sin 100 1 102 2 2 2� � � �� �� � � �� � � � � �

10cos 10sin 100 cos sin 100 1 102 2 2 2� � � �� �� � � �� � � � � � � [1]

	 �������To �nd T in new model 
y component of r � 0

	 � t t10 sin 4.9 02� ��

	 � T u
g

2 sin� �
 which 

is exactly the same 
equation as in the 
standard model in 
part����� � [1]

	 ����� For E5, we need 
horizontal component 
when t � 1.44

x 10 1.44cos45 1.5 1.44 7.072� � � � � ��
    x 10 1.44cos45 1.5 1.44 7.072� � � � � � � [2]
	 ���� The vector model is 

an improvement. It �ts 
all the measurements 
better than the standard 
model and it gives the 
maximum range of  
7.53 for 35° as 
compared with the 
measured value of 7.4 m  
occurring at 40°.� [1]

	 � sin2�  takes maximum 
value of 1 when 
   2 90� � °� [1]

	 � R u
gmax

2

�  when  

    45� � °� [1]
	 ����� Using 30� �  to �nd 

time and range
	 � For B2 time 

t g
2 10sin30 1.02� � �

� [1]
	 � For C2 range 

x g
2 10 sin30cos30

8.84

2

� �

� � [1]
	 ���� Maximum range 

	 �

u
g

u

7.1

7.1 9.8 8.34

2

�

� � �

� [1]

	

u
g

u

7.1

7.1 9.8 8.34

2

�

� � � � [1]

	 ����� The measurements  
give the maximum 
range when the angle  
is 40°. Changing the 
value for u will still  
have the maximum 
range at 45°.� [1]

	 ������

t
t
t

v rd
d

10cos 3
10sin 9.8

� �
�

�
�

�

�

�
�

�

�
� � [1]

	 � When t � 0 

�
�
�

�

�

�

�
�
�

�

�
�
�v

10cos 0
10sin 0�

[1]

	 � When tension removed

	 � g a

a g

1.5 sin40 1.5

sin40

� �

� �
 

g a

a g

1.5 sin40 1.5

sin40

� �

� � � [1]
	

	 � [1]
	 � Block travels another 

28.6 cm.� [1]
� 	 ���� Vertical motion

� [1]

	 � Horizontal motion 
when t u

g
2 sin� � � [1]

R u t u u
g

u
gcos cos 2 sin 2 sin cos2� �� �� � �� � � � �

 

   
R u t u u

g
u

gcos cos 2 sin 2 sin cos2� �� �� � �� � � � � � [1]

	 ����� Negligible air  
resistance� [1]

	 ������ sin2 2sin cos� � ��

R u
g

u
g

u
g

2 sin cos 2sin cos sin22 2 2� �� � �� � � � �

R u
g

u
g

u
g

2 sin cos 2sin cos sin22 2 2� �� � �� � � � �
�[1]

s

u

v

a g

t

?

1.90

0

sin40

�

�

�

� �

�

v u as v

g s

s g

2 : 3.6

0 3.6 2 sin40

3.6
2 sin40 0.286

2 2 2

� �
� � �

� � �

� �

s

u u

v

a g

t

0

sin

?

�

�

�

� �

�

�

s ut at

u t gt

t u gt

t u
g

u
g

0 sin

0 sin

0, sin 2 sin

1
2

1
2

1
2

2

2

1
2

� �

� �

� �

� �

� �

�

�

� �

s ut at

u t gt

t u gt

t u
g

u
g

0 sin

0 sin

0, sin 2 sin

1
2

1
2

1
2

2

2

1
2

� �

� �

� �

� �

� �

�

�

� �

s

u u

v

a g

t

0

sin

?

�

�

�

� �

�

�
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�
acceleration

de�nition 281, 417, 424
direction 427
modelling 430
in projectile motion 427, 483
variable 420�21
vector quantity 415

acceptance region 379
accuracy 293
addition and subtraction

of fractions 159�60
of indices 28
of polynomials 61
of surds 27

algebraic expressions,  
simplifying 158�63
algebraic fractions 158, 161, 162,  
163�7
analytical method, de�nition 293
angle of friction 513
angle of projection 139
angle in a semicircle 244
angles, measurement 12�14
approximation

in the binomial expansion 155�6
numerical methods 293

arbitrary constant 222, 279
area under a curve

estimation 202�3, 312�13, 316�17
�nding by integration 199�200, 202�10
�nding by numerical method 368

arithmetic progression 43
arithmetic sequences and series 43�7
association 394, 399�401
asymptotes 66

�
binomial coe�cients 151�52, 153
binomial distribution

hypothesis testing 379�82
Normal approximation 372�3
notation 354
use in modelling 353�4

binomial expansion, general 153�8
binomial theorem 153
box plot (box-and-whisker diagram) 323�4
braking force 440

�
Cartesian equations 252, 255, 258�60, 
426, 498
CAST diagram 16, 140
centre of mass 476

chain rule 110�15, 185�8, 193�5, 
261�62

reverse 213, 219, 223, 227
change of sign methods 293�6
circle

equation 243, 244, 257�8
properties 17�19
theorems 244

circular measure 17�21
cluster sampling 322
cobweb diagram 300
coe�cient of friction 507
column vectors, notation 424
common di�erence 38, 43
common factor 158, 160
common ratio 38, 47, 50
completing the square 56�7
compound angle formulae 170�74, 175, 
180, 190
compound interest 52
conditional probability 344�52
conditions, necessary and su�cient 3
conjecture 2�3
constant acceleration formulae 419, 463, 
464, 465, 486�9

vector forms 425, 428, 486�9
constants of integration 430
continuity corrections 370, 371�72
correlation 394�6, 399
correlation coe�cient 396�9
cosecant (cosec) 137�41
cosine function (cos) 15, 23�4, 189�93
cosine rule 130�33, 136
cotangent (cot) 137�41
Coulomb�s laws of friction 507, 509
counter-example 9
couples 473
critical ratio 388
critical region, in hypothesis testing  
379, 380
cumulative distribution function  
364, 368
cumulative frequency curve 325
cumulative probability 363
curves

�nding the equation 200�1
intersection 245
shape 102�10

�
data

bivariate 325, 394�406
collection 321
grouped 322

notation 322�23
numerical 323, 324�5
processing and representation 322
qualitative or quantitative 323
quality 385
ranked 323�4

data sets, large 330, 397, 521�22
deceleration 418
denominator, rationalizing 27�8
di�erential equations

�rst order 279�84
forming 280�82
solution 279, 284�9
use in modelling 278, 280

di�erentiation
of composite functions 110�15
of exponentials 185�8, 218�19
from �rst principles 100�1
implicit 193�6
language and notation 97, 424, 433
of logarithms 185�8
parametric 261�65
of trigonometric functions 189�93

discriminant 56
displacement 415, 418, 423
displacement�time graphs 184, 416
distance, scalar quantity 415, 423
distance�time graph 417
distributions 323
division see multiplication and division
domain, of a mapping 71
double angle formulae 174�7,  
180, 257
driving force 440

�
e (irrational number) 67
e�ect size 397
eggs, shape 248�9
equations, solving numerically  
292�304
equilibrium 446�56, 474
events

complement 335
dependent 347
expectation 337
mutually exclusive 336
occurrence 335, 336
union and intersection 336

exponential functions
di�erentiation 185�8, 219
gradient 185
graphs 29, 66�7
substitution 218�19

Index
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�
factor theorem 61–2, 160–61
factorials 152
Fibonacci sequence 42
�xed point iteration 297–302
force

de�nition 439
diagrams 441
as a function of time 431–32
moment 470, 472–73
resolving 446–7
vector quantity 439

fractions 158–62
frequency, de�nition 322
frequency chart 325
friction 438, 440, 507–16
fulcrum, de�nition 470
functions

composite 80–9, 110–15
domain 72–3
graph 74
implicit 193
increasing and decreasing 98–9
inverse 83–8
language and notation 71, 72
as mappings 72, 74
order in a composite function 81–2

�
geometric sequences and series 47–52
Goldbach’s conjecture 3
grade, measurement of angle 13
gradient

of a curve at a point 97
of a straight line 240

gradient function 190, 200–1
graphs

of exponential functions 29
from parametric equations 252–5
of a function and its inverse 85–8
of logarithmic functions 30
of a mapping 74
of the modulus function 90–1
of proportional relationships 66
of reciprocal functions 66, 138
transformation 68–9, 75–7
of trigonometric functions 15–16, 138

gravity 419–20, 439, 483
growth and decay, exponential 52, 67

�
hinge, reaction force 475
histogram 325
hypothesis testing 378–82, 386–9

�
image, de�nition 71
implication, symbols 3
implicit function, di�erentiation 193–6

indices 28
inequalities 59, 91–3
input, de�nition 71
integration

by parts 229–33
by recognition 212, 221
by substitution 211–16, 227–9
choice of method 234
de�nite and inde�nite 198–9, 213–14, 
217, 231
de�nition 198
�nding areas 202–10
involving the natural logarithmic  
function 220–26
as the limit of a sum 202
notation 198
of trigonometric functions 214–18

interquartile range 324
interval, bisection 294–5
irrational numbers 72
iteration 297

�
Lami’s theorem 450
levers 476–7
limits, of a series 36
line segments, properties 240–42
logarithmic functions 30, 67, 185–8, 232
logarithms 30
lowest common multiple 160

�
mappings 71–2, 74
maximum and minimum points 98–9
mean absolute deviation 326
measure of central tendency 324
median 324
mils, measurement of angle 12, 14
modelling, vocabulary and assumptions 
438
modulus function 89–94
moments, of forces 470, 472–73
motion

of connected particles 443–4
direction 414–15, 428–9
equation of 442–43
in one dimension 414–23
parabolic 482
resistance to 440
in a straight line 420–22
in two or three dimensions 423–36
under gravity 419–20
vocabulary and notation 415, 423
see also projectile motion

multiplication and division
algebraic 160–1
of fractions 159–62
with indices 28
of logarithms 30
of polynomials 61

of surds 27
with trigonometric functions 172
of a vector by a scalar 268, 269

�
natural logarithmic function, in  
integration 220–26
Newton–Raphson method 304–7
Newton’s law of cooling 278
Newton’s laws of motion 441–2

second law 431–2, 441, 456, 458, 
462–68

Normal curve 362, 368
Normal distribution 362–76

experimental data 369–70,  
384–93
mean 363, 364, 386–9
notation 364, 368
standard deviation 363, 364
standardised form 364, 388
tables 363, 367
use in modelling 369–71

normal reaction 439–40
normal to a curve 97–8
null hypothesis 379
numbers, notation 72
numerical methods 292–304

integration 308–15, 316–17

�
object, de�nition 71
opportunity sampling 322
outcomes see events
outliers, de�nition 323
output, de�nition 71

�
p-value 379
parallel lines, properties 240
parametric equations

of a circle 257–8
de�nition 251
eliminating the parameter  
255–6
graphs 252–5
in projectile motion 498
trigonometric 256–7
use in modelling 250–1

partial fractions 163–7, 223, 224
Pascal’s triangle 151–52
path see trajectory
perpendicular lines, properties 240
point, coordinates 268
point of in�ection 102–4, 106
point of intersection, coordinates  
242, 245
polynomial equations, solving 61–2
polynomial functions 61, 64–5
population mean, estimating 385
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position
components 499
de�nition 280
in projectile motion 426, 483

position vector 268, 423, 486
powers 28, 30
probability

of an event 334–5
experimental 339–44
of two events 336

probability density 368
product moment correlation coe�cient 
(pmcc) 395–6
product rule 118–20, 191, 194

reversing 229
projectile motion

acceleration 427, 483
constant acceleration equations  
486–9
equations 483–6, 499–502
maximum height 484, 500, 504
modelling assumptions 482
range 175, 485, 500
time of �ight 485, 500
trajectory 139, 426, 498–9, 501
vector representation 486–90

proof, methods 5–10
proportion, direct and indirect 66
proportional relationships, graphs 66
Pythagorean identities 139, 174
Pythagorean triples 134–5



quadratic functions 56
quadratic inequalities 59–60
quartiles 323
quota sampling 322
quotient rule 120–1, 187

�
radians

measurement of angle 12–14
in trigonometric equations 14–15, 
147–8

radioactive decay 52–3
random sampling 321, 379
random variables

discrete 355–61, 370–1
values 322

range
of a mapping 71
as measure of spread 324
in projectile motion 485, 500

rank correlation coe�cient 399–400
rate of change 96, 278, 280

connected 116–18
reciprocal functions, graphs 66
reciprocals, logarithms 30
re�ections 69
rejection region 379

resultant forces 447, 456–62
rigid bodies, modelling 471–81
root, of logarithms 30
root of an equation, de�nition 293
Russell, A.W. Bertrand 96

�
sample data, interpreting 384–93
sample space diagram 335
sampling distribution 386
sampling procedures 321–22, 378
scalar, de�nition 266
scatter diagram 394
secant (sec) 137–41
second derivative 98
separation of variables 284–9
sequences and series

arithmetic 38, 43–7
converging 40
de�nition 36, 37–8
diverging 40
geometric 38–9
increasing and decreasing  
39–40
in�nite 37
notation 37, 43, 47
number of terms 48
periodic 39
possible patterns 40
sum of terms 45–6, 49–50
use in modelling 52–3

signi�cance level 379, 387
simultaneous equations, solving 58
sine function (sin)

di�erentiating 189–93
graph 15
in modelling 169, 184
principal value 85
small-angle approximations 22

sine rule 130–33, 136
skew, positive and negative 372
solution of an equation, de�nition 293
sound waves, frequency 64
Spearman’s rank correlation coe�cient 
400–401
speed 423

scalar quantity 415
spread, measures 324
staircase diagram 299–300
standard deviation 324, 326–7,  
389–90
stationary points 98–9

of in�ection 102–4
statistical techniques, in problem solving 
321–31
statistics, standard notation  
322–23, 327
stem-and-leaf diagram 324
straight line, equation 240, 241
stretches 68, 75

substitution methods 58, 218–19
subtraction see addition and subtraction
summation, symbol 37
surds, manipulation 27
surfaces, rough and smooth  
508, 509
suvat equations 419



tangent

to a circle 244
to a curve 97–8

tangent function (tan) 16, 22
tension 439
term of a series 36, 37
test statistic 379, 401
thrust 439
trajectory 139, 426, 482,  
498–9, 501
transformations 68–9, 75–7
translations 69, 75
trapezium rule 308–11
tree diagrams 336–7, 340, 348
trial and improvement 291
triangle of forces 448–9
triangles

area 130
right-angled 130
trigonometric functions 130, 136

trigonometric equations, solving 143–5, 
147–8
trigonometric functions

di�erentiating 189–93
division by 172
graphs 15–16
identities 170
integration 214–18
inverse 142–3
many-to-one mappings 142
in parametric equations 256–7
principal value 142
reciprocal 137–41
restricted domains 142–3
in right-angled triangles 130
small-angle approximations 22–5
substitution 218–19
transformations 177

trigonometric identities 145–6, 217–18, 
256–7
turning points

of a curve 98–9
of implicit functions 194–5
in parametric di�erentiation 263

	
uniform distribution 358
unit vectors 267, 269
units

of distance, time and mass 415
of moment 472
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in projectile motion 427, 483, 486
vector quantity 415, 423

velocity–time graph 416, 417–18
Venn diagram 336
vertical line chart 356, 357–8

�
waves, modelling 169, 180

negative 268
notation 266, 267
parallel 268
in projectile motion 486–90
resultant 269, 270
three-dimensional 268–70
two-dimensional 267–70
using 270–71, 273–6

velocity
components 499
de�nition 281

�
variance 327
vector arithmetic 269
vectors

component form 267
de�nition 266
direction 269
equal 267
of a line joining two points 270
magnitude–direction form 267–8
in mechanics 270–71
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